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Foreword 


This book explores the advancement of uncertain combinatorics through innovative 
methods such as graphization, hyperization, and uncertainization, 
incorporating concepts from fuzzy, neutrosophic, soft, and rough set theory, among 
others. Combinatorics and set theory are fundamental mathematical disciplines 
that focus on counting, arrangement, and the study of collections under 
specified rules. While combinatorics excels at solving problems involving uncertainty, set 
theory has expanded to include advanced concepts like fuzzy and neutrosophic sets, 
which are capable of modeling complex real-world uncertainties by accounting for 
truth, indeterminacy, and falsehood. These developments intersect with graph theory, 
leading to novel forms of uncertain sets in "graphized" structures, such as 
hypergraphs and_ superhypergraphs. Innovations like Neutrosophic Oversets, Undersets, 
and Offsets, as well as the Nonstandard Real Set, build upon traditional graph concepts, 
pushing the boundaries of theoretical and practical advancements. This synthesis of 
combinatorics, set theory, and graph theory provides a strong foundation for addressing 
the complexities and uncertainties present in mathematical and real-world systems, paving 
the way for future research and application. 
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Abstract 


Combinatorics is a branch of mathematics focused on counting, arranging, and combining elements within a set 
under specific rules and constraints. This field is particularly fascinating due to its ability to yield novel results 
through the integration of concepts from various mathematical domains. Its significance remains unchanged 
in areas that address uncertainty in the real world. 


Set theory, another foundational area of mathematics, explores sets,” which are collections of objects that can 
be finite or infinite. Recent years have seen growing interest in *non-standard set theory” and ’non-standard 
analysis.” To better handle real-world uncertainty, concepts such as fuzzy sets, neutrosophic sets, rough sets, 
and soft sets have been introduced. For example, neutrosophic sets, which simultaneously represent truth, 
indeterminacy, and falsehood, have proven to be valuable tools for modeling uncertainty in complex systems. 
These set concepts are increasingly studied in graphized forms, and generalized graph concepts now encompass 
well-known structures such as hypergraphs and superhypergraphs. Furthermore, hyperconcepts and superhy- 
perconcepts are being actively researched in areas beyond graph theory. 


Combinatorics, uncertain sets (including fuzzy sets, neutrosophic sets, rough sets, soft sets, and plithogenic 
sets), uncertain graphs, and hyper and superhyper concepts are active areas of research with significant mathe- 
matical and practical implications. Recognizing their importance, this paper explores new graph and set con- 
cepts, as well as hyper and superhyper concepts, as detailed in the Results” section of ”The Structure of the 
Paper.” Additionally, this work aims to consolidate recent findings, providing a survey-like resource to inform 
and engage readers. 


For instance, we extend several graph concepts by introducing Neutrosophic Oversets, Neutrosophic Undersets, 
Neutrosophic Offsets, and the Nonstandard Real Set [885]. This paper defines a variety of concepts with the 
goal of inspiring new ideas and serving as a valuable resource for researchers in their academic pursuits. 


Keywords: Neutrosophic Set, plithogenic set, fuzzy set, Neutrosophic Graph 


1 Short Introduction 
1.1 Uncertain Combinatorics 


Combinatorics is a branch of mathematics that focuses on the counting, arrangement, and combination of 
elements within a set, following specific rules and constraints. This field is essential in diverse areas, including 
computer science, statistics, and probability, where it aids in solving problems involving discrete structures 


(F5|[142]148198)212)333]650|652]965}. 


In combinatorial research, various approaches and perspectives may be found depending on the author or study. 
Typical areas of overlap include set theory [267 , number theory [9 1| , graph theory [279], 
topology 669}, matroid theory [709], partition theory [11|/816], geometry [118 869], 
probability theory [214) , algebra , formal languages 
(7|[504}, and group theory [175| . Research often combines these fields or applies concepts from 
logic 197, 441\|541)/845], Combinatorial optimization, Computer Complexity [3|/93]/471|{720], 
and algorithms [107| 22511227 to address complex combinatorial problems. 


These combinatorial methods also play a significant role in fields dealing with uncertainty, such as fuzzy set the- 
ory and neutrosophic theory, where they help to model and analyze indeterminate structures and relationships 


(cf. (99| 100} 102}{104)124|246|294}(206]305|459|583]613]62 1 641]737|855| 1013] 1015 1018]T018[ 1019), 


1.2 Neutrosophic Set and Related Set Theory 


Set theory is a branch of mathematics focused on the study of sets,” or collections of objects |267/953/955]. It 
explores the properties, relationships, and operations of sets. Over time, numerous derived concepts related to 
sets have emerged, such as ordered sets , point sets [673) , convex sets [446]/606! 753}, 
alternative sets Cera sets [693], open sets [41 521/839], closed sets [40) 
and directed sets [116]. 


Sets can be either finite or infinite, and recent years have seen increased attention on Non-standard set theory” 
and ”Non-standard analysis.” Non-standard set theory extends classical set 
theory by introducing infinitesimal and infinitely large elements, allowing for detailed modeling of real-world 
uncertainties and complex mathematical structures. Within this framework, numerous new concepts have been 
proposed, including the non-standard real number system (139|[560}. 


To better address real-world uncertainties, various mathematical concepts related to sets have been proposed, 


such as Fuzzy Sets [246 1013}}1035 
|S6) 1000], rough sets [729| , soft expert sets | 


1009], Hypersoft Expert Sets 
969]. Each of these approaches is designed to handle different types of ambiguity. Neutrosophic 


Sets, for example, simultaneously account for truth, indeterminacy, and falsehood, making them versatile tools 
for modeling uncertainty in complex systems [855] . Plithogenic Sets, which generalize these uncertain 
sets, are also an area of active research [(6||425|[773| . Examples of applications for 
uncertain sets include fields like traffic control and decision-making [32)61 ]64) 494/546 
[612\{613||640\807/'864|877|[1004]1022]. Uncertain sets, such as those mentioned above, have been extensively 
studied and discussed in numerous research papers [552|/855|[856|[865}. 


This paper extends several graph concepts to include Neutrosophic Overset [885], Neutrosophic Underset [885], 
Neutrosophic Offset [885], MultiNeutrosophic Set, Hyperfuzzy Set [411 902], and Nonstandard Real 
Set 885]. We then examine their relationships with other classes of graphs. 


For reference, the relationships between Uncertain sets are illustrated in Figure[I] (cf. [378]) 


1.3. Graphization: Transforming to Classes of Uncertain Graphs 


This paper addresses concepts related to uncertain graphs and other advanced graph structures. Graph theory, 
a fundamental branch of mathematics, models relationships within networks by connecting vertices (or nodes) 
through edges. Since its inception in the 1700s, graph theory has evolved significantly and continues to be a 


dynamic area of research [[151|{161]/279]/710|[738||1027). 


In disciplines such as set theory and topology, a technique called ’graphization” is frequently employed, wherein 
sets are mapped onto collections of vertices and edges. This approach enables the exploration of their mathe- 
matical structures, the development of novel graph algorithms, and various practical applications. A primary 
advantage of graphization lies in its visual clarity; relationships among vertices are effectively represented by 
edges, making complex connections easier to visualize. Moreover, by incorporating foundational concepts from 
classical graph theory, including well-established graph algorithms and structural principles, we can analyze 
these uncertain graph classes with greater efficiency and achieve a more comprehensive understanding of their 
properties. 


The importance of graph theory has led to extensive research across diverse fields, including many practical 


applications 129 1010|/1026], graph neural networks [76] 
3911627628) 827/987/988}992) 1033 , Bayesian networks [711], protein structure analysis [423]944], 
chemical graph theory [ 115) , machine learning ||433| 1001], and graph databases [86) 
660]. Additionally, research within graph theory has placed significant focus on understanding graph structures 


(90) and developing numerous graph algorithms {133]/159]/334|/346|[355|[402|573]/69 1|/935). 


Based on the above, sets that handle uncertainty, such as Fuzzy Sets and Neutrosophic Sets, are often ’gra- 
phized” for further study [786]. This paper investigates various models of uncertain graphs, which expand 
classical graph theory by integrating dimensions of uncertainty to better represent complex and ambiguous 
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Figure 1: Some Uncertain sets Hierarchy. The set class at the origin of an arrow contains the set class at the 
destination of the arrow(cf. [378) ). 


relationships. For example, a Neutrosophic Graph models connections by incorporating degrees of truth, inde- 
terminacy, and falsehood, allowing greater flexibility in capturing uncertainty within networks. These models 
of uncertain graphs have proven valuable across numerous real-world fields, resulting in the creation of many 


specialized graph classes [14}/16]20 381]383]386). 


Similar to uncertain sets, these uncertain graphs are particularly effective in decision-making applications 


(12]32|201}/203]578]586]836|87| 1021). 


Given the depth of research and wide-ranging applications in this field, uncertain graphs have become an es- 
sential area of study. For further insights and recent advancements, readers are encouraged to consult recent 


survey papers [368]/373|/375]. 


1.4 Hyperizaion and Superhyperizaion 


Generalized graph concepts encompass well-known structures such as hypergraphs [164 736] and 
superhypergraphs [867/868]. Similarly, in the field of soft sets, hypersoft sets [862] and superhypersoft sets have 


been introduced as generalized forms. Additionally, various other hyperized and superhyperized concepts exist. 
These types of hyperconcepts and superhyperconcepts are widely studied across numerous mathematical fields, 
with substantial attention directed toward their applications [532]. For example, hypergraphs have applications 
in areas such as hypergraph neural networks and hypergraph 
databases (52\[19 1|/406||457). Note that in some fields, multiple definitions exist, and the meanings of “hyper” 
or super” may vary. 


1.5 Our Contribution in This Paper 


In this subsection, we summarize the contributions of this paper. Active research areas such as combinatorics, 
uncertain sets (including fuzzy sets, neutrosophic sets, and plithogenic sets), uncertain graphs, hyper concepts, 
and superhyper concepts provide significant mathematical insights and practical applications. Recognizing 


their importance, this paper explores new graph and set concepts, as well 


as hyper and superhyper constructs, 


as presented in the “Results” section. Additionally, this paper serves as a structured survey of recent findings, 
aiming to inform and inspire readers. It should be noted that some concepts listed in the “Future Tasks” section 


are preliminary definitions and remain under investigation. 


Moreover, the Discussion section includes an example of the Procedure 


of Graphization, Hyperization, and 


Uncertainization. Due to the inherent complexity of defining a mathematically comprehensive procedure, the 
provided example represents just one possible approach. This paper defines a variety of concepts with the hope 
of sparking new ideas and serving as a valuable resource for readers in their research endeavors. 


1.6 The Structure of the Paper 


The structure of this paper is as follows. Section 2 provides an overview of existing definitions, Section 3 
presents the main results, Section 4 examines an example of the Procedure of Graphization, Hyperization, and 


Uncertainization, and Section 5 outlines future directions and tasks. 
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2 Preliminaries and Definitions 


Some foundational concepts from set theory are applied in parts of this work. For further details on these 


foundational concepts, please consult the relevant references as needed 338} 610]. Additionally, 


for operations and related topics concerning each concept, please refer to the respective references as necessary. 


2.1 Uncertain Set Theory 


This subsection outlines fundamental set concepts and sets designed to handle uncertainty. Examples of these 


include Fuzzy Sets [1013}1015,,1019/1036], Soft Sets, Neutrosophic Sets |855| , Vague Sets [[25) 
1028], and Rough Sets [221 | 975]. For further details on each type of set, please refer 


to the relevant sources as needed. 


2.1.1 Basic Set Theory 


Below are some fundamental concepts in set theory. For more comprehensive details, please refer to the relevant 


references as needed (224 ]338)475]492]493]07|543]547[610]825]840}. 


Definition 2.1 (Set). A set is acollection of distinct objects, known as elements, that are clearly defined, 
allowing any object to be identified as either belonging to or not belonging to the set. If A is a set and x is an 
element of A, this membership is denoted by x € A. Sets are typically represented using curly brackets. For 
example, A = {1,2,3} indicates that the set A contains the elements 1, 2, and 3. 


Definition 2.2 (Union). [543] The union of two sets A and B is the set of all elements that are in either A, B, 
or both. The union is denoted by A U B and is formally defined as: 


AUB={x|xeAorxe B} 
In other words, an element x is in A U B if and only if x is in A, in B, or in both. 


Definition 2.3 (Intersection). [543] The intersection of two sets A and B is the set of all elements that A and 
B have in common. The intersection is denoted by A /M B and is formally defined as: 


ANB={x|x¢Aandx € B} 


In other words, an element x is in A Q B if and only if x is in both A and B. 


Definition 2.4 (Completement). 1543 | The complement of a set A, denoted by A‘ or A, consists of all elements 
in the set U that are not in A. The complement is formally defined as: 


Ao ={xeU|x¢ A} 


Definition 2.5 (Difference). [543 The difference of two sets A and B, denoted A \ B, is the set of elements 
that belong to A but not to B. The difference of sets is formally defined as: 


A\Bz={x|xeAandx ¢ B} 


Definition 2.6 (Product Set). Let A and B be two sets. The product set, or Cartesian product of A and 
B, denoted by A x B, is defined as the set of all ordered pairs (a,b) where a € A and b € B. Formally, we 
write: 

Ax B={(a,b)|aéAand be B}. 


Each element of A x B is an ordered pair, and the product set represents all possible combinations of elements 
from A and B in the specified order. 


Example 2.7 (Product Set in Finite Sets), Let A = {1,2} and B = {x, y}. The Cartesian product A x B is: 


Ax B= {(,x), (1, y), (2,+), (2, y)}. 
This set consists of all ordered pairs where the first element is from A and the second is from B. 


Definition 2.8 (Empty Set). [543] The empty set, denoted by 9, is the unique set that contains no elements. 
Formally, the empty set is defined as: 

0 = {x | x # x}, 
indicating that there are no elements x for which the condition x = x fails, thereby resulting in an empty 
collection. The empty set is a subset of every set and has a cardinality of zero. 


Example 2.9 (Product of Empty Set). If A = {1,2,3} and B = @ (the empty set), the Cartesian product A x B 
is: 
AxB=9. 


Since B has no elements, there are no ordered pairs (a, b) where b € B, making the product empty. 


Definition 2.10 (Non-Empty Set). A non-empty set is a set that contains at least one element. Formally, a set 
S is non-empty if: 
axe 8S. 


In contrast to the empty set 0, a non-empty set has a cardinality |S| > 0. 


Definition 2.11 (Underlying Set of a Family of Sets). Let ¥ be a family of subsets of a universal set U. The 
underlying set (or whole set) of F, denoted by under(¥), is defined as the union of all subsets in . Formally: 


under(F ) = LJ A. 


Ac F 


Remark 2.12 (Underlying Set for General Structures). For a mathematical structure S (e.g., groups, rings, 
graphs), the underlying set of S is the set of elements that form the base of S, abstracted from any additional 
operations or relations. Examples include: 


1. Graph: If G = (V, E) is a graph with V as the vertex set and E as the edge set, the underlying set is: 


under(G) = VU LJ e, 
ecE 


where e is the set of vertices that form the edge. 


2. Ring: If R = (X,+,-) is aring with X as the set of elements, + as addition, and - as multiplication, the 
underlying set is: 
under(R) = X. 


Definition 2.13 (Power Set). (cf. [268]) Let S be a set. The power set of S, denoted by P(S), is defined as the 
set of all subsets of S, including the empty set and S itself. Formally, we write: 


P(S) ={T|T CS}. 


The power set P(S) contains 2!5! elements, where |S| represents the cardinality of S. This is because each 
element of S can either be included in or excluded from each subset. 


Definition 2.14 (Partition of a Set). Let S be a non-empty set. A partition of S is a collection of non-empty 
subsets P = {A}, Ao,..., Ax} such that: 


° Aj N A; = 9 for all i # j (disjoint subsets), 


° im A; = S (complete coverage). 
In other words, # divides S into mutually disjoint, non-empty subsets that collectively cover S. 


Additionally, the definitions of related concepts, such as open [912] and closed intervals [912], are provided 
below. As these are fundamental concepts, please refer to lecture notes or other resources as needed. 


Definition 2.15 (Real Number). (cf. (145|/508)/771/810}) The set of real numbers, denoted by R, is a complete 
ordered field. It can be rigorously constructed as the set of equivalence classes of rational Cauchy sequences, 
where two sequences are equivalent if their difference converges to zero. This ensures that every Cauchy 
sequence in R converges to a limit within R. 


Definition 2.16 (open interval). An open interval in the real numbers R, denoted by (a,b), where a,b € R 
and a < b, is defined as the set of all real numbers x such that: 


(a,b)={x Ee R|a<x <b}. 
This interval includes all values strictly between a and b but excludes the endpoints a and b. 


Definition 2.17 (closed interval). A closed interval in the real numbers R, denoted by [a,b], where a,b € R 
and a < b, is defined as the set of all real numbers x such that: 


[a,b] ={xeR]a<x<b}. 


This interval includes all values from a to b, including the endpoints a and b. 


2.1.2 Crisp Sets and Neutrosophic Sets 


When dealing with Fuzzy Sets or Neutrosophic Sets, they are often discussed alongside their foundational Crisp 
Sets. The definition of a Crisp Set is provided below. 


Definition 2.18 (Universe Set). (cf. (696]}) A universe set, often denoted by U, is a set that contains all the 
elements under consideration for a particular discussion or problem domain. Formally, U is defined as a set 
that encompasses every element within the scope of a given context or framework, so that any subset of interest 
can be regarded as a subset of U. 


In set theory, the universe set U is typically assumed to contain all elements relevant to the discourse, meaning 
that for any set A, if A C U, then all elements of A are elements of U. Related concepts include underlying sets 
and whole sets. 


Definition 2.19 (Non-empty Universe Set). A non-empty universe set, denoted by U, is a set that contains all 
elements under consideration in a specific context and satisfies U # 0. Formally: 


U = {x | x is relevant to the problem domain}, with U #0. 


Every subset of interest is considered a subset of U, ensuring that A C U for any A. 


Definition 2.20 (Crisp Set). [706] Let X be a universe set, and let P(X) denote the power set of X, which 
represents all subsets of X. A crisp set A € X is defined by a characteristic function y4 : X — {0, 1}, where: 


1 ifxeA, 


xalx) = {} eed: 


This function vy, assigns a value of | to elements within the set A and 0 to those outside it, creating a clear 
boundary. Crisp sets are thus bivalent and follow the principle of binary classification, where each element is 
either a member of the set or not. 


Definition 2.21 (Crisp Set Representation of the Empty Set). The empty set @ in a universe X is represented 
as a Crisp Set A C X by the characteristic function yg : X — {0,1}, where: 


wxo(x) =0 forallx eX. 


The Fuzzy Set is a well-known concept used to handle uncertainty in set theory. The definition is provided 


below [1013]. 


Definition 2.22. A fuzzy set T in a non-empty universe Y is a mapping t : Y — [0,1]. A fuzzy 
relation on Y is a fuzzy subset 6 in Y x Y. If t is a fuzzy set in Y and 6 is a fuzzy relation on Y, then 6 is called 
a fuzzy relation on Tt if 

6(y,z) < min{r(y),t(z)} forall y,zeY. 


Example 2.23. A Fuzzy Set A over X is defined by a membership function 44 : X — [0, 1], which assigns to 
each element x € X a membership degree (x) representing its degree of belonging to the set A. 


Let us define the fuzzy set A as follows: 


Ha(x1) = 0.2, 
Ha(x2) = 0.5, 
Ha(x3) = 0.7. 


This means: 


¢ The element x; has a membership degree of 0.2 in A. 


¢ The element x2 has a membership degree of 0.5 in A. 


¢ The element x3 has a membership degree of 0.7 in A. 


Proposition 2.24. A Fuzzy Set is a generalization of a Crisp Set. 


Proof. This follows directly from the definition. oO 


One of the extended concepts of a fuzzy set is the Vague Set [25| 208]495]1028]. The definition is provided 


below. 


Definition 2.25 (Vague Set). [208] Let U be a universe of discourse, defined as U = {u1,u2,...,Un}. A vague 
set A in U is characterized by two functions: 


ta:U—> [0,1] and f4:U- [0,1], 


where: 


* ta(u;) is the truth-membership function, providing a lower bound on the membership degree of u; based 
on supporting evidence for u; € A. 


© fa(u;) is the false-membership function, offering a lower bound on the negation of u; based on evidence 
against u; € A. 
These functions satisfy the constraint: 


ta(u;)+ fa(u;) <1, for allu; € U. 


The degree of membership of u; in the vague set A is thus constrained within a subinterval of [0, 1] defined by: 
ta(ui) S$ Ma(ui) < 1- fa(ui), 


where ,14(u;) represents the true membership grade of u; in A. The interval [t4(u;), 1 — f4(u;)] indicates that, 
although the exact membership degree may be uncertain, it is bound within this range. 


If U is continuous, a vague set A can be represented as: 


re I [ta(u), 1 — fa(w)] /u. 


In the case of a discrete universe U, A is expressed as: 


A= >) [ta(ui), 1 — fa(ui)]/ui- 


i=l 


Proposition 2.26. A Vague Set is a generalization of a Fuzzy Set. 
Proof. This follows directly from the definition. oO 


The definition of Neutrosophic Sets, which is frequently referenced throughout this paper, is provided be- 


low [[855: . Neutrosophic Sets represent a generalization of Fuzzy Sets |1013)}1014//1018] and are a 
significant concept due to the extensive array of derived concepts and applications they have inspired 


[258]/260|719]805]853]858]949]1005}1012| 1025}. 


Definition 2.27. [855] Let X be a given set. A Neutrosophic Set A on X is characterized by three membership 
functions: 
Ta: X— [0,1], I4:X— [0,1], Fa: X > [0,1], 


where for each x € X, the values T4(x), [4(x), and F'4(x) represent the degree of truth, indeterminacy, and 
falsity, respectively. These values satisfy the following condition: 


O0< T(x) + T(x) + F(x) <3. 
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In the framework of Neutrosophic Sets, the following properties hold. Moreover, it is well known that Neu- 
trosophic Sets generalize not only crisp sets but also paraconsistent sets [189 977/;979], dialethist 
sets [856], paradoxist sets [893], intuitionistic fuzzy sets 811)/849][92 1], 
and tautological sets . Furthermore, extensions of Neutrosophic Sets, such as quadpartitioned 
Neutrosophic Sets and pentapartitioned Neutrosophic Sets, have been introduced. These sets are further gen- 
eralized by the concept of Plithogenic Sets, which will be discussed later. 


Proposition 2.28. A Neutrosophic Set is a generalization of a Vague Set. 


Proof. This follows directly from the definition. oO 


Proposition 2.29. A Neutrosophic Set is a generalization of a Fuzzy Set. 
Proof. This follows directly from the definition. oO 
The Plithogenic Set is known as a type of set that can generalize Neutrosophic Sets, Fuzzy Sets, and other 


similar sets [864 . The definition of the Plithogenic Set is provided below. 
Definition 2.30. [864 Let S be a universal set, and P C S. A Plithogenic Set PS is defined as: 


PS = (P,v, Pv, pdf, pCF) 


where: 


* vis an attribute. 
¢ Pv is the range of possible values for the attribute v. 
° pdf : Px Pv — [0,1]* is the Degree of Appurtenance Function (DAF). 


° pCF : Pv x Pv = [0,1]! is the Degree of Contradiction Function (DCF). 
These functions satisfy the following axioms for all a, b € Pv: 


1. Reflexivity of Contradiction Function: 
pCF(a,a) =0 


2. Symmetry of Contradiction Function: 


pCF(a,b) = pCF(b,a) 


The following is an already known result, but it is presented here for reference. 


Proposition 2.31. A Plithogenic Set PS = (P,v, Pv, pdf, pCF) can be reduced to a Fuzzy Set, Vague Set, or 
Neutrosophic Set based on specific values of the parameters s and t: 


° Ifs =1andt =1, PS becomes a Fuzzy Set. 
° Ifs =2andt =1, PS becomes a Vague Set. 


° Ifs =3 andt =1, PS becomes a Neutrosophic Set. 
Proof. Let PS = (P,v, Pv, pdf, pCF) be a Plithogenic Set, where P C S is a subset of the universal set, v 


is an attribute, Pv is the set of possible values of v, pdf : P x Pv — [0,1]* is the Degree of Appurtenance 
Function, and pCF : Pv x Pv — [0,1]' is the Degree of Contradiction Function. 
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¢ Reduction to a Fuzzy Set: 
When s = | andt = 1: 


— Let Pv = {1}, meaning that v has only one possible value. 


— Define pdf(p,1) = ups(p) for each p € P, where pps : P — [0,1] represents the degree of 
membership of p in P. 


Since pdf now assigns a single degree of membership for each element in P, the Plithogenic Set PS 
simplifies to a Fuzzy Set F = {(p, ups(p)) : p € P}. 


¢ Reduction to a Vague Set: 


When s = 2 andt = 1: 


— Let Pv = {truth, falsity}, so that v takes on two possible values. 


— Define pdf (p, truth) = tps(p) and pdf(p, falsity) = fps(p) for each p € P, where tps(p) and 
Ftps(p) denote the degrees of truth and falsity, respectively. 


— Impose the constraint tps(p) + fps(p) < | to satisfy the structure of a Vague Set. 


These configurations yield a Vague Set V = {(p, [tps(p),1—- fps(p)]) : p € P}, where tps(p) and 
fes(p) define a bounded interval for the membership degree of each p € P, consistent with the Vague 
Set framework. 


¢ Reduction to a Neutrosophic Set: 
When s = 3 and ¢ = 1: 


— Let Pv = {truth, indeterminacy, falsity}, so v has three possible values. 


— Define pdf (p, truth) = Tps(p), pdf (p, indeterminacy) = Ips(p), and pdf (p, falsity) = Fps(p) 
for each p € P, where Tps(p), Ips(p), and Fps(p) represent the degrees of truth, indeterminacy, 
and falsity, respectively. 


— Impose the condition 0 < Tps(p) + Ips(p) + Fps(p) < 3, consistent with the Neutrosophic Set 
requirements. 


Under these configurations, PS becomes a Neutrosophic Set N = {(p, (Tps(p), /ps(p), Fps(p))) : p € 
P}, where each element in P has associated degrees of truth, indeterminacy, and falsity, following the 
Neutrosophic Set structure. 


In conclusion, by setting the values of s and ¢ appropriately, we can obtain a Fuzzy Set, Vague Set, or Neutro- 
sophic Set as special cases of the Plithogenic Set. oO 


As demonstrated in the proofs above, the following generalization relationships are known. 


Example 2.32. (cf. [368| ) The following examples of Plithogenic Sets are provided. 


¢ When s =¢ = 1, PG is called a Plithogenic Fuzzy Set. 

¢ When s = 2,t = 1, PG is called a Plithogenic Intuitionistic Fuzzy Set. 

¢ When s = 3,t = 1, PG is called a Plithogenic Neutrosophic Set. 

¢ When s = 4,t = 1, PG is called a Plithogenic quadripartitioned Neutrosophic Set. 


¢ When s = 5,t = 1, PG is called a Plithogenic pentapartitioned Neutrosophic Set. 
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2.1.3 Neutrosophic triplet 


A Neutrosophic Triplet is an ordered triple (T, 1, F), where T, 7, and F' represent the degrees of truth, indeter- 


minacy, and falsehood, respectively [63) 1029]. A related concept, the Neutrosophic Duplet, 
is also recognized [562 1030]. This structure allows for nuanced modeling of uncertainty in various 


applications. The definition is provided below. For more details, please refer to sources such as [|886)/890]. 


Definition 2.33. An ordered triple is a collection of three elements in a specified order, denoted by (a, b,c), 
where the position of each element matters. Formally, an ordered triple can be defined as follows: 


Let a, b, and c be elements from any set. The ordered triple (a, b, c) is defined as the ordered pair: 
(a, b,c) := (a, (b,c)), 
where the element a is paired with the ordered pair (b,c). 
This construction preserves the order of elements, meaning that: 
(a,b,c) #(b,a,c) unless a=b=c. 


Definition 2.34. [886 A neutrosophic triplet is an ordered triple (7, 7, F’), where: 


¢ T represents the degree of truth, 
¢ I represents the degree of indeterminacy, 


¢ F represents the degree of falsehood, 


such that T, J, F € [0,1] and 
(T,1,F)#(1,0,0) and (T,/,F) # (0,0, 1). 


Here, (1, 0,0) represents a classical truth and (0, 0, 1) represents a classical falsehood. This triplet provides a 
framework for representing truth, indeterminacy, and falsehood simultaneously in various degrees. 


In applications such as NeutroTopology, we use: 


¢ Axiom (1,0,0): A classical axiom, fully true. 
¢ NeutroAxiom (T,I, F): An axiom with degrees of truth, indeterminacy, and falsehood. 


¢ AntiAxiom (0,0, 1): An axiom that is entirely false. 


2.1.4 NonStandard Real Set 


The NonStandard Real Set is an extension of the standard real number set R, encompassing both infinitesimally 


small values (infinitesimals [244 ) and infinitely large values [|866) . Definitions of this 


concept, along with related concepts, are provided below. 


Definition 2.35. A real number x is considered a positive real number if it is greater than zero. The set of all 
positive real numbers is denoted by R* and is formally defined as: 


Rt ={x €R|x > 0}. 


In this context, each element x € R* satisfies the condition x > 0, indicating that positive real numbers are 
located on the right side of zero on the real number line. 
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Definition 2.36. A real number x is considered a negative real number if it is less than zero. The set of all 
negative real numbers is denoted by R™ and is formally defined as: 


R ={xeER|x < 0}. 


Each element x € R™ satisfies the condition x < 0, meaning negative real numbers are located on the left side 
of zero on the real number line. 


Definition 2.37. (cf. [303| ) The real number set, denoted by R, is the set of all real numbers. This includes 
both rational numbers, such as Q C R, where: 


P 
a={Pipgezardl, 
q 
and irrational numbers, which cannot be expressed as a ratio of integers. 


The set R is formally defined as: 
R = {x | xis a solution to a polynomial equation with real coefficients, or x € limit points of such solutions}. 


The real number set R forms a complete ordered field, meaning it is closed under addition, subtraction, multi- 
plication, and division (excluding division by zero), and satisfies the properties of order completeness. 


Definition 2.38. (cf. 244! ) Consider an element x* € R* within the NonStandard real 


numbers. We define the following classifications for x*: 


1. x” is said to be infinitesimal if, for every positive real number a € R*, 


—a<x* <a. 


2. x” is said to be finite if there exists some positive real number a € R* such that 


-a<Xx* <a. 


3. x* is said to be infinite if, for every positive real number a € R*, 


x*<-a or x* >a. 


Definition 2.39. [886] The NonStandard Real Set, denoted as R*, is an extension of the standard real number 
set R that includes infinitesimal and infinitely large elements. It is defined as follows: 


R* =RUR*™ UR, 


where: 


¢ R represents the standard real numbers, 


¢ R*™ denotes the set of positive infinitesimals, i.e., elements € € R* such that 0 < € < + for any positive 
integer n, 


¢ R-* denotes the set of negative infinitesimals, i.e., elements —e where € € R*™. 


Thus, R* contains all standard real numbers along with infinitesimally small values near zero. 
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2.1.5 Single-Valued Neutrosophic OverSet 


A Neutrosophic OverSet includes elements with a degree of membership exceeding the standard limit, expand- 
ing beyond typical bounds [854 : 


Definition 2.40 (Single-Valued Neutrosophic OverSet). [874] A Single-Valued Neutrosophic OverSet, denoted 
Aover © Uover, is a set in a universe of discourse Upyer where certain elements possess at least one neutrosophic 
value—truth, indeterminacy, or falsity—that exceeds the conventional upper limit of 1. It is formally defined 
as: 


Aover = {(x, (T(x), I(x), F(x))) | x € Uover, IT (x) > 1 or I(x) > 1 or F(x) > 1}, 


where: 


¢ T(x), I(x), and F(x) represent the truth-membership, indeterminacy-membership, and falsity-membership 
degrees for an element x € Upyer, respectively. 


¢ T(x), I(x), F(x) € [0, Q] with Q > 1, termed the OverLimit, allowing for any or all of the values T(x), 
I(x), or F(x) to exceed 1 for specific elements. 


The Single-Valued Neutrosophic OverSet generalizes the classical neutrosophic set by enabling at least one 
of the neutrosophic degrees to surpass the conventional boundary of 1, thereby extending the representational 
scope of uncertainty. 


Proposition 2.41. Every classical Neutrosophic Set is contained within a Neutrosophic OverSet. 


Proof. Let A © U be a classical Neutrosophic Set in the universe of discourse U, defined by membership 
functions: 
Ta:U— [0,1], I4:U—> [0,1], Fa: U — [0,1], 


where for each x € U, Ta(x), [4(x), and F(x) denote the degrees of truth, indeterminacy, and falsity, respec- 
tively, with the constraint: 
O< T(x) + T(x) + F(x) <3. 


Now consider an OverLimit Q > 1 and define a Neutrosophic OverSet B € U on the same universe with 
membership functions: 
Tg: U—> [0,Q], Ip:U— [0,Q], Fe: U - [0,Q], 
where the OverSet condition Tg(x) < Q, Igp(x) < Q, and F'g(x) < Q applies. 
Since all values T4(x), 4(x), and F'4(x) for aclassical Neutrosophic Set A are contained within [0, 1] € [0, Q], 


we can define the OverSet B such that Tg (x) = T4(x), Ip (x) = [4(x), and Fg(x) = F(x) for all x € U. Hence, 
A C B, and every classical Neutrosophic Set can indeed be embedded within a Neutrosophic OverSet. oO 


2.1.6 Single-Valued Neutrosophic UnderSet 


A Single-Valued Neutrosophic UnderSet includes elements with non-membership degrees that can fall below 
zero, thus allowing negative non-membership values [874]. Neutrosophic UnderSets have been widely studied 
in various research contexts |}645| . The definition is provided below. 


Definition 2.42 (Single-Valued Neutrosophic UnderSet). [874] A Single-Valued Neutrosophic UnderSet, de- 
noted Aunder © Uunder, iS a Set in a universe of discourse Uynder Where certain elements have one or more neu- 
trosophic values—truth, indeterminacy, or falsity—that fall below the standard minimum of 0. It is formally 
defined as: 


Aunder = {(x, (T(x), I(x), F(x))) | x € Uunder, IT (x) < 0 or I(x) < Oor F(x) < O} > 


where: 
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¢ T(x), I(x), and F(x) denote the truth-membership, indeterminacy-membership, and falsity-membership 
degrees of an element x € Uunder, respectively. 


¢ Each of these values T(x), /(x), F(x) € [Y, 1], with ¥ < 0 termed the UnderLimit, allowing T(x), I(x), 
or F'(x) to be negative for certain elements. 


The Single-Valued Neutrosophic UnderSet extends the classical neutrosophic set by permitting at least one 
neutrosophic degree to fall below zero, thereby broadening the framework for uncertain representation. 


Proposition 2.43. Every classical Neutrosophic Set is contained within a Neutrosophic UnderSet. 


Proof. Let A € X be a classical Neutrosophic Set in a universe of discourse X, defined by the membership 
functions: 
Ta: X— [0,1], I4:X—- [0,1], Fa: X > [0,1], 


where for each x € X, T,(x), [4(x), and F(x) denote the degrees of truth, indeterminacy, and falsity, respec- 
tively, with the constraint: 
0 < Ta(x) + [a(x) + Fa(x) S 3. 


Now consider an UnderLimit ‘% < 0 and define a Neutrosophic UnderSet B C X on the same universe with 
membership functions: 


Tp: X—>[¥%,1], Ip: X—>[¥,1], Fe: X > [¥, 1], 
where the UnderSet condition Tg(x) > W, Ig(x) = VY, and F(x) = ¥ applies. 


Since all values T(x), [4(x), and F(x) for a classical Neutrosophic Set A are confined within [0,1] ¢ 
[‘¥, 1], we can define the UnderSet B such that Tg(x) = T(x), Ip(x) = Ia(x), and Fg(x) = F(x) for all 
x € X. Consequently, A C B, and every classical Neutrosophic Set is indeed contained within a Neutrosophic 
UnderSet. oO 


2.1.7 Single-Valued Neutrosophic OffSet 


The definition of the Single-Valued Neutrosophic OffSet is also included below [854 : 


Definition 2.44 (Single-Valued Neutrosophic OffSet). A Single-Valued Neutrosophic OffSet, denoted 
Aor © Uo, is a set within a universe of discourse Uo in which certain elements may possess neutrosophic 
degrees—truth, indeterminacy, or falsity—that extend beyond the standard limits, either above | or below 0. It 
is formally defined as: 


Aotr = {(x, (T(x), 1x), F(x))) | x € Uoirs a (T(x) > 1 or F(x) < 0)}, 


where: 


¢ T(x), [(x), and F(x) denote the truth-membership, indeterminacy-membership, and falsity-membership 
degrees of each x € Ups. 


° T(x), (x), F(x) € [Y,Q], where Q > 1 (termed the OverLimit) and ¥ < 0 (termed the UnderLimit), 
allow the possibility for T(x), [(x), or F(x) to take values beyond the conventional bounds of [0, 1]. 


Proposition 2.45. A Single-Valued Neutrosophic OffSet can be transformed into a Single-Valued Neutrosophic 
OverSet or a Single-Valued Neutrosophic UnderSet. 
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Proof. Let X be a universal set, and let Agg € X be a Single-Valued Neutrosophic OffSet. By definition, an 
OffSet Ao permits neutrosophic values that can exceed 1 or fall below 0. 


Define a Single-Valued Neutrosophic OverSet Aoyer G X by allowing truth values T(x) to exceed the conven- 
tional upper limit of 1: 
Aover = {(x, (T(x), L(x), F(x))) |x € X, T(x) > I}. 
Since T(x) € [0,Q] in Apg with Q > 1, any x for which T(x) > 1 in Aog qualifies for inclusion in Aoyer. 
Thus, by selecting only those elements x € X with T(x) > 1 from Aog, we construct a valid Single-Valued 
Neutrosophic OverSet: 
Aover C Aor: 


Similarly, define a Single-Valued Neutrosophic UnderSet Aunder € X by permitting falsity values F(x) to fall 
below the conventional lower limit of 0: 


Aunder = {(x, (T(x), I(x), F(x))) |x € X, F(x) < 0}. 


Since F(x) € [¥,1] in Aog with ‘¥ < 0, any x with F(x) < O in Aog meets the criteria for inclusion in 
Aunder- Thus, by selecting only those elements x € X with F(x) < 0 from Aog, we form a valid Single-Valued 
Neutrosophic UnderSet: 

Aunder € Aor. 


Therefore, each Single-Valued Neutrosophic OffSet Ao can be transformed into a Single-Valued Neutrosophic 
OverSet Aover by restricting to elements with T(x) > 1 or into a Single-Valued Neutrosophic UnderSet Aunder 
by restricting to elements with F(x) < 0. Oo 


2.1.8 Fuzzy and Intuitionistic Fuzzy OverSet/Offset/Underset 


The definitions of Fuzzy and Intuitionistic Fuzzy OverSets, Offsets, and UnderSets are provided below [860]. 


Definition 2.46 (Fuzzy Overset). (cf. [860]) Let X be a universe of discourse. A Fuzzy Overset A in X is 
defined as: 


A= {(x, ua(x)) |x € X, wa(a) € [0,Q]}, 


where Q > 1 represents the Overlimit, allowing membership degrees greater than 1. There exists at least one 
x € X such that pz (x) > 1. 


Definition 2.47 (Intuitionistic Fuzzy Overset). (cf. |860]) Let X be a universe of discourse. An Intuitionistic 
Fuzzy Overset A in X is defined as: 

A = {(x, Ha(x), va(x)) |x € X, waa), va(x) € [0, Q]}, 
where Q > 1. There exists at least one x € X such that a(x) > 1 or va(x) > 1. 


Definition 2.48 (Fuzzy Underset). (cf. [860 ) Let X be a universe of discourse. A Fuzzy Underset A in X is 
defined as: 


A = {(x, q(x) |x © X, wala) € [¥, 1}, 
where Y < 0 is the Underlimit, allowing membership degrees below 0. There exists at least one x € X such 
that px(x) < 0. 


Definition 2.49 (Intuitionistic Fuzzy Underset). (cf. [860]) Let X be a universe of discourse. An Intuitionistic 
Fuzzy Underset A in X is defined as: 


A = {(x, wa(x), va(x)) |x © X, wala), va(a) € ['P, 1}, 
where ¥ < 0. There exists at least one x € X such that wa(x) < 0 or v(x) < 0. 


Definition 2.50 (Fuzzy Offset). (cf. 1860) ) Let X be a universe of discourse. A Fuzzy Offset A in X is defined 
as: 


A= {(x,ua(x)) |x € X, wa(x) € [¥, Q]}, 
where Q > 1 and ¥ < 0. There exist elements x, y € X such that w(x) > 1 and wj(y) < 0. 
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Definition 2.51 (Intuitionistic Fuzzy Offset). (cf. [860]) Let X be a universe of discourse. An Intuitionistic 
Fuzzy Offset A in X is defined as: 


A={(, Ha(x), vax) |x € X, waa) € [FQ], va(x) € ['P, Q]}, 


where Q > 1 and ¥ < 0. There exist elements x, y € X such that 4(x) > 1 or va(x) > 1, and wa(y) < Oor 
va(y) <0. 


Corollary 2.52. A Fuzzy OffSet can be transformed into a Fuzzy OverSet or a Fuzzy UnderSet. 


Proof. The proof follows similarly to the case of the Neutrosophic set. oO 


Corollary 2.53. An Intuitionistic Fuzzy OffSet can be transformed into an Intuitionistic Fuzzy OverSet or an 
Intuitionistic Fuzzy UnderSet. 


Proof. The proof follows similarly to the case of the Neutrosophic set. oO 


Proposition 2.54. The Neutrosophic Offset generalizes both the Fuzzy Offset and the Intuitionistic Fuzzy Offset. 


Proof. A Neutrosophic Offset permits the truth-membership degrees T4(x), indeterminacy degrees J4(x), and 
non-membership degrees F'4 (x) to exceed 1 or be less than 0. For a Fuzzy Offset, setting [4(x) = Oand F(x) = 
1 — x(x) effectively restricts the neutrosophic framework to represent fuzzy offsets. For the Intuitionistic 
Fuzzy Offset, assigning T4(x) = a(x), Fa(x) = v(x), and I4(x) = 1 — w(x) — v4(x) captures intuitionistic 
fuzzy offsets within the neutrosophic domain. Therefore, the Neutrosophic Offset is a generalization of both 
concepts. Oo 


Proposition 2.55. The Neutrosophic Underset generalizes both the Fuzzy Underset and the Intuitionistic Fuzzy 
Underset. 


Proof. Ina Neutrosophic Underset, any of the degrees T,4 (x), Z4(x), or F(x) can be less than 0, encompassing 
fuzzy and intuitionistic fuzzy undersets where such degrees may be negative. Mapping /4(x) = 0, F(x) = 1- 
[44 (x) captures the Fuzzy Underset, and defining T4(x) = a(x), Fa(x) = va(x), and a(x) = l-pa(x)-va(x) 
similarly captures the Intuitionistic Fuzzy Underset. oO 


Proposition 2.56. The Neutrosophic Overset generalizes both the Fuzzy Overset and the Intuitionistic Fuzzy 
Overset. 


Proof. Allowing degrees in the Neutrosophic Overset to exceed | generalizes fuzzy and intuitionistic fuzzy 
oversets. Assigning [4(x) = 0 and F4(x) = 1 — 4j(x) represents the Fuzzy Overset, while defining T4(x) = 
MaA(x), Fa(x) = va(x), and I4(x) = 1 — wa(x) — va(x) captures the Intuitionistic Fuzzy Overset within the 
neutrosophic framework. oO 


Additionally, a Crisp Set can also be defined using Offset, Overset, and Underset concepts, resulting in defi- 
nitions for Crisp Offset, Crisp Overset, and Crisp Underset. As an example, the definition of a Crisp Offset is 
provided below. 


Definition 2.57 (Crisp Offset). Let X be a universe of discourse, and let and Q represent 0 and 1, respectively. 
A Crisp Offset A € X is defined by a characteristic function y4 : X > {Y, Q}, where: 


Q ifxeA, 


ale) = : rea: 


In this context, the function y,4 assigns a value of Q (1) to elements that are within the set A and (0) to 
elements that are outside A. This structure adheres to the principle of binary classification, as each element is 
either fully included in the set A or completely excluded from it. 


The concept of a Crisp Offset, unlike fuzzy or neutrosophic sets, does not allow for intermediate degrees of 
membership. Instead, membership is strictly limited to the values V and Q, reflecting the clear-cut, determin- 
istic nature of this classification approach. This discrete boundary is a distinguishing feature of Crisp Offsets, 
contrasting with the gradual membership levels typical of fuzzy sets. 
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Proposition 2.58. A Fuzzy Offset is a generalization of a Crisp Offset. 


Proof. For a Fuzzy Offset A to reduce to a Crisp Offset, we restrict pu A(x) to take values only in {‘¥, Q}. By 
setting ¥ = 0 and Q = 1, the Fuzzy Offset behaves identically to a Crisp Offset, assigning membership degrees 
of | (indicating inclusion) or 0 (indicating exclusion), thus satisfying the binary classification of a Crisp Set. 


Unlike the binary nature of a Crisp Offset, a Fuzzy Offset allows for continuous membership values between 
Y and Q, providing a more flexible framework. This flexibility supports scenarios where partial, over-, or 
under-membership is required, thereby extending the representation of set membership. 


Since the Crisp Offset can be obtained as a special case of the Fuzzy Offset by restricting membership values 
to {¥, Q} = {0, 1}, it follows that the Fuzzy Offset generalizes the concept of a Crisp Offset. Oo 


Corollary 2.59. A Fuzzy Overset is a generalization of a Crisp Overset. 


Proof. The proof can be conducted in the same manner as previously shown. oO 


Corollary 2.60. A Fuzzy Underset is a generalization of a Crisp Underset. 


Proof. The proof can be conducted in the same manner as previously shown. Oo 


2.1.9 Neutrosophic Triplet Set 


A Neutrosophic Triplet Strong Set is a set where each element has a unique neutral and opposite element, under 
a specified operation [886]. 


Definition 2.61. A Neutrosophic Triplet Strong Set is a set N equipped with a binary operation *, under 
which every element x € N has an associated neutral element neut(x) and an opposite element anti(x) such 
that: 

x *neut(x) =neut(x)*x =x and x *anti(x) = anti(x) «x = neut(x). 


In this set: 


e * is a well-defined associative operation, 
* neut(x) € N serves as the neutral element distinct from any classical identity element if one exists, 


* anti(x) € N acts as the opposite of x, ensuring the operation yields the neutral element. 


2.1.10 MultiNeutrosophic Set 
A MultiNeutrosophic Set is a Neutrosophic Set in which each element’s degrees of truth, indeterminacy, and 
falsehood are evaluated by multiple sources [879]. The formal definition is provided below. 


Definition 2.62 (MultiNeutrosophic Set). Let U be a universe of discourse, and M a subset of it. 
Then, a MultiNeutrosophic Set is defined as: 


M = {x,x(%1, Fb, ....Tpih,h,....03 Fi, Fo,..., Fs) |x € Uj}, 
where: 


* p,r,s are integers > 0 with p+r+s =n > 2, ensuring the existence of multiplicity in at least one 
neutrosophic component (truth/membership, indeterminacy, or falsehood/nonmembership). 


° 1,To,...,Tysh,h,....1-3 Fi, Fo,...,Fs © [0, 1], with at least one of p,r,s > 2. 
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The subsets 7), 7>,...,7, represent multiple truth values provided by different sources; I), /2,..., J, repre- 
sent multiple indeterminacy values; and F), F2,..., Fs represent multiple falsehood values. Additionally, the 
condition: 


Pp r Ss Pp r RY 
O< Si inf 7; +) inf he + Dink F; < Yi) sup; + >| sup la +)! sup Fj <n, 
j=l k=1 I=1 j=l k=1 i=1 


holds for these values. No other restrictions apply to these neutrosophic components. 


Explanation of Components 


° MultiTruth (MultiMembership): Degrees T,,T>,...,T, of an element x with respect to set M, each eval- 
uated by a different source. 


¢ MultiIndeterminacy (MultiNeutrality): Degrees I), In, ..., ,. representing the indeterminacy or neutral- 
ity of x with respect to M, each provided by a different source. 


¢ MultiFalsehood (MultiNonmembership): Degrees F), F2,..., F; of x with respect to M, each evaluated 
by a different source. 


Remark 2.63. [879] Depending on the values and types of neutrosophic components, several particular cases 
of MultiNeutrosophic Sets can be identified: 


¢ Single-Valued MultiNeutrosophic Set (SVMNS): All components T;, [;, Fj are single values in [0, 1]. 
¢ Interval-Valued MultiNeutrosophic Set (IVMNS): All components are intervals within [0, 1]. 


Proposition 2.64. The MultiNeutrosophic Set is a generalization of the Neutrosophic Set. 


Proof. In a Neutrosophic Set, each element x in X has a single degree of truth, indeterminacy, and falsity. 
However, in a MultiNeutrosophic Set, x can have multiple values for each of these components, 


To see that the MultiNeutrosophic Set generalizes the Neutrosophic Set, consider the specific case where p = 
r = s = 1 in the MultiNeutrosophic Set. Each element x € X would then be represented by a single value 7; 
for truth, 7; for indeterminacy, and F; for falsity, effectively reducing the MultiNeutrosophic Set to: 


M= {x,x(T13 11; Fi) | xe Xx}, 
which matches the structure of a Neutrosophic Set. 


Thus, the MultiNeutrosophic Set includes the Neutrosophic Set as a specific instance, demonstrating that it is 
indeed a generalization. oO 


As a related concept, the MultiCrisp Set is defined as follows. It can be generalized within the framework of 
the MultiNeutrosophic Set. 
Definition 2.65. Formally, a MultiCrisp Set M over a universe UY is defined as: 


M = {(x, Mi(X), M2 (x),..-» Mk(a)) |x © UG, 


where: 


¢ k > 2 is the number of crisp membership evaluations (multi-membership conditions). 


© ;(x) : U — {0, 1} is a crisp membership function for the i-th condition, defined as: 


1 if x satisfies the i-th membership condition, 
Mi(x) = F 
0 otherwise. 
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1. Each membership function ju;(x) evaluates to 0 or 1, maintaining the crispness of each membership 
criterion. 


2. The tuple (41 (x), ~2(x), ..., Ux (x)) encodes the multi-membership of x, providing multiple perspectives 
on whether x belongs to M. 


Proposition 2.66. The MultiCrisp Set is a generalization of the Crisp Set. 


Proof. Let U be a universal set. A Crisp Set C C UH is defined as: 


C={x eu | u(x) = 1}. 


Now, consider a MultiCrisp Set M defined as: 


M = {(x, 11 (x), H2(x),-- +, Mk(a)) | x € UY}, 


where: 


° k > 2, representing multiple membership conditions. 


© ui(x) : U — {0, 1} is the crisp membership function for the i-th condition, satisfying: 


1 if x satisfies the i-th condition, 
Hi(x) = ; 
0 otherwise. 


For k = 1, the MultiCrisp Set reduces to: 
M = {(x, wi(x)) |x € Uf. 
By identifying z;(x) with the single membership function p(x) of a Crisp Set, it follows that: 
M={xEeU | w(x) = 1} =C. 
Thus, every Crisp Set C is a special case of a MultiCrisp Set M when k = 1. Conversely, for k > 1, the Mul- 


tiCrisp Set provides additional structure by encoding multiple membership conditions simultaneously, which 
the Crisp Set cannot represent. Therefore, the MultiCrisp Set strictly generalizes the Crisp Set. oO 


Theorem 2.67. The MultiNeutrosophic Set generalizes the MultiCrisp Set. 


Proof. A MultiNeutrosophic Set My over a universe U is defined as: 
Mn = {x,x(, To, ...,Tps li, h,...,1-3 Fi, Fo,..., Fs) |x € uy}, 


where: 


° T,,To,...,Tyshh,....53 Fi, Fo,..., Fs S [0, 1]. 
¢ At least one of p,r,s > 2, ensuring multiplicity in truth, indeterminacy, or falsehood components. 


¢ The values satisfy: 


Pp r S P r Ss 
O0< Si inf 7) +) inf e+ D0 int Fi < )) sup Tj + >) sup Ie +)! sup Fi <n, 
j=l k=1 [=1 j=l k=1 [=1 


wheren=pt+rt+s. 
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To show that the MultiNeutrosophic Set generalizes the MultiCrisp Set, consider the specific case where: 


p=k, r=0, s=0, 7; = {u;(x)} fori =1,2,...,k. 
Under this setup: 


¢ Each truth component 7; of the MultiNeutrosophic Set corresponds directly to the crisp membership 
function y;(x) of the MultiCrisp Set, with T; ¢ {0, 1}. 


¢ Indeterminacy and falsehood components /;, F; are absent, as r = s = 0. 
¢ The MultiNeutrosophic Set reduces to: 
My = {(x,T1,TIb,...,T,) |x €U}, 
which is structurally equivalent to: 


M = {(x, 11(%), H2(%),- + «5» Mk(x)) | x € UY}. 


Thus, every MultiCrisp Set is a specific case of a MultiNeutrosophic Set when r = s = 0. Conversely, the 
MultiNeutrosophic Set introduces additional flexibility by allowing multiple values for truth, indeterminacy, 
and falsehood components, which the MultiCrisp Set cannot represent. 


Therefore, the MultiNeutrosophic Set strictly generalizes the MultiCrisp Set. oO 


Furthermore, the MultiNeutrosophic Offset can also be defined as follows. This is a set concept that combines 
the principles of the Single-Valued Neutrosophic Offset and the MultiNeutrosophic Set. Similarly, the Multi- 
Neutrosophic Overset and MultiNeutrosophic Underset can be defined using the same approach; however, they 
are omitted here. 


Definition 2.68 (Single-Valued MultiNeutrosophic Offset). Let U/ be a universe of discourse. A Single-Valued 
MultiNeutrosophic Offset (SVMNO) is defined as: 


SVMNO ={(x,T;,1;, Fe) |x @U,i=1,...,p3f=l,...,m5k=1,...,s}, 


where: 


° T,,1;, Fe € [Y, Q] for alli, j,k, where '¥ < 0 and Q > 1. 
* p,r,s = 1, representing the number of evaluations for truth, indeterminacy, and falsehood, respectively. 


¢ The normalization condition holds: 


Here, 7; represents the truth-membership degree, J; represents the indeterminacy-membership degree, and F; 
represents the falsehood-membership degree of x in the SVMNO. 


Theorem 2.69. A Single-Valued MultiNeutrosophic Offset (SVMNO) generalizes a Single-Valued Neutrosophic 
Offset (SVNO). 


Proof. Let SVNO = {(x,T,1I,F) | x € U} with membership degrees T,/,F € [P,Q] satisfying ¥ < 
Tt+I+F <Q. 


Define SVMNO = {(x,7;,1;, Fx) |x €U,i=1,...,psp=l,....nk=1,..., 8}, where Tj, 1), Fx € [Y, Q] 


for alli, 7, & and: 
P 
W< wi + 
i=l 


r Ss 
7 


‘14+. Fe <Q. 
=l k=1 


J 
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To show that SVNO is a special case of SVM NO, consider the case where p = r = s = 1. Then, SVMNO 
reduces to: 
SVMNO = {(x,T1, 11, Fi) | x ¢€ Uy}, 


where 7, = T, 1, = 1, F,; = F. The normalization condition becomes: 
W<T, ++ F, <Q, 
which is identical to the normalization condition for SVNO. 


Thus, SVNO is a special case of SVMNO when p = r = s = 1. Conversely, SVMNO extends SVNO by 
allowing multiple truth, indeterminacy, and falsehood evaluations, enabling more detailed representations of 
uncertainty. 


Hence, SVMNO generalizes SVNO. oO 


2.1.11 Soft Set and Soft Expert Set 


The Soft Expert Set is known as one of the generalized concepts of the Soft Set. Comprehensive studies have 
been conducted on Soft Expert Sets and their applications, reinforcing their value in fields where nuanced expert 


input is crucial (44]/46)/70)/71|[745)[804}. 


Definition 2.70. [639] Let U be a universal set and E a set of parameters. A soft set over U is defined as an 
ordered pair (F, E’), where F is a mapping from E to the power set P(U): 


F:E>P(U). 


For each parameter e € E, F(e) C U represents the set of e-approximate elements in U, with (F, E) forming 
a parameterized family of subsets of U. 


Proposition 2.71. A Soft Set is a generalization of a Crisp Set. 


Proof. A Crisp Set A © U is defined by a characteristic function: 


xa: U — {0, 1}. 


A Soft Set (F, E) over a universal set U and a parameter set E is defined as: 


F:E>P(U). 
To demonstrate that a Crisp Set is a special case of a Soft Set, consider the following: 


¢ Let the parameter set E contain a single parameter e, i.e., E = {e}. 


* Define the mapping F : E — #(U) such that F(e) = A, where A C U is the given Crisp Set. 
Under this setup: 
¢ The Soft Set (F', E) reduces to (F, {e}), with F(e) = A. 


* The characteristic function 7 4(x) of the Crisp Set is implicitly represented by the membership condition 
x € F(e), which evaluates to 1 if x € A and 0 otherwise. 
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Thus, the Soft Set (F, £) captures the structure of the Crisp Set when E contains only one parameter and F(e) 
corresponds to the characteristic function y (x). 


Conversely, a Soft Set allows for multiple parameters and associates subsets of U with each parameter, thereby 
generalizing the concept of membership to a parameterized family of subsets. This flexibility goes beyond the 
binary membership of Crisp Sets and enables Soft Sets to handle uncertainty and approximation. 


Therefore, the Soft Set is a generalization of the Crisp Set. oO 


Definition 2.72. [639] Let (F, A) and (G, B) be two soft sets over the same universe U, where A C E and 
BCE. Wesay (F, A) is a soft subset of (G, B), denoted (F, A) € (G, B), if the following conditions hold: 


1 ACB, 


2. F(e) € G(e) for every e € A. 


Thus, (/’, A) is considered a soft subset of (G, B) if all approximations in F are contained within the approxi- 
mations in G for each parameter in A. 


Definition 2.73 (Null Soft Set [639]). Let U be a universe of discourse, and let A be a non-empty set of 
parameters. A soft set (F', A) over U is called a Null Soft Set, denoted by ®, if for every e € A, the subset F(e) 
of U is empty. Formally, we have: 


(F,A)=@® ifandonlyif F(e)=0 VeeAd. 


Definition 2.74 (Full Soft Set). 326] Let S = (F, A) be a soft set over a universal set U, where F is a mapping 
F:A— P(U), assigning each parameter a € A to a subset F(a) C U. The soft set S is called a Full Soft Set 


if: 
J F(a) =U. 


acA 


This condition ensures that every element of U is included in at least one subset F(a) for some a € A. 


Definition 2.75 (Soft Expert Set). Let U be a universe, E a set of parameters, X a set of experts, and Oa 
set of possible opinions. Define Z = E x X x O as the set of all parameter-expert-opinion combinations, and 
let A C Z. 


A pair (F, A) is called a Soft Expert Set over the universe U, where F is a mapping given by: 
F:A->P(U), 


where P(U) denotes the power set of U. The mapping F associates each element in A, representing a combi- 
nation of parameter, expert, and opinion, with a subset of U. Specifically, for a parameter e € EF, expert x € X, 
and opinion o € O, F(e,x,o) € U represents the subset of U corresponding to this particular combination. 


2.1.12 Neutrosophic Axial Set and Partner Multineutrosophic Set 


The Neutrosophic Axial Set [458] and Partner Multineutrosophic Set have been recently proposed as 
related concepts of the Neutrosophic Set. The definitions of the Neutrosophic Axial Set and Partner Multineu- 
trosophic Set are provided below. 


Definition 2.76 (Discrete Subset). A discrete subset of a topological space X is a subset D C X such that every 
point in D is an isolated point relative to D. Specifically, for every x € D, there exists an open set U in X such 
that UN D = {x}. 
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Definition 2.77 (Neutrosophic Axial Set). Let X bea set. A Neutrosophic Axial Set NMA is defined as: 
NWA = {(A, Aj, Ar) | AN A; =O, i = 1,2} 
where A is any subset of X, and A, and A2 are called the parts of (A, Aj, Az). 
For example, if we let X = R (the set of real numbers), then 
MAA, 2) = {((1,2), Ar, Az) | (1,2) N A; = O, i = 1,2} 
where A; could be either the empty set or a discrete subset of R, for example: 


@ or discrete subsets in R \ (1, 2) 
A; = j [2,x) for some x > 2 


(y, 1] for some y < 1 


Definition 2.78 (Partner Multineutrosophic Set). Let X be a non-empty universal set, and let M,, be 
a multineutrosophic set represented by: 


M,, = {(x,T,(x),...,T- (x), (x),...,15(«), Fi(x),..., Fi (x)) :x € X, rt+s4+t=n} 


where: 
¢ T;: X — [0,1] fori = 1,...,r are the truth-membership degrees, 
¢ I; : X — [0,1] for j = 1,...,s are the indeterminacy-membership degrees, and 


° F, : X — [0,1] fork =1,...,¢ are the falsity-membership degrees. 


The set M,, is considered a Partner Multineutrosophic Set if it is associated with a fuzzy set M?’, termed the 
partner set of M,,, defined as: 
MP = 106 f(x) Ix€ x} 


where fy, : X — [0,1] is defined by: 


1 r Ss t 
fia, (x) = = 2,7) + 2, Ij(x) + 2 Fe(x) 
= i= = 


for allx € X. 


2.1.13 Meta Set 


Meta sets extend fuzzy set theory, allowing elements to belong to sets with varying degrees of membership 


within a hierarchical structure 553) 904 . In meta sets, each element is associated with multiple 
membership degrees that are represented through nodes in a binary tree, enabling complex hierarchical mem- 


bership modeling. 


Definition 2.79 (Infinite Binary Tree). An infinite binary tree T = (V, E) is a tree structure 
defined as follows: 


¢ The set V of vertices consists of all finite binary sequences. Each vertex represents a unique sequence 
v = (11, V2,...,V¥n) Where v; € {0, 1} for all ¢ and 7 is finite. 


* The set E of edges consists of ordered pairs (u,v) where v is obtained from u by appending exactly 
one additional binary digit (either 0 or 1) to the end of u. Formally, if u = (v1, u2,...,Un), then v = 
(U1, U2,...,Un,b) with b € {0, 1}. 
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Each vertex has exactly two children, corresponding to appending 0 and | respectively, and exactly one parent, 
obtained by removing the last binary digit. The root of T is the empty sequence (), denoted by e. 


Definition 2.80. Let X be a finite universe of discourse, and let T denote a full infinite binary tree. A meta set 
p over X is a collection of pairs (x, p), where: 


p={, p) |x € X,p €T and pp(x, p) € [0, 1]}, 


where fp : X X T — [0,1] is a membership function mapping each pair (x, p) to a membership grade in the 
interval [0, 1]. 


Proposition 2.81. A meta set generalizes the concept of a fuzzy set. Specifically, every fuzzy set can be repre- 
sented as a special case of a meta set where membership degrees are associated with a single node in a binary 
tree structure. 


Proof. Let A be a fuzzy set on a universe X with membership function w4 : X > [0, 1], where w(x) denotes 
the membership degree of x in A. 


To represent A as a meta set, define p, over X using a full binary tree T with root node R. Construct p, such 
that 


PA = {{x,R) | x € X and Up, (x,R) = wa(x)}, 


where tp, (x,R) = a(x) for each x € X. This assignment mirrors the membership structure of A within the 
meta set framework. 


Since meta sets allow associations with multiple nodes in T, representing multi-level membership, the case 
where each element x is associated only with R reduces pg to the single-level structure of a fuzzy set. Therefore, 
every fuzzy set can be viewed as a meta set where all memberships are confined to the root level, establishing 
that meta sets generalize fuzzy sets. oO 


2.1.14 Binary fuzzy set 


A binary fuzzy set assigns each element in a set two membership degrees, reflecting distinct perspectives or 
dimensions of membership, typically within the range [958]. The definition is provided below. 


Definition 2.82. [957| A binary set B on a universe X is a mapping wz : X — {0, 1} where each element 
x € X is assigned either 0 or 1. The value w(x) = 1 indicates that x is a member of the binary set B, and 
p(x) = 0 indicates that x is not a member of B. 


A binary fuzzy set B on a universe X is defined by a pair of membership functions wg,,ue, : X —> [0,1] 
where each element x € X is assigned two degrees of membership. The function jg, (x) indicates the degree 
of membership of x under one perspective, and yg, (x) indicates the degree of membership of x under an 
alternative perspective. These mappings allow binary fuzzy sets to capture more nuanced, two-dimensional 
membership information. 


Additionally, the definition of a Binary Neutrosophic Set is also well-known. The definition is provided below. 


Definition 2.83 (Binary Neutrosophic Set (BNCS)). [954] Let (X, Y) be a non-empty fixed space, where X 
and Y are distinct sets. A Binary Neutrosophic Set (BNCS) C in (X, Y) is an ordered pair represented by 


C = ((Ci1, C12, C13) , (C21, C22, Cr3)) , 


where Cj1, Cy2, Cy3 © X and Co1, Co2, Co3 CY. 


Each subset C;; represents distinct elements related to the concept of truth, indeterminacy, and falsity, respec- 
tively, within the sets X and Y. 


The binary neutrosophic set C can further be categorized into three types based on the properties of these 
subsets: 
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Type 1: C isa BNCS-Typel1 if it satisfies the conditions: 


(Ci, A Cy2, Cai N Caz) = (0,0), (Crp A C13, Cor A C23) = (9,0), (Cia VC13, Coz N Co3) = (0,0). 


Type 2: C is a BNCS-Type?2 if it satisfies: 
(Cit A Cy2, C21 A C22) = (0,0), (C11. A C13, Cor NV C3) = (0,0), (C12 VC13, Crx2 1 Co3) = (0,0), 


and 
(Cy, U Cy2 U C13, Cr U Caz U Co3) = (X,Y). 


Type 3: C is a BNCS-Type3 if it satisfies: 
(Cy, A Cy2 N Cy3, Cry N Caz MN Co3) = (0, 9), 


and 
(Cy U Cy2 U Cy3, C21 U Caz U Co3) = (X,Y). 


2.1.15 Cohesive Fuzzy Set 


The Cohesive Fuzzy Set is a generalized concept that extends both the Complex Fuzzy Set 
947] and the Hesitant Fuzzy Set 995]. The definition is provided below. 


Definition 2.84 (Cohesive Fuzzy Set (CHFS)). Let S be a fixed universe of discourse and T C S a fuzzy 
set defined over S. A Cohesive Fuzzy Set on T is defined by a membership function hy that, when applied 
to each x € S, returns a subset of the unit circle in the complex plane, representing the possible membership 
degrees of x in T. 


For each x € S, the membership degree h7(x) is expressed as a set of complex numbers in the form: 
hr(x) = {rr(x) exp(iwr(x)) : rr(x) € [0,1], wr) € R}, 


where rr(x) represents the magnitude of membership, w7(x) represents the phase in radians, andi = V—-1 
denotes the imaginary unit. 


The cohesive fuzzy set T is therefore represented as: 


T = {(x, hr(x)) : x € S}. 


2.1.16 Ranked Soft Set 


The Ranked Soft Set is known as a related concept to the Soft Set. Its definition is provided below [819]. 


Definition 2.85. [819] A Ranked Partition of the set U is an ordered collection of subsets (Vo, Vi,..., Vi) 
such that: 


1. The subsets V; C U (where i = 0, 1,..., k) are pairwise disjoint: Vi OV; = 0 fori # /. 
2. The union of all subsets covers U: Vp UV; U---UV, =U. 


3. Vo may be an empty subset, representing elements that do not satisfy any property within the context of 
the parameter to which the ranked partition applies. The subsets Vj, V2,..., Vx represent increasingly 
higher ranks or levels of satisfaction or confidence. 


The set of all ranked partitions of U is denoted as R(U). 
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Definition 2.86. A Ranked Soft Set (R, E) over the set U is a pair where R is a mapping from the parameter 
set E to the set of all ranked partitions of U. Formally, this is expressed as: 


R:E—>R(U), 
where each parameter t € E is associated with a ranked partition (Vo, Vi,..., Vx) of U. 
In aranked soft set (R, EF), each ranked partition (Vo, V1, .. ., Vz) associated with a parameter t has the following 


interpretation: 
¢ The subsets V; € U (fori > 0) represent increasing levels of satisfaction, confidence, or relevance for 
the parameter ¢. 


¢ Vo, which may be empty, consists of elements that do not satisfy the parameter f. 
Thus, for any element 0; € U: 


° o; € V; (with i > 0) implies that 0; satisfies the parameter f to a certain degree, with higher indices i 
indicating higher levels of satisfaction. 
¢ Elements in Vo, if any, do not satisfy the parameter f. 
The Ranked Soft Set model provides a qualitative hierarchy of satisfaction for each parameter, differing from 


traditional soft set models by representing satisfaction levels non-numerically through the structure of ranked 
partitions. 


2.1.17 Bijective Soft Set 


The definition of a Bijective Soft Set is provided below [426) . A Bijective Soft Set is a set 


concept that extends the Soft Set by incorporating the notion of a bijective mapping. 


Definition 2.87 (Bijective Function). (cf. 647 966] 1037]]) Let A and B be two sets. A function f : A > B 


is said to be bijective if it satisfies the following two conditions: 


1. Injective (One-to-one): For every pair of elements x;,x2 € A, if f(x,) = f(x2), then x, = x2. Formally: 


Wx1,%2 € A, f(xy) = f(x2) = x1 = x2. 


2. Surjective (Onto): For every element y € B, there exists at least one element x € A such that f(x) = y. 
Formally: 
Vy €B, Ax eA such that f(x) =y. 


If f is both injective and surjective, it is called bijective. In this case, f establishes a one-to-one correspondence 
between the elements of A and B, meaning every element of A is paired with a unique element of B, and every 
element of B is paired with exactly one element of A. 


Definition 2.88 (Bijective Soft Set). [427] Let U be a universe of discourse, and let B be a non-empty set of 
parameters. A pair (F, B) is called a bijective soft set over U if F is a mapping F : B — P(U) that satisfies 
the following conditions: 


¢ Exhaustivity: The union of all F(e) for e € B covers U: 


LJ F(e) =U. 


ecB 
¢ Disjointness: For any two distinct parameters e;,e; € B, where e; # e;, the subsets F(e;) and F(e;) are 
disjoint: 
F(e;) nN F(e;) = @. 


In other words, a bijective soft set is a soft set in which each element of U is uniquely associated with exactly 
one parameter in B, ensuring that each subset F(e) is distinct and collectively exhaustive. 
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2.2 Uncertain Graph Theory 


In this subsection, we provide the necessary definitions and terms essential for the discussion. 


2.2.1 Basic Graph Concepts 


Here are a few basic graph concepts listed below. For more foundational graph concepts and notations, please 


Definition 2.89 (Graph). [279] A graph G is a mathematical structure consisting of a set of vertices V(G) 
and a set of edges E(G) that connect pairs of vertices, representing relationships or connections between them. 
Formally, a graph is defined as G = (V, E), where V is the vertex set and E is the edge set. 


Definition 2.90 (Subgraph). Let G = (V, E) be a graph. A subgraph H = (Vy, Ey) of G is a graph where: 
Va CV and Eq CEN (Vy XVzq). 


That is, H consists of a subset of the vertices and a subset of the edges of G, such that the edges in H are only 
between vertices in Vy. 


Definition 2.91 (Degree). 279] Let G = (V, E) be a graph. The degree of a vertex v € V, denoted deg(v), is 
the number of edges incident to v. Formally, for undirected graphs: 


deg(v) =|{e Ee E|vee}f. 


In the case of directed graphs, the in-degree deg” (v) is the number of edges directed into v, and the out-degree 
deg*(v) is the number of edges directed out of v. 


Definition 2.92 (Connected Graph). Let G = (V, E) be a graph where V is the set of vertices and E is the set 
of edges. G is said to be connected if for every pair of vertices u,v € V, there exists a path in G that connects 
u and v. Formally: 

Vu,v € V, u #v, Spath P in G such that u,v € P. 


Definition 2.93 (Tree). A graph T = (V, E) is called a tree if it satisfies the following conditions: 


1. T is connected. 


2. T is acyclic (contains no cycles). 


Equivalently, a tree is a connected graph with |E| = |V| — 1, where |V| and |£| denote the number of vertices 
and edges, respectively. 


Definition 2.94 (Weighted Graph). (cf. [171] TO111032}) A weighted graph G = 


(V, E, w) is a graph structure consisting of a set of vertices V, a set of edges E C V x V, and a weight function 
w: E > R. Each edge e € E has an associated real number w(e), representing the weight of the edge. 


Formally, a weighted graph G is defined by the following components: 


¢ V: The set of vertices (or nodes) in the graph. 


¢ E: The set of edges, where each edge e = (u,v) € E represents a connection between two vertices 
u,veV. 


* w: E —R: The weight function, which assigns a real-valued weight w(e) to each edge e € E. 


The weight w(e) can represent various attributes, such as distance, cost, or capacity, depending on the appli- 
cation context. If all edge weights are equal, the weighted graph reduces to an unweighted graph. 
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Example 2.95. An example of a weighted graph is as follows: 


V = {v1, v2, v3}, 
E = {(11, v2), (v2, v3), (v3, V1) } 
w((v1,¥2)) =5,  w((v2,v3)) =3, w((v3,V1)) =7. 


In this example, the weight function w assigns specific weights to each edge in E. 


Proposition 2.96. A Weighted Graph is a generalization of a Classic Graph. 


Proof. This follows directly from the definition. oO 


2.2.2 Uncertain Graph 


Approximately half a century has passed since the introduction of the Fuzzy Set, leading to the development of 
various graph concepts designed to handle uncertainty. Here, we provide definitions for frameworks including 
Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and Single-Valued Pentapartitioned Neutrosophic. 


A Fuzzy Graph is often studied in relation to a Crisp Graph [368]. To begin, we present the definition of a 
Crisp Graph below [368]. 


Definition 2.97 (Crisp Graph). A Crisp Graph G = (V, E) is defined as follows: 


1. V: A non-empty finite set of vertices (or nodes). 


2. E © {{u,v} | u,v € Vandu # v}: A set of unordered pairs of vertices, called edges. Each edge is 
associated with exactly two vertices, referred to as its endpoints. An edge is said to connect its endpoints. 


Special Cases. 


¢ A graph G with E = 0 is called an edgeless graph. 


Definition 2.98 (Unified Uncertain Graphs Framework). (cf. (373}) Let G = (V, E) be a classical graph with 
a set of vertices V and a set of edges E. Depending on the type of graph, each vertex v € V and edge e € E 
is assigned membership values to represent various degrees of truth, indeterminacy, falsity, and other nuanced 
measures of uncertainty. 


1. Fucey Graph (T37|594|73]S69|674|776|775|780]976|98T): 


¢ Each vertex v € V is assigned a membership degree o(v) € [0, 1]. 


* Each edge e = (u,v) € E is assigned a membership degree (u,v) € [0, 1]. 


2. Intuitionistic Fuzzy Graph (FG) [T9|136]239|539]679|924)}950| 1031]: 


¢ Each vertex v € V is assigned two values: za(v) € [0,1] (degree of membership) and v,(v) € 
[0, 1] (degree of non-membership), such that wa(v) + va(v) < I. 


¢ Each edge e = (u,v) € E is assigned two values: upg(u,v) € [0,1] and vg(u,v) € [0,1], with 
MB(u, Vv) +vB(u,v) < 1. 


3. Neutrosophic Graph [29|35|T769]68|376):179|57A 563|808|S63]50): 


¢ Each vertex v € V is assigned a triplet 7(v) = (or(v), o7(V), oF (V)), where o7(v), o7(v), oF (VY) € 
[0, 1] and or (v) + 07(v) + oF(V) < 3. 


¢ Each edge e = (u,v) € E is assigned a triplet u(e) = (u7(e), ur(e), ur(e)). 
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4. Hesitant Fuzzy Graph [113\|429\|718\|725|/995): 


¢ Each vertex v € V is assigned a hesitant fuzzy set 7 (v), represented by a finite subset of [0, 1], 
denoted o(v) € [0, 1]. 
¢ Each edge e = (u,v) € E is assigned a hesitant fuzzy set u(e) € [0,1]. 


* Operations on hesitant fuzzy sets (e.g., intersection, union) are defined to handle the hesitation in 
membership degrees. 


5. Quadripartitioned Neutrosophic Graph (QNG) [51 7H519|[823|[842): 
¢ Each vertex v € V is associated with a quadripartitioned neutrosophic membership, represented as 
(T(v), C(v), U(v), F(v)), where: 

-T(ve 
- C(ve 
- U(vy)«E 
— F(v) € [0,1]: false-membership degree, 
— with the condition 0 < T(v) + C(v) +U(v) + FQ) < 4 


¢ Each edge e = (u,v) € E ina QNGis also assigned a quadripartitioned membership (T(e), C(e), U(e), F(e)), 
where: 


Sa 


0, 1]: truth-membership degree, 
0, 1]: contradiction-membership degree, 
0, 1]: ignorance-membership degree, 


So = 


T(e) < min{T(u),T(v)}, 
C(e) < min{C(u), C(v)}, 
U(e) < max{U(u), U(v)}, 
F(e) < max{F(u), F(v)}, 
and the total membership degree of each edge satisfies 0 < T(e) + C(e) + U(e) + Fle) < 4. 


6. Single-Valued Pentapartitioned Neutrosophic Graph [2405 16|578\|751]: 
¢ Each vertex v € V is assigned a quintuple o(v) = (T(v), C(v), R(v), U(v), F(v)), where: 

— T(v) € [0, 1] is the truth-membership degree. 
— C(v) € [0,1 
- R(v) € [0,1 
- U(v) € [0,1 
— F(v) € [0, 1] is the false-membership degree. 

T(v) +C(v) + R(v) +U(v) + FQ) <5. 

¢ Each edge e = (u,v) € E is assigned a quintuple u(e) = (T(e), C(e), R(e), U(e), F(e)), satisfy- 

ing: 


is the contradiction-membership degree. 
is the ignorance-membership degree. 
is the unknown-membership degree. 


T(e) < min{T(u),T(v)}, 

C(e) < min{C(u), C(v)}, 
R(e) > max{R(u), R(v)}, 
U(e) => max{U(u), U(v)}, 
F(e) > max{F(u), F(v)}. 


A Plithogenic Graph is a generalized graph based on the concept of a Plithogenic Set. The definition is provided 


below [864]. 
Definition 2.99. 425) Let G = (V, E) be acrisp graph where V is the set of vertices and 


E Cc VXVis the set of edges. A Plithogenic Graph PG is defined as: 
PG = (PM, PN) 
where: 


1. Plithogenic Vertex Set PM = (M,1, Ml, adf,aCf): 
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¢ M C Vis the set of vertices. 

¢ / is an attribute associated with the vertices. 

e M1 is the range of possible attribute values. 

° adf : Mx MI — [0, 1]* is the Degree of Appurtenance Function (DAF) for vertices. 
* aCf : MIx MI = [0, 1]* is the Degree of Contradiction Function (DCF) for vertices. 


2. Plithogenic Edge Set PN = (N,m, Nm, bdf ,bC f): 


¢ N C E is the set of edges. 

* mis an attribute associated with the edges. 

e Nm is the range of possible attribute values. 

¢ bdf :Nx Nm — [0,1]* is the Degree of Appurtenance Function (DAF) for edges. 

° bCf : Nmx Nm — [0,1]' is the Degree of Contradiction Function (DCF) for edges. 


The Plithogenic Graph PG must satisfy the following conditions: 


1. Edge Appurtenance Constraint: For all (x, a), (y,b) € M x MI: 


bdf ((xy), (a, b)) < min{adf(x, a), adf(y, b)} 


where xy € N is an edge between vertices x and y, and (a, b) € Nmx Nm are the corresponding attribute 
values. 


2. Contradiction Function Constraint: For all (a, b), (c,d) € Nm x Nm: 


bCf ((a, b), (c, d)) < min{aC f (a, c), aC f(b, d)} 


3. Reflexivity and Symmetry of Contradiction Functions: 


aC f(a,a) =0, Vae MI 
aC f(a, b) = aCf(b,a), Va,beé MI 
bCf (a, a) =0, Vae Nm 
bCf (a, b) = bC f(b, a), Va,be Nm 


Example 2.100. (cf. [368)|373]) The following examples are provided. 


¢ When s =¢ = 1, PG is called a Plithogenic Fuzzy Graph. 

¢ When s = 2,t = 1, PG is called a Plithogenic Intuitionistic Fuzzy Graph. 

¢ When s = 3,t = 1, PG is called a Plithogenic Neutrosophic Graph. 

¢ When s = 4,t = 1, PG is called a Plithogenic quadripartitioned Neutrosophic Graph. 


¢ When s = 5,t = 1, PG is called a Plithogenic pentapartitioned Neutrosophic Graph. 


The plithogenic graph encompasses various graph types that have been actively studied. This graph concept 
is capable of handling multiple layers of uncertainty while generalizing numerous existing graph concepts. Its 
flexibility allows for selecting different graph types depending on the research objectives or practical applica- 
tions, making it mathematically significant and versatile. Furthermore, it is anticipated that practical applica- 
tions and further studies on its utility will be explored in the future. 


Definition 2.101 (Plithogenic Graph Type). (cf. [368}/373]) A plithogenic graph PG is a graph that satisfies 
one of the following types of plithogenic characteristics (referred to as PG of the i-th type) or any combination 
thereof: 
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(i) PG; = {G,, G2, G3,...,Gp} where plithogenic characteristics exist in each graph G;, incorporating 
different attributes and degrees of appurtenance and contradiction for vertices and edges. 


(ii) PGz = {V, Ep} where the edge set Ep is plithogenic, meaning that each edge is associated with a range 
of possible attributes and corresponding degrees of appurtenance and contradiction. 


(iii) PG3 = {V, E(tp, hp)} where both the vertex set V and edge set E are crisp, but the edges have plithogenic 
heads h(e;) and plithogenic tails t(e;) with respect to certain attributes. 


(iv) PG4 = {Vp, E} where the vertex set Vp is plithogenic, meaning each vertex has attributes with varying 
degrees of appurtenance and contradiction. 


(v) PGs = {V, E(wp)} where both the vertex set V and edge set E are crisp, but the edges have plithogenic 
weights wp, indicating the attribute-based degrees of appurtenance and contradiction. 


The General Plithogenic Graph is a generalization of the Plithogenic Graph (cf. 340} ). The General 
Plithogenic Graph relaxes certain conditions, such as the Edge Appurtenance Constraint. 


By incorporating constraints from Pythagorean fuzzy sets 232! , spherical fuzzy sets [68194)329].45 1452) 
, (m, n)-fuzzy sets 48} , and q-rung orthopair fuzzy sets [60] 16261740) 76 1}971/998} 
we hope to explore new mathematical characteristics and applications, such as in decision-making and other 
domains. 


Definition 2.102 (General Plithogenic Graph). [368] Let G = (V, E) be a classical graph, where V is a finite 
set of vertices, and E C V x V is a set of edges. 


A General Plithogenic Graph G°” = (PM, PN) consists of: 


1. General Plithogenic Vertex Set PM: 
PM =(M,1, MI, adf,aCf) 
where: 


¢ M CV: Set of vertices. 

¢ /: Attribute associated with the vertices. 

e MI: Range of possible attribute values. 

¢ adf : M x MI — [0, 1]*: Degree of Appurtenance Function (DAF) for vertices. 
* aCf : MIx MI = [0, 1]': Degree of Contradiction Function (DCF) for vertices. 


2. General Plithogenic Edge Set PN: 
PN = (N,m, Nm, bdf, bCf) 
where: 


¢ N CE: Set of edges. 

¢ m: Attribute associated with the edges. 

e Nm: Range of possible attribute values. 

¢ bdf :N x Nm — [0, 1]*: Degree of Appurtenance Function (DAF) for edges. 

° bCf : Nmx Nm — [0,1]': Degree of Contradiction Function (DCF) for edges. 


The General Plithogenic Graph G@” only needs to satisfy the following Reflexivity and Symmetry properties 
of the Contradiction Functions: 
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¢ Reflexivity and Symmetry of Contradiction Functions: 


aC f(a,a) =0, Vae MI 
aC f(a,b) =aCf(b,a), Va,be MI 
bCf (a, a) =0, Vae Nm 


bC f(a, b) = bCf(b,a), Va,beNm 


In graphs dealing with uncertainty, the following has been established [368]. 
Theorem 2.103. In each graph class, the following relationships hold. 


¢ An empty graph and a null graph can be represented as 2-valued graphs and 3-valued graphs. 


¢ Every edge-fuzzy graph can be transformed into a 2-valued graph by thresholding the edge membership 
values. 


Every fuzzy graph can be transformed into a 3-valued graph by mapping the fuzzy membership values of 
vertices and edges to the values {-1, 0, 1}. 


¢ Every Intuitionistic Fuzzy Graph can be transformed into a Fuzzy Graph by restricting the non-membership 
function va to 0 for all vertices. 


¢ Every Neutrosophic Graph can be transformed into an Intuitionistic Fuzzy Graph by setting the indeter- 
minacy value to zero. 


Every Extended Turiyam Neutrosophic Graph is a generalization of the Turiyam Neutrosophic Graph. 


A plithogenic Graphs generalize Fuzzy Graphs, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, Turiyam 
Neutrosophic Graphs, Extended Turiyam Neutrosophic Graphs. 


¢ Every general plithogenic Graphs can be transformed into General Turiyam Neutrosophic Graph, Gen- 
eral Fuzzy Graph, General Intuitionistic Fuzzy Graph, Four-Valued Fuzzy graph, Ambiguous graph, 
Picture Fuzzy Graph, Hesitant Fuzzy Graph, Intuitionistic Hesitant Fuzzy Graph, Fuzzy Graphs, Intu- 
itionistic Fuzzy Graphs, Neutrosophic Graphs, Quadripartitioned Neutrosophic graph, Pentapartitioned 
Neutrosophic graph, Turiyam Neutrosophic Graphs, and Spherical Fuzzy Graphs. 


2.2.3 Soft Graph and Multisoft Graph 


This subsection explains the concept of a Soft Set. A soft set over a universe U assigns subsets of U to parameters 
from a parameter set A, allowing for flexible representations of uncertain data. The formal definition of a Soft 
Set is provided below [56) 59|{639|(670]|T000). For readers interested in details on operations within Soft Set 
theory, please refer to [670] as needed. 


Definition 2.104. [670] Let U be a non-empty finite set, called the universe of discourse, and let E be a 
non-empty set of parameters. A soft set over U is defined as follows: 


F = (F,A) over U is an ordered pair, where A C E and F: A > P(U), 


where F(a) € U for each a € A and P(U) denotes the power set of U. The set of all soft sets over U is denoted 
by S(U). 


1. Soft Subset: Let F = (F, A) and G = (G, B) be two soft sets over the common universe U. We say that 
F is a soft subset of G, denoted F C G, if: 


“ACB 
¢ F(a) C G(a) forallae A. 
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2. Union of Soft Sets: The union of two soft sets F = (F', A) and G = (G, B) over U is defined as H = (H,C) 
where C = AU B and 
F(e), ec A-B 
H(e) =4 G(e), eeB-A 
F(e)UG(e), e€ ANB 


3. Intersection of Soft Sets: The intersection of two soft sets F = (F,A) and G = (G, 8B) with disjoint 
parameter sets A M B = 0 is defined as H = (H,C), where C = AN B and 


H(e) =F(e)NG(e), Veec. 


The Soft Graph is a concept that represents the ’graphization” of a Soft Set, and discussions on this concept 
frequently consider its relationship to related structures such as fuzzy graphs and Neutrosophic graphs 


[82|[106]/110||476|[515|[549]/948]. The definition is provided below. 


Definition 2.105 (Soft Graph). Let G* = (V, £E) be a simple graph, where V represents the vertex 
set and E represents the edge set of G*. Let A be a nonempty set of parameters associated with G*. Define two 
soft sets (F, A) and (K, A), where: 


1. (F, A) is a soft set over V, representing the vertices associated with each parameter in A. 


2. (K, A) is a soft set over E, representing the edges associated with each parameter in A. 
Then, a soft graph G = (G*, F, K, A) is defined as the 4-tuple satisfying the following conditions: 


1. G* = (V, E) is a simple graph. 

2. Ais anonempty set of parameters. 
3. (F, A) is a soft set over V. 

4. (K, A) is a soft set over E. 


5. For each a € A, the pair (F(a), K(a)) forms a subgraph of G*, which we denote by H(a). 


A soft graph can thus be represented as: 
G = (F,K, A) = {H(a) | aé A}. 
The set of all soft graphs over G* is denoted by S(G*). 


In recent years, the concept of the Multisoft Set has been defined, and its definition, as well as an extension 
to graphs, is presented below. Related concepts to the Multisoft Set include IndetermSoft Sets [880)/882], 


IndetermHyperSoft Sets [880 , and TreeSoft Sets [270) : 


Definition 2.106. 875] Let U be a universal set, and let EZ; represent distinct sets of parameters such 
that E; 1 E; = 0 fori # j. Define the union of all parameters as E = \); E;, and let P(U) denote the power set 
of U. 


A Multisoft Set over a universal set U is a pair (F’, A), where: 


¢ AC P(E) isa set of attribute combinations, and 


« F: A — P(U) is a function that maps each combination of attributes in A to a subset of U. 


For each a € A, the set F(a) C U is referred to as the a-approximate set of the multisoft set (F, A). 
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Definition 2.107. A Multisoft Graph G = (G*, F, K, A) over a graph G* = (V, E) consists of the following 
components: 


1. G* = (V, E) is the underlying simple graph. 
2. Aisa set of attribute combinations where A C P(E). 


3. (F, A) is a multisoft set over V, where F : A — #(V) maps each combination of attributes in A to a 
subset of vertices V. 


4. (K, A) is a multisoft set over E, where K : A — P(E) maps each combination of attributes in A to a 
subset of edges E. 


For each a € A, the pair (F(a), K(a)) forms a subgraph of G*, which we denote by H(a). The multisoft graph 
G can thus be represented as: 
G = (F,K, A) = {H(a) | aé€ A}. 


The set of all multisoft graphs over G* is denoted by MS(G*). 


Proposition 2.108. Every Multisoft Graph G = (G*, F, K, A) over a simple graph G* = (V, E) can be trans- 
formed into an equivalent Soft Graph G’ = (G*, F’, K’, A’). 


Proof. To demonstrate that any multisoft graph G = (G*, F, K, A) can be transformed into a soft graph, we 
proceed as follows: 


1. Define a Soft Graph Parameter Set A’: Construct A’ as a parameter set corresponding to the set of attribute 
combinations A in the multisoft graph. Specifically, define A’ = A. 


2. Construct Soft Sets (F’, A’) and (K’, A’): For each a € A’, define F’(a) as the union of all subsets F(a’) 
for every a’ C ain A. Formally, we have: 


F'(a) = LJ F(a’). 
a’Ca 
aéA 
Similarly, for each a € A’, define K’(a) as the union of all subsets K(a’) for every a’ € a in A: 
K’(a) = LJ K(a’). 


a’Ca 
aca 


3. Verification of Conditions for a Soft Graph: By construction, (F’, A’) is a soft set over V with respect to 
the parameter set A’, and (K’, A’) is a soft set over E. Since F’(a) € V and K’(a) C E forall a € A’, the 
conditions of a soft graph are satisfied. 


Thus, we have constructed a soft graph G’ = (G*, F’, K’, A’) that is equivalent to the original multisoft graph 
G = (G*, F, K, A), completing the proof. oO 


The Soft Graph is often discussed alongside other types, such as Fuzzy Graphs and Neutrosophic Graphs. For 


example, the Fuzzy Soft Graph and the Neutrosophic Soft Graph 


are generalized extensions of the Soft Graph concept. This paper focuses on the Neutrosophic Soft Graph, and 
thus, its formal definition is provided below. 


Definition 2.109. [36 948] Neutrosophic Soft Graph is defined as a 4-tuple G = (G*, J, K, A), where: 


* G* = (V, E) is a neutrosophic graph, where: 


— Vis the set of vertices. 


- ECV~x Vis the set of edges. 
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— For each vertex x € V, there exist three functions: 
T:V->[0,1], 7:V—- [0,1], F:V— [0,1], 


representing the truth-membership, indeterminacy-membership, and falsity-membership degrees, 
respectively. 


— For each vertex x € V, the constraint holds: 
0 < T(x) +1 (x) + F(x) <3. 


¢ Ais anon-empty set of parameters. 


¢ (J, A) is aneutrosophic soft set over the vertex set V, where J : A — p(V), and p(V) denotes the set of 
all neutrosophic sets of V. 


* (K, A) is aneutrosophic soft set over the edge set E, where K : A — p(E), and p(E) denotes the set of 
all neutrosophic sets of E. 


Proposition 2.110. The Neutrosophic Soft Graph generalizes the Soft Graph. 


Proof. If the neutrosophic memberships T(x), /(x), and F(x) are replaced with a single crisp membership 
value (e.g., T(x) = 1,/(x) = 0, F(x) = 0), the neutrosophic graph G* reduces to a crisp graph. If (J, A) 
and (K, A) are defined over the power sets p(V) and p(£), respectively, instead of the neutrosophic sets, the 
neutrosophic soft sets reduce to classical soft sets. The conditions and mappings in Gy encompass those of 
Gs, making Gs a special case of Gy. 


Thus, the Neutrosophic Soft Graph Gy generalizes the Soft Graph Gs. oO 


2.2.4 Neutrosophic OverGraph, UnderGraph, and OffGraph 


Recently, OverGraphs [263| , UnderGraphs, and OffGraphs [266] have been defined to graphically 
represent the concepts of Overset, Underset, and Offset. The following sections introduce these definitions. 


Definition 2.111. (cf. |263) 638]) A Single-Valued Neutrosophic OverGraph is a graph G = (V, E) defined 
over a universe of discourse Uoyer, where: 


* Each vertex v € V is assigned a truth-membership degree T(v), an indeterminacy-membership degree 
I(v), and a falsity-membership degree F(v), such that T(v) € [0,Q] with Q > 1, allowing T(v) > 1. 


¢ Each edge e = (u,v) € FE is similarly assigned degrees T(e) € [0, Q], /(e) € [0, Q], and F(e) € [0, Q]. 
¢ For all v € V, T(v) +1(v) + F(v) < 3Q. 


Definition 2.112. A Single-Valued Neutrosophic UnderGraph is a graph G = (V, E) defined over a universe 
of discourse Uunder, Where: 


¢ Each vertex v € V is assigned degrees T(v), /(v), and F(v), with F(v) € [¥, 1] where ¥ < 0, allowing 
F(v) <0. 


¢ Each edge e = (u,v) € E is assigned degrees T(e) € [Y, 1], Z(e) € [¥, 1], and F(e) € [¥, 1]. 
¢ For all v € V, T(v) +1(v) + F(v) < 3. 
Definition 2.113. (cf. [266]) A Single-Valued Neutrosophic OffGraph is a graph G = (V,£) defined over a 
universe Uo, where: 
¢ Each vertex v € V is assigned degrees T(v), /(v), and F(v), with T(v) € [0,Q] and F(v) € [¥, Q], 
where Q > | and ¥ < 0, allowing T(v) > 1 and F(v) < 0. 
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¢ Each edge e = (u,v) € E is assigned degrees T(e) € [¥, Q], I(e) € [Y, Q], and F(e) € [¥, Q]. 
¢ Forall ve V, T(v) + 1(v) + F(v) < 3Q. 


Proposition 2.114. In a Single-Valued Neutrosophic OverGraph G = (V,E), if Q = 1, then G becomes a 
standard Single-Valued Neutrosophic Graph. 


Proof. Setting Q = 1 restricts membership degrees to the interval [0, 1]. Therefore, G conforms to the standard 
Single-Valued Neutrosophic Graph definition. oO 


Proposition 2.115. In a Single-Valued Neutrosophic UnderGraph G = (V,E), if ¥ = 0, then G becomes a 
standard Single-Valued Neutrosophic Graph. 


Proof. When ¥ = 0, the membership degrees are constrained to [0, 1], disallowing values less than 0. This 
removes the “under” characteristic of the graph, making it identical to a standard Single-Valued Neutrosophic 
Graph. oO 


Proposition 2.116. In a Single-Valued Neutrosophic OffGraph G = (V,E), if Q = 1 and ¥ = 0, then G 
becomes a standard Single-Valued Neutrosophic Graph. 


Proof. Setting Q = | and Y¥ = 0 confines all membership degrees T(v), [(v), F(v) within [0, 1], disallowing 
any values outside this range. Thus, the ’off’ aspect, which allows degrees to be greater than | or less than 0, 
is eliminated, and G becomes a standard Single-Valued Neutrosophic Graph. oO 


Proposition 2.117. In a Single-Valued Neutrosophic OverGraph G = (V, E), the sum T(v) + I(v) + F(v) can 
exceed 3 when Q > 1. 


Proof. Obviously holds. Oo 


Definition 2.118 (Fuzzy Overgraph). A Fuzzy Overgraph G = (V, E, ty, Me) consists of: 


¢ A set of vertices V. 

e« Aset of edges E CV XV. 

¢ A vertex membership function wy : V > [0, Q], with Q > 1 and Av € V such that wy(v) > 1. 
¢ An edge membership function zz : E — [0, Q], where Se € E such that wz(e) > 1. 


Definition 2.119 (Fuzzy Undergraph). A Fuzzy Undergraph G = (V, E, ty, Me) consists of: 


¢ A set of vertices V. 

e A set of edges E CV XV. 

¢ A vertex membership function wy : V > [Y, 1], with ¥ < 0 and Av € V such that py(v) < 0. 
¢ An edge membership function wz: E > [¥,1], where de € E such that wz(e) < 0. 


Definition 2.120 (Fuzzy Offgraph). A Fuzzy Offgraph G = (V, E, uy, Me) consists of: 


¢ A set of vertices V. 
e A set of edges E CV XV. 


¢ A vertex membership function uy : V > [P,Q], with Q > 1, ¥ < 0, and Sv € V such that wy(v) > | 
or py (v) < 0. 


¢ An edge membership function we: E > [¥,Q], where de € E such that uz(e) > 1 or ug(e) < 0. 
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Definition 2.121 (Intuitionistic Fuzzy Overgraph). An Intuitionistic Fuzzy Overgraph G = (V, E, tv, Vv, ME, VE) 
consists of: 


¢ A set of vertices V. 
e Aset ofedges E CV XV. 
¢ Vertex membership py : V > [0, Q] and non-membership vy : V > [0, Q] functions. 


¢ Edge membership we : E — [0, Q] and non-membership vg : E — [0, Q] functions. 


where Q > 1, and at least one wy(v) > 1, vy(v) > 1, we(e) > 1, or ve(e) > 1. 


Definition 2.122 (Intuitionistic Fuzzy Undergraph). An Intuitionistic Fuzzy Undergraph G = (V,E, uy, Vv, ME, VE) 
consists of: 


¢ A set of vertices V. 
e« A set of edges E CV XV. 
¢ Vertex membership uy : V > ['¥, 1] and non-membership vy : V > ['P, 1] functions. 


¢ Edge membership we : E — [,1] and non-membership vg : E > ['P, 1] functions. 


where  < 0, and at least one uy(v) < 0, vy(v) < 0, we(e) < 0, or vE(e) < 0. 


Definition 2.123 (Intuitionistic Fuzzy Offgraph). An Intuitionistic Fuzzy Offgraph G = (V, E, uy, vy, ME, VE) 
consists of: 


¢ A set of vertices V. 
e« A set of edges E CV XV. 
¢ Vertex membership py : V > ['¥, Q] and non-membership vy : V > [, Q] functions. 


¢ Edge membership we : E — [, Q] and non-membership vg : E — [, Q] functions. 


where Q > | and ¥ < 0, allowing degrees that can exceed | or be less than 0. 


Proposition 2.124. The Neutrosophic Undergraph generalizes both the Fuzzy Undergraph and the Intuitionistic 
Fuzzy Undergraph. 


Proof. The proof can be constructed in a manner analogous to the set-based case. oO 


Proposition 2.125. The Neutrosophic Overgraph generalizes both the Fuzzy Overgraph and the Intuitionistic 
Fuzzy Overgraph. 


Proof. The proof can be constructed in a manner analogous to the set-based case. oO 
Proposition 2.126. The Neutrosophic Offgraph generalizes both the Fuzzy Offgraph and the Intuitionistic Fuzzy 
Offgraph. 

Proof. The proof can be constructed in a manner analogous to the set-based case. oO 
Proposition 2.127. A Single-Valued Neutrosophic OffGraph can be transformed into a Single-Valued Neutro- 
sophic OverGraph or a Single-Valued Neutrosophic UnderGraph. 

Proof. The proof can be constructed in a manner analogous to the set-based case. oO 


39 


2.2.5 Neutrosophic Soft offgraph/overgraph/undergraph 


The Neutrosophic Soft Offgraph/Overgraph/Undergraph is an extension of the Neutrosophic Offgraph/Over- 
graph/Undergraph. The definitions are provided below. Note that the Neutrosophic Soft Overgraph was origi- 


nally defined in [92]. 


Definition 2.128 (Neutrosophic Soft Over Graph (NSOG)). Let G = (V, E) be a classical graph where 
V represents the set of vertices and E C V x V represents the set of edges. A Neutrosophic Soft Over Graph 
(NSOG), denoted Gysocg = (Fv, Fe,T, I, F), is a graph where each vertex and edge is assigned neutrosophic 
soft oversets. These oversets capture neutrosophic information with the possibility of exceeding the traditional 
boundaries (i.e., values greater than 1), allowing a flexible representation of uncertain, indeterminate, and 
contradictory information. 


The structure of Gy soa is defined as follows: 


1. Fy and F¢ are neutrosophic soft oversets associated with the vertices V and edges FE, respectively: 
Fy(v) = {(v,T(v), 1), F(v)) |v eV}, Fe(e) = {(e, T(e), Me), F(e)) | e € E}, 
where: 


* T(v), [(v), and F(v) represent the truth-membership, indeterminacy-membership, and falsity- 
membership degrees for each vertex v € V. 


¢ T(e), [(e), and F(e) represent the corresponding degrees for each edge e € E. 


¢ Each degree T(x), I(x), and F(x) (for x = v or e) can take values in the extended interval [0, Q], 
where Q > 1, allowing degrees to exceed the conventional bound of 1. 


2. Forall v € V ande € E, the sum of the degrees satisfies: 
T(v) +1(v) + F(v) $ 3Q,) —T(e) + 1(e) + F(e) < 3Q, 
maintaining an upper bound on the combined neutrosophic components for each vertex and edge. 


3. The NSOG is termed pure if each vertex v € V and each edge e € E has at least one degree that exceeds 
the standard maximum of 1: 


T(v) >1 or I(v)>1 or F(vy) > 1, 


and similarly, 
T(e)>1 or I(e)>1 or F(e)>1. 


In this structure, the Neutrosophic Soft Over Graph Gyysog extends the concept of a classical graph by incor- 
porating neutrosophic soft oversets for both vertices and edges, where at least one of the truth, indeterminacy, 
or falsity values may surpass 1, thus enhancing the graph’s flexibility in handling various levels of uncertainty, 
indeterminacy, and opposition. 


Definition 2.129 (Neutrosophic Soft UnderGraph). A Neutrosophic Soft UnderGraph isa graph G = (G*, J, K, A), 
where: 


* G* = (V, E) is a neutrosophic graph with the following membership functions for each vertex x € V: 
T:V>[¥%,1], 7:V>5[¥%,1], F:V-[Y, 1], 
where ¥ < 0 allows falsity degrees to be less than 0. 
e Ais a non-empty set of parameters. 


¢ (J, A) is a neutrosophic soft set over the vertex set V, where J : A — p(V), and p(V) denotes the set of 
all neutrosophic sets of V. 
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¢ (K, A) is a neutrosophic soft set over the edge set E, where K : A > p(E). 


The sum of degrees for any vertex x € V satisfies: 
T(x) +1 (x) + F(x) < 3. 

Definition 2.130 (Neutrosophic Soft OffGraph). A Neutrosophic Soft OffGraph is a graph G = (G*, J, K, A), 
where: 

* G* = (V,E) is a neutrosophic graph with the following membership functions for each vertex x € V: 

T:V>[¥%,Q], 7: V>[¥%,Q], F:V>[¥,Q], 
where Q > | allows truth degrees to exceed 1, and Y < 0 allows falsity degrees to be less than 0. 
e Ais a non-empty set of parameters. 


¢ (J, A) is a neutrosophic soft set over the vertex set V, where J : A — p(V), and p(V) denotes the set of 
all neutrosophic sets of V. 


¢ (K, A) is a neutrosophic soft set over the edge set E, where K : A > p(E). 


The sum of degrees for any vertex x € V satisfies: 
T(x) +1(x) + F(x) < 3Q. 

Proposition 2.131. A Neutrosophic Soft OffGraph can be transformed into a standard Neutrosophic OffGraph 
by collapsing the soft parameters into a single, unified membership value over the vertex and edge sets. 
Proof. Let G = (G*, J, K, A) be a Neutrosophic Soft OffGraph, where: 

¢ G* = (V,E) is a neutrosophic graph with membership functions T(x) € [0,Q], (x) € [0,1], and 

F(x) € [W, 1] for eachx eVUE. 
e (J, A) and (K, A) are neutrosophic soft sets over V and E, respectively. 


Define the transformed graph G’ = (V, E) as a Neutrosophic OffGraph by setting each vertex v € V and each 
edge e € E to have the following unified membership functions: 


T’(v) = supTy(a)(v),  I’(v) = supIy(ay(v),  F’(v) = inf Fy(a)(v), 
acA acA aca 


where Ty(q)(v), Ly(a)(v), and Fy(a)(v) are the membership degrees from the soft set J(a) on v. A similar 
transformation applies for each edge e € E. 


This construction ensures that G’ retains the core properties of G with unified membership degrees, thus trans- 
forming the soft OffGraph structure into a standard Neutrosophic OffGraph. oO 


Proposition 2.132. A Neutrosophic Soft OverGraph can be transformed into a standard Neutrosophic Over- 


Graph by consolidating the parameterized degrees. 


Proof. Given a Neutrosophic Soft OverGraph G = (G*,J,K, A), where membership degrees in (J, A) and 
(K, A) may exceed 1, construct G’ = (V, E) as follows: 


T’(v) = supTya)(v),  I'(v) =suply(ay(v),  F’(v) = inf Fy(a)(v). 
acA acA aca 


This transformation results in a standard Neutrosophic OverGraph where the truth-membership can exceed the 
standard bound 1, satisfying the criteria for an OverGraph. oO 
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Proposition 2.133. A Neutrosophic Soft UnderGraph can be transformed into a standard Neutrosophic Un- 
derGraph by reducing the parameters to single values. 


Proof. Let G = (G*, J, K, A) be a Neutrosophic Soft UnderGraph with each J(a) and K(a) containing non- 
membership degrees below zero. Define the transformed Neutrosophic UnderGraph G’ = (V, E) by setting: 


T’(v) = supTya)(v),  I’(v) = supIy(ay(v),  F’(v) = inf Fy(a)(v), 
acA acA aca 
where F'j(4)(v) < 0. This results in a single Neutrosophic UnderGraph that mirrors the original soft graph 
structure with combined membership degrees. oO 


Proposition 2.134. A Neutrosophic Soft OffGraph, OverGraph, or UnderGraph can be transformed into a Soft 
Graph by disregarding the neutrosophic attributes and only using the soft set structure over parameters. 


Proof. For any Neutrosophic Soft OffGraph, OverGraph, or UnderGraph G = (G*,J, K,A), we can create 
a Soft Graph G’ = (V, E, A) by defining soft sets (J, A) and (K, A) without the neutrosophic components. 
Each vertex v € V and edge e ¢€ E is thus represented by soft sets without the need for neutrosophic mem- 
bership degrees. This construction yields a Soft Graph G’ that represents the parameterized structure without 
neutrosophic complexity. oO 


Proposition 2.135. A Neutrosophic Soft OffGraph can be transformed into a Neutrosophic Soft OverGraph or 
a Neutrosophic Soft UnderGraph. 


Proof. The proof can be constructed in a manner analogous to the set-based case. oO 
Theorem 2.136. Neutrosophic Soft OffGraph, OverGraph, and UnderGraph generalize the concept of a Soft 
Graph. Specifically: 
¢ A Neutrosophic Soft OffGraph generalizes a Soft Graph by incorporating neutrosophic truth, indetermi- 
nacy, and falsity degrees over an extended range [¥, Q], where ¥ < 0 and Q > 1. 


¢ A Neutrosophic Soft OverGraph generalizes a Soft Graph by allowing truth and other membership de- 
grees to exceed the standard maximum of I (T,1, F € [0, Q], Q > 1). 


¢ A Neutrosophic Soft UnderGraph generalizes a Soft Graph by permitting falsity and other membership 
degrees to fall below zero (T, I, F € [W, 1], ¥ < 0). 


Proof. Let G = (G*,J, K, A) be a Soft Graph, where G* = (V, E), J is a soft set over V, and K is a soft set 
over F. For each parameter a € A, J(a) C Vand K(a) C E. 


1. A Neutrosophic Soft OffGraph Gyso = (G*, J, K, A, T, 1, F) extends G by assigning: 
T,I,F:VUE > [¥,Q], T(x) +1(x) + F(x) < 32, Vx EVUE. 
When ¥ = 0 and Q = 1, this reduces to the original Soft Graph. 
2. A Neutrosophic Soft OverGraph Gygover = (G*, J, K, A, T, 1, F) uses: 
T,I,F: VUE [0,Q], T(x) +] (x) + F(x) < 3Q, Vx EVUE. 
Setting Q = 1 confines the membership degrees to [0, 1], recovering the Soft Graph. 
3. A Neutrosophic Soft UnderGraph Gnsunder = (G*, J, K, A, T, I, F) uses: 
T,I,F:VUE>([Y,1], T(x) +l(x)+F(x) <3, Ve EeVUE. 
When 7 = 0, this becomes a Soft Graph. 


In all cases, the Neutrosophic extensions allow for broader ranges of membership degrees, reducing to the Soft 
Graph when = 0 and Q = 1. This proves the generalization. oO 
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2.2.6 Rough set and Rough Graph 


This paper partially focuses on Rough Sets and Rough Graphs. A Rough Set [440/ 735] (or a Rough 
Graph [204 ) is a mathematical model developed to approximate uncertain or imprecise data 


through the use of lower and upper approximations. Given the significant amount of research extending Rough 
Sets and Rough Graphs using concepts like Fuzzy Sets, Neutrosophic Sets, and Soft Sets, the study of these 


frameworks is evidently of great importance : 
The definitions are provided below. 


Definition 2.137. [729] Let X be the universe of discourse, and let R C X x X be an equivalence relation (or 
an indiscernibility relation) on X, partitioning X into equivalence classes. For any subset U C X, the lower 
approximation U and the upper approximation U are defined as follows: 


1. Lower Approximation U: 
U = {x € X | R(x) CU} 


This is the set of all elements in X that certainly belong to U based on the equivalence classes defined by R. 


2. Upper Approximation U: _ 
U={xeX| R(x) NU #0} 


This set contains all elements in X that possibly belong to U. 


The pair (U, U) constitutes a rough set representation of U, where UCUC U. 


Remark 2.138. The lower approximation provides a conservative estimate of U, including only elements that 
definitely belong to U. The upper approximation provides a liberal estimate, including all elements that could 
potentially belong to U. Together, these approximations characterize the uncertainty of the set U relative to the 
equivalence relation R. 


Proposition 2.139. A Rough Set is a generalization of a Crisp Set. 


Proof. A Crisp Set A € X is defined by a characteristic function: 
Xa 3 X —> {0,1}. 


A Rough Set is defined based on a universe X and an equivalence relation R C X x X (or an indiscernibility 
relation). For any subset U C X, the lower approximation U and the upper approximation U are given by: 


U={x eX | R(x) CU}, 


U = {xe X| R(X) NU £ OF. 


To show that a Crisp Set is a special case of a Rough Set, consider the specific scenario where the equivalence 
relation R induces single-element equivalence classes, i.e., R(x) = {x} for all x € X. In this case: 


¢ The lower approximation U becomes: 


U={xeX| {x} CU} ={xEX |x ec UJ =U. 


* The upper approximation U becomes: 


U={xeX|{x} nu 40} ={x eX |x eu} =U. 
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Thus, the rough set representation (U, U) reduces to (U, U), which exactly matches the Crisp Set U represented 
by the characteristic function yy (x). 


Conversely, for a general equivalence relation R, the rough set representation (U, U) captures the uncertainty 
in set membership caused by the equivalence classes. This flexibility allows Rough Sets to model imprecise or 
uncertain boundaries, extending the strict binary membership of Crisp Sets. 


Therefore, a Rough Set generalizes a Crisp Set by reducing to the latter when the equivalence relation R induces 
singleton equivalence classes. oO 


Definition 2.140. [479] Let G = (V,E) be a graph, where V = {vj,v2,..., Vn} is the set of vertices and 
E C VxVis the set of edges. Additionally, let R be an equivalence relation over some attribute space associated 
with the vertices, creating equivalence classes of edges. 


1. Rough Vertex Set: For each vertex v; € V, we define its lower approximation v; and upper approximation Vv;, 
representing the subsets of V in terms of their certainty of inclusion based on relation R. 


2. Rough Edge Set: For each edge e = (v;,v;) € E, the lower and upper approximations are defined similarly. 
Specifically, we form the following: 


- Lower Approximate Edge Set E: 
E = {e = (vi, vj) | Re) ¢ E} 


representing edges that certainly exist between vertices based on R. 


- Upper Approximate Edge Set E: 
E={e= (vi,v;) | R(e) NE # OF 
representing edges that possibly exist. 


The Rough Graph Gr = (V, V, E, E) is thus described by its lower and upper approximations of vertices and 
edges, enabling the representation of uncertainty in network structures. 


2.3. Hyperconcepts and Superhyperconcepts 


In this subsection, we introduce several types of hyperconcepts and superhyperconcepts. While these terms may 
have slightly different meanings across various mathematical fields, many concepts in each field are defined 
from the perspective of hyper and superhyper concepts. These definitions often serve to generalize classical 
concepts. Here, we briefly present a few examples of hyperconcepts and superhyperconcepts. It is impor- 
tant to note that in some fields, multiple definitions exist, and the interpretations of “hyper” or *super” may 
vary. However, concepts such as Superhypergraph can be understood as structures based on the n-th PowerSet 
framework. 


Definition 2.141 (n-th PowerSet). [867] Let H be a set representing a system or structure, such as a set of items, 
acompany, an institution, a country, or a region. The n-th PowerSet, denoted as P* (H), describes a hierarchical 
organization of H into subsystems, sub-subsystems, and so forth. It is defined recursively as follows: 


1. Base Case: 
P5(H) := H. 


2. First-Level PowerSet: 
Pi (A) =P(A), 


where P(H) is the power set of H. 
3. Higher Levels: For n > 2, the n-th PowerSet is defined recursively as: 


P(A) = P(P,_) (A). 


n-1 
Thus, P;(H) represents a nested hierarchy, where the power set operation P is applied n times. Formally: 
Pa(H) =P(P(--P(H) +++), 
where the power set operation P is repeated n times. 
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2.3.1 Hypergraph and Superhypergraph 


A hypergraph is a generalized graph concepts that extends traditional graph concepts by allowing hyperedges, 
which connect multiple vertices rather than just pairs, enabling more complex relationships between elements 


111) 437]. Hypergraphs have a wide range of applications, notably in database systems [532]. 


For additional information, readers are encouraged to consult comprehensive surveys on hypergraphs, such as 


those in [163|164||963}. 


Definition 2.142 (Hypergraph). [132] A hypergraph H = (V, E) consists of a set V of vertices and a set E 
of hyperedges. Each hyperedge e € E is defined as a subset of V, thus e C V, and E C P(V), where P(V) 
denotes the power set of V. 


Proposition 2.143. A HyperGraph generalizes a graph. 


Proof. This is evident. oO 


Definition 2.144 (Supergraph). (cf. [466 ) Let G = (Vg, Eg) and H = (Vy, Ey) be two graphs, 
where Vg and Eg represent the vertex set and edge set of G, and Vy and Ey represent the vertex set and edge 
set of H. 


The graph G is called a supergraph of H if: 


Vy CVG and Ey, C Eg. 


In other words, G contains all the vertices and edges of H, and possibly more. Formally, this can be written as: 


HCG ifandonlyif Vy C VeandEy C Eg. 


Remarks: 


° If Vq = Vg and Ey C Eg, G is called an edge-supergraph of H. 


° If Ey = Eg and Vy C Vg, G is called a vertex-supergraph of H. 


The SuperHyperGraph is a generalized graph concept that extends the Hypergraph by incorporating superver- 


tices and superedges [370 . Definitions of this and related concepts are 


introduced below. 


Definition 2.145 (SuperHyperGraph). [867] Let V be a finite set of vertices. A superhypergraph is an ordered 
pair H = (V, E), where: 


¢ V C P(V) (the power set of V), meaning that each element of V can be either a single vertex or a subset 
of vertices (called a supervertex). 


* E C P(V) represents the set of edges, called superedges, where each e € E can connect multiple 
supervertices. 


In this framework, a superhypergraph can accommodate complex relationships among groups of vertices, in- 
cluding single edges, hyperedges, superedges, and multi-edges. Superhypergraphs provide a flexible structure 
to represent high-order and hierarchical relationships. 


The following is clearly valid. 


Proposition 2.146. A SuperHyperGraph generalizes a Hypergraph. 
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Proof. To show that a SuperHyperGraph generalizes a Hypergraph, consider the special case where: 


e All elements of Vs are singletons: Vs = V. 


e All superedges e € Es are subsets of Vs, i.e., e C Vs. 


Under these constraints, Hs = (Vs, Es) reduces to the definition of a Hypergraph H = (V, E), where V = Vs 
and E = Es. 


Conversely, a SuperHyperGraph allows for: 


¢ Supervertices, which are subsets of Vs, enabling hierarchical relationships among vertices. 


¢ Superedges, which connect supervertices, providing a higher level of connectivity and structural com- 
plexity. 
This additional flexibility makes a SuperHyperGraph a strict generalization of a Hypergraph, as it encompasses 
all Hypergraphs as a special case. oO 
Proposition 2.147. A SuperHyperGraph generalizes the concept of a SuperGraph. 


Proof. For a given supergraph G = (VG, Eg), define a corresponding SuperHyperGraph H, = (V;, E;) as 
follows: 


° Set V; = {{v} | v € Vc}, where each vertex in G is represented as a singleton subset in H,. 

° Set E, = {{u, v} | (u,v) € Eg}, where each edge in G is represented as a superedge in H,. 
This construction ensures that H, contains all vertices and edges of G, preserving the structure of the super- 
graph. 


In a SuperHyperGraph H, = (V;, E;), V; and Es are subsets of the power set P(V;), allowing: 


¢ Vertices to represent subsets of V; (supervertices), enabling hierarchical or group-based relationships. 


¢ Edges to connect multiple supervertices (superedges), accommodating complex and high-order connec- 
tions. 


This extension provides additional flexibility not available in a standard supergraph. For example: 


e A supervertex can model a group of related entities. 


e A superedge can represent relationships among multiple groups or individuals simultaneously. 
Every supergraph G can be embedded into a SuperHyperGraph H, as a special case where V, and E, contain 


only singletons and pairwise connections. The additional structure of supervertices and superedges in H, 
extends the modeling capabilities of G, demonstrating that SuperHyperGraphs generalize SuperGraphs. oO 


Definition 2.148 (Quasi-SuperHyperGraph). [463] A quasi-superhypergraph is a triple H = (V, S, ®) where: 


¢ Visa set of elements called vertices. 


e S= {Si}-, Cc P(V) is a family of subsets of V called supervertices. 
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° ® = {y;,; | 1 # j} is a set of mappings y;,; : S; — S;, known as superedges, linking different 
supervertices. 


Remark 2.149. The quasi-superhypergraph becomes a complete superhypergraph if, for each supervertex S;, 
there exists at least one supervertex S; such that S; links to S;. 


The following is clearly valid. 


Proposition 2.150. A quasi-superhypergraph is a generalization of a hypergraph. 
Proof. In a quasi-superhypergraph H = (V,S,®): 


¢ The set of vertices V is the same as in a hypergraph. 


* The family S = {S;} of subsets of V, called supervertices, can be interpreted as a generalization of the 
set of vertices V in a hypergraph, allowing for hierarchical relationships or grouping of vertices. 


¢ The set of mappings ® introduces additional structure by linking supervertices, enabling relationships 
not possible in a standard hypergraph. 


If S consists solely of single-element subsets of V (i.e., S = {{v} | v € V}) and the mappings ® are absent or 
trivial, the quasi-superhypergraph reduces to a hypergraph. 


Therefore, the quasi-superhypergraph extends the concept of a hypergraph by incorporating supervertices and 
their mappings. This demonstrates that the quasi-superhypergraph is a generalization of the hypergraph. oO 


Definition 2.151 (Mixed Superhypergraph). [384] A mixed superhypergraph H = (V,S, E, A) consists of: 


¢ A non-empty set V of elements called vertices. 
¢ A set S of non-empty subsets of V, called supervertices, where each supervertex s € S satisfies s C V. 
¢ A set E of undirected superedges, where each superedge e € E is anon-empty subset of S. 


¢ A set A of directed superedges (also known as super-dyperedges), where each directed superedge a = 
(Z,z) € A consists of: 


— Anon-empty subset Z C S \ {z}, called the fail set. 
— A supervertex z € S, called the head. 


In a mixed superhypergraph, undirected superedges connect subsets of supervertices without directionality, 
while directed superedges represent a directed relationship from the tail set Z to the head z. 


Definition 2.152 (Pseudo-Superhypergraph). [384] A pseudo-superhypergraph H = (V, S, E) consists of: 


¢ Vertices: A non-empty finite set V of elements called vertices. 


¢ Supervertices: A multiset S of multisets over V, called supervertices. Each supervertex s € Sis a multiset 
of vertices from V, allowing: 


— Multiple occurrences of the same vertex within a supervertex (vertices can repeat within s). 


— Multiple occurrences of the same supervertex in S$ (supervertices can repeat in S). 


¢ Superedges: A multiset E of multisets over S, called superedges. Each superedge e € E is a multiset of 
supervertices from S, allowing: 


— Multiple occurrences of the same supervertex within a superedge (supervertices can repeat within 


e). 
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— Multiple occurrences of the same superedge in FE (superedges can repeat in F). 


Proposition 2.153. A pseudo-superhypergraph is a superhypergraph. 
Proof. This is evident. oO 


A SuperHyperGraph can be generalized to an n-SuperHyperGraph. The definition is provided below. While 
this paper primarily deals with SuperHyperGraphs, it can be inferred that SuperHyperConcepts can be extended 
to n-SuperHyperConcepts. 


Definition 2.154 (n-SuperHyperGraph). [867] A n-SuperHyperGraph (SHG) is an ordered pair H = (V,E), 
where: 


1. VCP" (Vo): The set of vertices, where P” (Vo) represents the n-power set of a base vertex set Vo. 
2. ECP"(Vo): The set of edges, called superedges. 
3. Each vertex in V can be: 


e A single vertex (v € Vo), 

e A subset of vertices (v € Vo), 

e An indeterminate vertex (partially defined membership), 
¢ A null vertex (@). 


4. Each edge in F can connect: 


¢ A set of single vertices, 
¢ A set of supervertices, 


¢ Or higher-order subsets (depending on 7). 


Superhypergraphs provide a generalization of hypergraphs by introducing hierarchical and high-order relation- 
ships between vertices and edges. 


Theorem 2.155. A SuperHyperGraph can be generalized to an n-SuperHyperGraph. 


Proof. By definition, a SuperHyperGraph H = (V, E) is a pair where: 
VCP(VYo), ESCP(Vo), 
and P (Vo) denotes the power set of the base vertex set Vo. 


For n = 1, the vertex and edge sets are subsets of P!(Vo) = P(Vo), which is equivalent to the definition of a 
SuperHyperGraph. 


For n > 1, we recursively define P” (Vo) as: 
P" (Vo) = P(P™""(Vo)). 
Thus, the vertices and edges of an n-SuperHyperGraph are subsets of P” (Vo). 


Since P'(Vo) = P(Vo), the SuperHyperGraph corresponds to the special case where n = 1. Hence, every 
SuperHyperGraph is an n-SuperHyperGraph for n = 1, proving the generalization. oO 


Theorem 2.156. An n-SuperHyperGraph has a structure based on the n-th PowerSet. 
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Proof. Let H = (V, E) be an n-SuperHyperGraph. By definition: 
VcCP"(VYo), ECP" (Va), 
where ?” (Vo) represents the n-th PowerSet of the base set Vo. 
The n-th PowerSet P” (Vo) is constructed recursively as: 
P°(Vo) =Vo, P'(Vo) =P(Vo), P"(Vo) =P(P™™'(Vo)). 
This recursive definition implies that P” (Vo) contains subsets of subsets up to n levels of hierarchy. 


Since V and E are subsets of P” (Vo), the structure of an n-SuperHyperGraph inherently relies on the n-th 
PowerSet. Each vertex or edge can represent: 


1. Single vertices (base elements of Vo), 
2. Subsets of vertices, 


3. Higher-order subsets depending on n. 
This confirms that an n-SuperHyperGraph has a structure based on the n-th PowerSet. oO 


The following diagram illustrates their relationship with these graph classes. The same holds true for directed 


graphs as well [368]. 
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Figure 2: Graph Hierarchy for Hypergraph. This figure is referenced from [368 ‘ 


2.3.2 Hypersoft Graph 


A HyperSoft Graph represents nodes with multiple attributes, where each node can hold unique attribute values, 
facilitating complex, multi-dimensional relationships. This type of graph is derived by applying the concept of 


a HyperSoft Set 1008] to graph theory. The formal definitions of a 
HyperSoft Set and a HyperSoft Graph are presented below [754 : 
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Definition 2.157 (Hypersoft Set). [861] Let X be a non-empty finite universe, and let T,,7),...,Tn be n- 
distinct attributes with corresponding disjoint sets Jj, J2,...,Jn. A pair (F, J) is called a hypersoft set over 
the universal set X, where F is a mapping defined by 


F:J—>P(X), 
with J = J) X Jp X +++ X Sn. 


Proposition 2.158. A hypersoft Set is a generalization of a soft Set. 


Proof. This is evident. oO 


Definition 2.159 (Null Hypersoft Set). Let X be a non-empty finite universe, and let T,, 7, ..., 7, be n-distinct 
attributes with corresponding disjoint sets J;, J2,...,Jn. A hypersoft set (F, J) over X, where J = J, x Jz X 
+++ XJ, and F : J > P(X), is called a Null Hypersoft Set, denoted by ®, if for every j € J, the subset F'(/) 
of X is empty. Formally: 

(F,J)=@® ifandonlyif F(y)=0 VjeJ. 


Proposition 2.160. A null hypersoft Set is a hypersoft Set. 


Proof. This is evident. oO 


Definition 2.161 (Full Hypersoft Set). Let X be a non-empty finite universe, and let T,, 7, ...,7,, be n-distinct 
attributes with corresponding disjoint sets J;, J2,...,Jn. A hypersoft set (F, J) over X, where J = J; x Jz X 
--+xX J, and F : J > P(X), is called a Full Hypersoft Set if: 


J Fu) =x. 
Jed 


This condition ensures that every element of the universe X is included in at least one subset F(j) for some 
Jed. 


Proposition 2.162. A Full hypersoft Set is a hypersoft Set. 


Proof. This is evident. oO 


Theorem 2.163. A Null Hypersoft Set generalizes a Null Soft Set. 


Proof. To show generalization, consider n = | and J; = A. In this case, J = J) = A, and F: J, — P(X) 
reduces to F : A — P(U). Since F(j) = O for all j € J is equivalent to F(e€) = @ for all e € A, the Null 
Hypersoft Set becomes a Null Soft Set when n = 1. Hence, the Null Hypersoft Set generalizes the Null Soft 
Set. Oo 


Theorem 2.164. A Full Hypersoft Set generalizes a Full Soft Set. 


Proof. To show generalization, consider n = 1 and J; = A. In this case, J = J; = A, and F: J, > P(X) 
reduces to F : A + P(U). Since Ujey F(j) = X is equivalent to Ue, F(e) = U, the Full Hypersoft Set 
becomes a Full Soft Set when n = 1. Hence, the Full Hypersoft Set generalizes the Full Soft Set. oO 


Definition 2.165 (Hypersoft Graph). (cf. (7974800) Let G = (V, E) bea simple connected graph, where V is 
the set of vertices and E is the set of edges. Consider J = J; x Jz X-+ +X Jy, where each J; C V and J; NJ; = 
for i # j. A Hypersoft Graph (HS-Graph) of G is defined as a hypersoft set (F, J) over V such that for each 
x € J, F(x) induces a connected subgraph of G. The set of all HS-Graphs of G is denoted by HsG(G). 


Proposition 2.166. A hypersoft graph is a generalization of a soft graph. 


Proof. This is evident. oO 
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The related concepts of SuperHyperSoft Sets [350||666]/878} , IndetermSoft Sets [880] , and IndetermHy- 
perSoft Sets [880 are well-recognized in this area. The definitions are provided below. 


Definition 2.167 (SuperHyperSoft Set). [878] Let U be a universe of discourse, and let P(U) denote the power 
set of U. Let a}, a2,...,an, where n > 1, represent n distinct attributes, with corresponding attribute value 
sets Aj, A2,..., A, such that A; 1 A; = @ for alli # j andi, j € {1,2,...,n}. 


For each attribute a;, let P(A;) denote the power set of A;. Then, the pair 
(F, P (AI) x P (Az) XX P(An)), 


where F : P(A,) X P(A2) X-+-X P(An) — P(U), is called a SuperHyperSoft Set over U. 


In this structure: 


* Each attribute a; is associated with its power set P(A;), allowing for subsets of attribute values to be 
used as inputs in the mapping. 


¢ The function F assigns each n-tuple ($;,S2,...,5n) € P(A1) X P(A2) X--+ X P(A) to a subset 
F(S,, S2,...,Sn) C U, effectively mapping combinations of attribute subsets to elements in U. 


The SuperHyperSoft Set generalizes the HyperSoft Set by utilizing the power sets of attribute values, thereby 
enabling a wider range of input combinations and facilitating complex relationships between attributes and the 
universe U. 


Proposition 2.168. A superhypersoft Set is a generalization of a hypersoft Set. 


Proof. This is evident. oO 


Definition 2.169 (Null SuperHyperSoft Set). Let U be a universe of discourse, and let P(U) denote the power 
set of U. Let aj, a2, ..., 4, represent n-distinct attributes with corresponding attribute value sets A;, A2,..., An 
such that A; N A; = @ for alli # j. 


A SuperHyperSoft Set (F, J) over U, where J = P(A,) X P(A2) X---X P(A,) and F : J > P(U), is called 
a Null SuperHyperSoft Set, denoted by ®, if for every j € J, the subset F(j) of U is empty. Formally: 


(F,J)=@® ifandonlyif F(j)=0 VjeJ. 


Proposition 2.170. A Null superhypersoft Set is a superhypersoft Set. 


Proof. This is evident. oO 


Definition 2.171 (Full SuperHyperSoft Set). Let U be a universe of discourse, and let P(U) denote the power 
set of U. Let a1, a2,..., 4, represent n-distinct attributes with corresponding attribute value sets A;, A2,..., An 
such that A; N A; = @ for alli # j. 


A SuperHyperSoft Set (F,J) over U, where J = P(A) X P(A2) X-++X P(A,) and F : J > P(U), is called 
a Full SuperHyperSoft Set if: 
J Fru) =u. 


Jed 
This condition ensures that every element of the universe U is included in at least one subset F'(j) for some 
Jed. 


Proposition 2.172. A Full superhypersoft Set is a superhypersoft Set. 


Proof. This is evident. oO 


Theorem 2.173. A Null SuperHyperSoft Set generalizes a Null HyperSoft Set. 
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Proof. To show generalization, consider the case where A,, A2,..., A, are singletons such that P(A;) = {A;} 
for all i. Then, J = A; X Ap X--- X An, and F : J — P(U) reduces to F : Jj X Jn X +++ X In 2 P(X). 
Since F(j) = 0 for all 7 € J remains consistent in both cases, the Null SuperHyperSoft Set reduces to a Null 
HyperSoft Set under these constraints. Hence, the Null SuperHyperSoft Set generalizes the Null HyperSoft 
Set. oO 


Theorem 2.174. A Full SuperHyperSoft Set generalizes a Full HyperSoft Set. 


Proof. To show generalization, consider the case where Aj, A2,..., A, are singletons such that P(A;) = {A;} 
for alli. Then, J = A, x Az X--- xX Ay, and F : J — P(U) reduces to F : Jy X Jn X-++X Jn @ P(X). Since 
Ujes F(j) = U becomes Uj<7 F(j) = X under these constraints, the Full SuperHyperSoft Set reduces to a 
Full HyperSoft Set. Hence, the Full SuperHyperSoft Set generalizes the Full HyperSoft Set. Oo 


For reference, the relationships between the Soft set are illustrated in Figure [3] (cf. [378]) 
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Figure 3: Some Soft sets Hierarchy. The set class at the origin of an arrow contains the set class at the destination 


of the arrow(cf. (378) ). 


Definition 2.175 (IndetermSoft Set). [880] Let U be a universe of discourse, H a non-empty subset of U, and 
f (H) the power set of H. Let a represent an attribute, and let A be a set of attribute values associated with a. 
Then, a function F : A > P(A) is called an IndetermSoft Set if at least one of the following conditions holds: 


1. The set A has some indeterminacy. 
2. At least one of the sets H or P(A) has some indeterminacy. 


3. The function F itself has some indeterminacy, meaning there exists at least one pair F(a) = M, where 
either a or M is not well-defined (e.g., non-unique, unclear, incomplete, or unknown). 


An IndetermSoft Set, as an extension of the classical Soft Set, is used to model data that may contain inde- 
terminate elements. This type of set arises naturally due to sources that cannot provide exact or complete 
information about A, H, P(H), or F’. The term Indeterm here signifies Indeterminate and reflects uncertainty 
or incompleteness in the set. 


Proposition 2.176. The IndetermSoft Set generalizes the Soft Set. 
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Proof. To prove that the IndetermSoft Set generalizes the Soft Set, consider the definition of a Soft Set. A Soft 
Set is defined as a pair (F’, A), where A is a set of parameters and F : A — (HA) is a mapping from A to the 
power set of a non-empty subset H C U. 


The IndetermSoft Set introduces the possibility of indeterminacy in three components: 


¢ The parameter set A, 
¢ The universe H or its power set P(H), 


¢ The mapping F. 


If all indeterminacies are removed (i.e., A, H, P(H), and F are completely well-defined), an IndetermSoft Set 
reduces to a classical Soft Set. Specifically, the condition of indeterminacy in the IndetermSoft Set does not 
restrict it from satisfying the definition of a Soft Set. Therefore, the IndetermSoft Set includes the Soft Set as 
a special case where there is no indeterminacy in any of its components. 


Thus, the IndetermSoft Set generalizes the Soft Set. oO 


Definition 2.177 (IndetermHyperSoft Set). Let U be a universe of discourse, H a non-empty subset of 
U, and P(A) the power set of H. Let aj,a2,...,@n, where n > 1, be distinct attributes, and let A;, A2,..., An 
be their corresponding sets of attribute values, with A; A; = 0 fori # j. Then the pair (F', Aj X Az X---XAn), 
where F : Ay XA2X---XA, — P(A), is called an IndetermHyperSoft Set over U if at least one of the following 
conditions holds: 


1. At least one of the sets A;, Az,..., A, has some indeterminacy. 


2. At least one of the sets H or P(A) has some indeterminacy. 


3. The function F has some indeterminacy, meaning there exists at least one relationship F(e1, e2,...,@n) = 
M where some of e€1, €2,...,@,, or M are not well-defined (e.g., non-unique, unclear, incomplete, or 
unknown). 


The IndetermHyperSoft Set generalizes the HyperSoft Set by allowing indeterminate elements in the attribute 
sets, universe, or function, capturing more realistic cases where data may be uncertain or incomplete. 


Proposition 2.178. The IndetermHyperSoft Set generalizes both the IndetermSoft Set and the HyperSoft Set. 


Proof. To demonstrate that the IndetermHyperSoft Set generalizes both the IndetermSoft Set and the HyperSoft 
Set, consider their definitions: 


1. Generalization of the HyperSoft Set: The HyperSoft Set is defined as (F, J), where J = Jj X Jz X---XJn, 
and F : J > P(X). In the IndetermHyperSoft Set, the mappings F and the attribute value sets J), J2,...,Jn 
can exhibit indeterminacy, such as non-unique or incomplete information. When all indeterminacies are re- 
moved, an IndetermHyperSoft Set reduces to a classical HyperSoft Set. Hence, the IndetermHyperSoft Set 
includes the HyperSoft Set as a special case. 


2. Generalization of the IndetermSoft Set: An IndetermSoft Set (/', A) maps an attribute value set A to 
f (H), allowing for indeterminacy in A, H, or F. The IndetermHyperSoft Set extends this concept by intro- 
ducing multiple attributes A,, Az,..., A, and their corresponding mappings F : A; X A7 X---X A, — P(A). 
When n = 1, the IndetermHyperSoft Set reduces to an IndetermSoft Set. Therefore, the IndetermHyperSoft 
Set includes the IndetermSoft Set as a special case. 


Since the IndetermHyperSoft Set encompasses the conditions and structures of both the IndetermSoft Set and 
the HyperSoft Set, it is a generalization of both. oO 


Below, we provide the definition of the TreeSoft Set, one of the related extensions of the soft set. The TreeSoft 
Set serves as a generalization of the MultiSoft Set concept. 
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Definition 2.179. [880] Let U be a universe of discourse, and let H be a non-empty subset of U, with P(H) 
denoting the power set of H. Let A = {Aj, Az,..., Ay} be a set of attributes (parameters, factors, etc.), for 
some integer n > 1, where each attribute A; (for 1 < i < n) is considered a first-level attribute. 


Each first-level attribute A; consists of sub-attributes, defined as: 
A; = {Ai,1, Ai2,..-}; 


where the elements A;,; (for j = 1,2, ...) are second-level sub-attributes of A;. Each second-level sub-attribute 
A;,; may further contain sub-sub-attributes, defined as: 


Ai,j = {Ai,j,1, Ai,j,25-- +} 


and so on, allowing for as many levels of refinement as needed. Thus, we can define sub-attributes of an m-th 
level with indices Aj, i, where each i; (for k = 1,...,m) denotes the position at each level. 


gone Im? 


This hierarchical structure forms a tree-like graph, which we denote as Tree(A), with root A (level 0) and suc- 
cessive levels from | up to m, where m is the depth of the tree. The terminal nodes (nodes without descendants) 
are called leaves of the graph-tree. 


A TreeSoft Set F is defined as a function: 
F : P(Tree(A)) > P(A), 


where Tree(A) represents the set of all nodes and leaves (from level 1 to level m) of the graph-tree, and 
P(Tree(A)) denotes its power set. 


Proposition 2.180. A treesoft Set is a generalization of a soft Set. 


Proof. This is evident. oO 


Definition 2.181 (Null TreeSoft Set). Let U be a universe of discourse, and let H C U be a non-empty subset 
with P(#) denoting the power set of H. Let A = {A,, A2,..., An} be a set of attributes, where each attribute 
A; consists of sub-attributes forming a hierarchical tree-like structure Tree(A). 


A TreeSoft Set F is defined as a function: 
F : P(Tree(A)) — P(A). 
The TreeSoft Set F is called a Null TreeSoft Set, denoted by 9, if: 
F(t)=0 Vt e P(Tree(A)). 
This condition ensures that every subset ¢ of the tree structure maps to an empty subset of H. 


Definition 2.182 (Full TreeSoft Set). Let U be a universe of discourse, and let H C U be a non-empty subset 
with P(#) denoting the power set of H. Let A = {A,, A2,..., An} be a set of attributes, where each attribute 
A; consists of sub-attributes forming a hierarchical tree-like structure Tree(A). 


A TreeSoft Set F is defined as a function: 
F : P(Tree(A)) > P(#). 
The TreeSoft Set F is called a Full TreeSoft Set if: 


F(t) =H. 
te P(Tree(A)) 


This condition ensures that every element of H is included in at least one subset F(t) for some t € P(Tree(A)). 


Theorem 2.183. A Null TreeSoft Set generalizes a Null Soft Set. 
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Proof. To show generalization, consider the case where Tree(A) has only one level, i.e., Tree(A) = A. Then: 
P(Tree(A)) = P(A), F: P(A) > P(U). 


Since F(t) = @Vt € P(A) reduces to F(a) = 0Va € A when t = {a}, the Null TreeSoft Set becomes equivalent 
to the Null Soft Set in this case. Thus, the Null TreeSoft Set generalizes the Null Soft Set. oO 


Theorem 2.184. A Full TreeSoft Set generalizes a Full Soft Set. 


Proof. To show generalization, consider the case where Tree(A) has only one level, i.e., Tree(A) = A. Then: 
P(Tree(A)) = P(A), F: P(A) > P(U). 


Since U;epca) F(t) = U reduces to Uge, F(a) = U when t = {a}, the Full TreeSoft Set becomes equivalent 
to the Full Soft Set in this case. Thus, the Full TreeSoft Set generalizes the Full Soft Set. Oo 


Proposition 2.185. (cf ) Let U be a universal set, and let H © U be a non-empty subset with P(H) 
denoting its power set. Suppose A = {A,, A2,...,An} is a set of attributes, where each attribute A, (for 
1 <i <n) consists of sub-attributes of the second level {A;,1, Aj.2,...}, forming a tree structure Tree(A) of 
depth m = 2. 


Then, a TreeSoft Set F : P(Tree(A)) — P(A) at level m = 2 is equivalent to a MultiSoft Set (G, B), where: 


¢ BC P(A) represents the attribute combinations at level 2, and 


* G: B > P(A) maps each attribute combination to a subset of H. 


Proof. To show that a TreeSoft Set F with m = 2 is equivalent to a MultiSoft Set, we proceed as follows: 


At level m = 2, each attribute A; in A has a set of sub-attributes {A;,1, Aj.2,...}. Therefore, we can define a 
set of attribute combinations B as the power set of the union of all second-level sub-attributes: 


emer Mend } . 
i=] 


B=P 


For each combination b € B of second-level attributes, we define a corresponding subset of H under the 
TreeSoft Set mapping F as follows: 
G(b) = F(b), 


where G : B > P(H) maps each combination b € B to the same subset F'(b) in H. 


Since F at level m = 2 only maps combinations of second-level sub-attributes to subsets of H, it follows that each 
mapping F'(b) is equivalent to the MultiSoft Set mapping G(b). Therefore, the TreeSoft Set (F’, P(Tree(A))) 
at m = 2 effectively reduces to the MultiSoft Set (G, B), where B is the set of all possible combinations of 
second-level attributes, and G provides the corresponding mapping. 


Thus, we conclude that a TreeSoft Set of level m = 2 is equivalent to a MultiSoft Set. oO 


Definition 2.186. Let U be a universe of discourse, and let H C U, with P(H) denoting the power set of H. 
Let A = {Aj, A2,..., An} bea set of attributes, where n > 1. Each attribute A; is hierarchically structured into 
sub-attributes as follows: 


1. First-level attributes: A; = {A;,1, Ai.2,...}, 
2. Second-level attributes: A;,; = {Ai,;,1, Ai,j,2,.--}; 


3. Higher levels: Continuing recursively to m-th level attributes, indexed as Aj, i,,.._,i,,, Where m is the 
depth of the tree. 


ahs) 


The hierarchical structure of A forms a tree-like graph denoted as Tree(A), with: 


¢ A as the root (level 0), 
¢ Nodes at successive levels representing sub-attributes, 


¢ Leaves as terminal nodes without descendants. 


A TreeCrisp Set F is defined as a mapping: 
F : Tree(A) — {0, 1}, 
where F assigns to each node or leaf in Tree(A) a crisp membership value: 


1, if x belongs to the TreeCrisp Set, 
F(x) = 


0, otherwise. 


This setup provides a crisp classification for all nodes and leaves in Tree(A), preserving the hierarchical struc- 
ture. 


Theorem 2.187. A TreeCrisp Set generalizes a Crisp Set. In particular, when the hierarchical structure of 
attributes in a TreeCrisp Set is reduced to a single level, it becomes equivalent to a Crisp Set. 


Proof. A TreeCrisp Set F over a hierarchical structure Tree(A) is defined as a mapping: 


F : Tree(A) — {0,1} 


If the hierarchical structure of Tree(A) is reduced to a single level, then Tree(A) becomes equivalent to the 
universe X. The mapping F reduces to: 
F:X — {0,1}. 


This is identical to the characteristic function y4(x) of a Crisp Set. 


A Crisp Set is a specific instance of a TreeCrisp Set where the hierarchical structure contains only one level. 
Therefore, the TreeCrisp Set is a generalization of the Crisp Set, as it allows for hierarchical membership 
assignments, whereas the Crisp Set is limited to a flat structure. oO 


Proposition 2.188. A TreeSoft Set is a generalization of a TreeCrisp Set. Specifically, when the mapping of a 
TreeSoft Set is restricted to binary membership values (either the subset t € P(Tree(A)) maps to H or it does 
not), it reduces to a TreeCrisp Set. 


Proof. A TreeCrisp Set F over a hierarchical tree structure Tree(A) is defined as: 
F : P(Tree(A)) — {0, 1}. 


For each subset t € P(Tree(A)), F(t) = 1 if t is part of the TreeCrisp Set, and F(t) = 0 otherwise. Thus, a 
TreeCrisp Set assigns binary membership values to subsets of Tree(A). 


A TreeSoft Set F over the same hierarchical structure is defined as: 
F : P(Tree(A)) > P(A), 


where P(H) denotes the power set of a non-empty subset H ¢ U. Each subset t € P(Tree(A)) is mapped to a 
subset of H, allowing for more complex relationships and memberships compared to binary values. 


If the mapping F in the TreeSoft Set is constrained such that: 


F(t) = H, if t belongs to the TreeCrisp Set, 


0, otherwise, 


then the TreeSoft Set reduces to the definition of a TreeCrisp Set. Here, F(t) either maps to H (indicating 
membership) or @ (indicating non-membership), which corresponds to binary values {0, 1}. 


Since a TreeSoft Set allows for more flexible mappings (any subset of H) compared to the binary mapping of 
a TreeCrisp Set, the TreeSoft Set generalizes the TreeCrisp Set. oO 
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2.3.3 HyperFuzzy Set 


The HyperFuzzy Set concept generalizes both fuzzy sets and interval-valued fuzzy sets by allowing each el- 
ement in X to have an associated subset of membership degrees within [0, 1], rather than a single degree or 


interval (TS4)6 1155 1)692}02). 


Definition 2.189 (HyperFuzzy Set). [154]/411|/551|[692|[902] Let X be a non-empty set. A mapping fi : X — 
P([0, 1]) is called a hyperfuzzy set over X, where P({0, 1]) denotes the family of all non-empty subsets of the 


interval [0, 1]. 


Example 2.190. A Hyperfuzzy Set A over X is defined by a mapping fix : X > P([0,1]), where P([0, 1]) 
denotes the family of all non-empty subsets of the interval [0, 1]. 


We extend the fuzzy set A to a hyperfuzzy set A by allowing each element to have a set of possible membership 
degrees, representing uncertainty or variability. 


Define fi; as: 
fix (x1) = {0.1, 0.2, 0.3}, 
fix(%2) = {0.4, 0.5, 0.6}, 
fix (x3) = {0.6, 0.7, 0.8}. 
This means: 


* The element x; may have membership degrees 0.1, 0.2, or 0.3 in A. 
* The element x7 may have membership degrees 0.4, 0.5, or 0.6 in A. 
* The element x3 may have membership degrees 0.6, 0.7, or 0.8 in A. 


Proposition 2.191. A HyperFuzzy Set is a generalization of a Fuzzy Set. 
Proof. This follows directly from the definition. oO 


We introduce the notion of a HyperFuzzy Graph. This structure builds upon the fuzzy graph by incorporating 
hyperfuzzy sets as both vertex and edge membership functions. The formal definition is provided below [354]. 


Definition 2.192 (HyperFuzzy Graph). [354] A HyperFuzzy Graph Gy is defined as a structure 
Hu =(V,E,6, fi), 


where: 


¢ V is a non-empty set of vertices. 
° ECVxVisaset of edges. 


* &« : V > P([0,1]) is a hyperfuzzy set that assigns to each vertex a set of membership degrees within 
[0, 1]. 


e 


: E — P([0,1]) is a hyperfuzzy set that assigns to each edge a set of membership degrees within 
v1). 
Proposition 2.193. A HyperFuzzy Graph is a generalization of a Fuzzy Graph. 


Proof. This follows directly from the definition. oO 
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2.3.4 SuperHyperFunction 


The concept of SuperHyperFunction has been studied in recent years. It is a generalized notion of a traditional 
function. The definition is provided below [876}/884}. 


Definition 2.194 (SuperHyperFunction). A SuperHyperFunction generalizes classical functions, hyper- 
functions, and superfunctions by allowing both the domain and codomain to be elements of the n-th PowerSet 
hierarchy of a given set S. Formally: 

SHF : P7(S) — P;(S), 


where: 


¢ Sis a non-empty set, 


Pf, (S$) denotes the r-th PowerSet of S (the domain of the function), 
¢ P*(S) denotes the n-th PowerSet of S (the codomain of the function), 


* r,n = O are integers. 


A SuperHyperFunction assigns to each element A € P*(S) a subset of P7(S). For r = 0 and n = 0, this reduces 
to a classical function. 


2.3.5 Hypercube and Hypersphere 


A hypercube is an n-dimensional generalization of a cube, consisting of 2” vertices and edges connecting each 


vertex to n others in R” [138|284]/302}{903]/911|/962|999]. A hypersphere is a eel of a sphere to 


higher dimensions, representing points equidistant from a center in n-dimensional space | 114]. The definitions 
are provided below. 


Definition 2.195 (Hypercube). An n-dimensional hypercube, often referred to as an n-cube, is a 
generalization of a three-dimensional cube (or regular polyhedron) to n dimensions. Formally, an n-dimensional 
hypercube C,, is defined as the set of points in R” where each coordinate x; of a point (%1,%2,...,%n) € Cy 
satisfies: 

x; € {0,1} fori=1,2,...,n 


The properties of the n-dimensional hypercube include: 


¢ The hypercube C,, has 2” vertices, corresponding to the 2” possible combinations of the coordinates. 


é ‘ : as .gn-l 7 
¢ Each vertex in C,, is connected to n other vertices by edges, resulting in a total of a =n-2"! edges. 


¢ The n-dimensional hypercube can be constructed recursively: an n-dimensional hypercube is formed by 
taking two copies of an (nm — 1)-dimensional hypercube and connecting each vertex in one copy to the 
corresponding vertex in the other copy. 


The 0-dimensional hypercube Co is a single point, the 1-dimensional hypercube C; is a line segment, the 2- 
dimensional hypercube C2 is a square, the 3-dimensional hypercube C3 is a cube, and so forth. 


Definition 2.196 (Hypersphere). [}114] An n-dimensional hypersphere, often called an n-sphere and denoted 
S”, is the set of points in (m + 1)-dimensional Euclidean space that lie at a fixed distance, or radius r, from a 
central point c = (C1, C2,...,Cn+1). Mathematically, the hypersphere S” is defined as: 


S"= {xe R™ | |x -cll =r}, 


where ||x — c|| represents the Euclidean distance between x and c, calculated as: 


llx — cl] = Ver — 1)? + (eo — cn)? +++ + inst — Cns)?. 
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In the case of the standard n-sphere, the center c is located at the origin (i.e., c = 0) and the radius r = 1, 
yielding: 
S"={xeR™ | xP exe + vee +x =|}. 


The properties of S” include: 


* The 0-sphere S° consists of two discrete points, forming the ends of an interval. 
* The 1-sphere S! is a circle, while the 2-sphere S is the surface of a standard 3-dimensional ball. 


* Generally, an n-sphere S” has an n-dimensional surface but exists within (n + 1)-dimensional space. 


2.3.6 Real Hypernumbers 


An extended concept of numbers, known as hypernumbers [684 , is also well-established. As an example, 
the definition of a Real Hypernumber is provided below. 


Definition 2.197. (cf. 176) 181]) 1. Sequence of Real Numbers: 
Let R® denote the set of all sequences of real numbers, where each sequence a = (a;)jeq is an ordered 


collection of real numbers: 
a=(a;) =(a,a2,...), where a; € R. 


2. Equivalence Relation on Sequences: 
For sequences a = (a;) and b = (b;) in R®, we define an equivalence relation ~ by: 
a~b ifandonlyif lim ja; —b;| =0. 


This equivalence relation identifies sequences that converge towards each other in terms of the limit of their 
absolute differences. 


3. Definition of Real Hypernumbers: 
A real hypernumber associated with a sequence a = (a;) is the equivalence class of all sequences b € R® such 
that b ~ a. We denote this equivalence class by a = H(a;), where H(a;) represents all sequences equivalent to 
a. The set of all such equivalence classes of sequences of real numbers forms the space of real hypernumbers, 
denoted as R®. 
Thus, a real hypernumber a € R® can be represented as: 

a = H(a;) = {b € R® | b ~ a}, 
where each a; is a term in the sequence. 


4. The Space of Real Hypernumbers: 


We define the space of real hypernumbers as: 


R® = {H(a;) | a = (aj) € R°}. 


In this framework, real numbers correspond to stable hypernumbers, which are represented by constant se- 
quences within their equivalence classes. 
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2.3.7 Hypersets and SuperHypersets in set theory 


In the literature (385), hypersets and superhypersets have been studied in depth. In fields such as database 
systems, various concepts of hypersets have been defined to suit different objectives. The definitions draw 
inspiration from structures like hypergraphs and superhypergraphs in (385). We hope that future research will 
further explore the applications, validity, and potential generalizations of these concepts. Definitions of related 
concepts are provided below. Note that a Hyperset is very similar in structure to a Power Set. 


Definition 2.198 (Hyperset). [385] A hyperset is a set that extends the concept of traditional sets by allowing 
its elements to be sets themselves, possibly including the hyperset itself, forming nested or recursive structures 
analogous to hyperedges in a hypergraph. Formally, a hyperset H is defined over a universal set U as: 


HcP(U), 


where elements of H can be subsets of U or H itself. This allows for self-referential membership, where a set 
can contain itself directly or indirectly. 


Definition 2.199 (Superset). (cf. 654) Let A and B be sets. We say that B is a superset of A if every element 
of A is also an element of B. This relationship is denoted by: 


ACB orequivalently BDA. 


Definition 2.200 (SuperHyperset). [385] A superhyperset is an extension of a hyperset, inspired by the su- 
perhypergraph, where elements can be subsets of the power set of the universal set, allowing for higher-order 
nesting and relationships among sets. Formally, a superhyperset SH is defined as: 


SH CP(P(U)), 
where U is a universal set, and P(P(U)) is the power set of the power set of U. Elements of SH are subsets of 


Pf (U), enabling the construction of sets of sets of subsets of U, and so on, allowing for complex hierarchical 
and recursive structures. 


Theorem 2.201. The superhyperset generalizes both the hyperset and the superset. 


Proof. To prove that the superhyperset generalizes the hyperset and the superset, we proceed as follows: 


Generalization of Hyperset 


1. By definition, a hyperset H is a subset of the power set of a universal set U, i.e., 


HCP(U). 


2. A superhyperset SH is a subset of the power set of the power set of U, i.e., 


SH CP(P(U)). 


3. Since P(U) is itself a set, any hyperset H C P(U) is an element of P(P(U)). Therefore, H € SH is 
allowed under the structure of a superhyperset. 


Thus, every hyperset H can be interpreted as a special case of a superhyperset SH, where the elements of SH 
are restricted to subsets of P(U). 
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Generalization of Superset 


1. By definition, a superset B is a set that contains every element of another set A, denoted by A C B or 
BOA. 


2. A superhyperset SH contains elements that are subsets of P(U). Let A, B C U, then {A, B} € P(U). 


3. The inclusion property A C B can be embedded in the structure of a superhyperset by interpreting B as 
a collection of subsets {A;, A2,..., Ax} © P(U), where A; C B. 


4. Hence, the superhyperset allows for relationships and nesting among subsets, extending the concept of a 
traditional superset. 


The hyperset H C P(U) and the superset B 2 A are both contained within the structural framework of a 
superhyperset SH C P(P(U)). Therefore, the superhyperset is a generalization of both the hyperset and the 
superset. Oo 


Theorem 2.202. The sets of supervertices and superedges in a superhypergraph exhibit the structure of a 
superhyperset. 


Proof. Let H = (V, E) bea superhypergraph, where V is the set of supervertices and E is the set of superedges, 


as defined in [867]: 


¢ Each supervertex v € V is a subset of the power set P(U) of a universal set U. 


* Each superedge e € E is also a subset of P(U), possibly connecting multiple supervertices. 


To demonstrate that V and E conform to the structure of a superhyperset, we consider the following: 


By definition, a superhyperset SH C P(P(U)) contains elements that are subsets of the power set P(U). In 
the case of a superhypergraph, each supervertex v € V satisfies: 


vEeP(P(U)). 

Thus, the set of supervertices V C P(P(U)) qualifies as a superhyperset. 

Similarly, each superedge e € E ina superhypergraph is a subset of P(U), and the set of all superedges satisfies: 
ECP(P(U)). 

Therefore, the set of superedges F also conforms to the structure of a superhyperset. 


Both V and E allow for hierarchical and recursive relationships among subsets of P(U), fulfilling the criteria 
for superhypersets. For instance, a superedge e € E may connect multiple supervertices vj, v2,...,vz € V, 
where each v; itself is a subset of P(U). 


Thus, the sets V (supervertices) and E (superedges) inherently exhibit the properties of a superhyperset. oO 


Theorem 2.203. The n-th PowerSet, P;(H), generalizes the concepts of supersets, hypersets, and superhyper- 
sets. 


Proof. A superset B 2 A is defined as a set that contains all elements of another set A. The n-th PowerSet 
P;(H) inherently generalizes the superset relationship because: 


° For n = 0, P5(H) = H, representing the original set H. 


* For n = 1, P}(H) = P(A), which is the set of all subsets of H, making P}(#) the largest possible 
superset containing all subsets of H. 
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Thus, P; (H) trivially includes all supersets of H for n > 1. 


A hyperset H € P(U) extends traditional sets by allowing self-referential or recursive membership. The n-th 
PowerSet generalizes this structure because: 


* Forn = 1, P}(H) = P(A), which includes all subsets of H, allowing for a structure analogous to 
hypersets where elements can be subsets of the base set H. 


* For n > 2, P;(H) recursively applies the power set operation, allowing for nested subsets of subsets, 
which align with the recursive nature of hypersets. 


Therefore, P; (H) captures the hierarchical and recursive relationships of hypersets. 


A superhyperset SH C P(P(U)) introduces higher-order nesting by considering subsets of the power set of 
the power set. The n-th PowerSet naturally generalizes this concept: 


* For n = 2, P3(H) = P(P(H)), which corresponds to the definition of a superhyperset. 


* Forn > 2, P,(H) =P(P*_,(H)), allowing for even higher-order nesting, surpassing the complexity of 
superhypersets. 


Thus, P; (H) extends the hierarchical structure of superhypersets to arbitrary levels. 


The n-th PowerSet P; (H) provides a unified framework that generalizes supersets (n = 1), hypersets (n > 1), 
and superhypersets (n > 2) by recursively applying the power set operation, enabling hierarchical and recursive 
structures at arbitrary levels. oO 


The concept of a partially ordered set (poset) is well-known as a fundamental structure related to sets and has 
been extensively studied in numerous research papers (241)/242] [261]. Based on this foundation, the super- 
hyperposet is defined as follows. The validity and mathematical structure of these definitions are areas for 
potential exploration in future research. These definitions are inspired by structures such as hypergraphs and 


superhypergraphs, as discussed in [385]. 


Definition 2.204 (Poset). A partially ordered set (poset) is a pair (P, <), where: 


¢ Pisaset. 
¢ <isa binary relation on P that satisfies the following conditions for all x, y,z € P: 


1. Reflexivity: x < x. 
2. Antisymmetry: Ifx < y and y < x, thenx =y. 


3. Transitivity: If x < y and y < z, then x < z. 


Definition 2.205 (Hyperposet). A hyperposet generalizes a poset by allowing the elements of the set P to be 
subsets of a universal set U, rather than individual elements. Formally, a hyperposet is a pair (H, <), where: 


« H C P(U), the power set of a universal set U. 
¢ <isa binary relation on H that satisfies reflexivity, antisymmetry, and transitivity as defined for posets. 


Definition 2.206 (n-SuperHyperPoset). An n-SuperHyperPoset is a hierarchical generalization of posets, hy- 
perposets, superposets, and superhyperposets, allowing elements to be subsets of the n-th PowerSet P7(H). 
Formally, an n-SuperHyperPoset is defined as a pair (SH P,, <), where: 


¢ SHP, CP; (A), the n-th PowerSet of a universal set H. 
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e <isa binary relation on SHP,, that satisfies: 


1. Reflexivity: x < x for allx € SHP,,. 
2. Antisymmetry: If x < y and y < x, thenx = y. 


3. Transitivity: If x < y and y < z, thenx < z. 
Example 2.207 (Examples for Specific n). 1. Forn =0: SHPo = H, reducing to the classical poset. 
2. Forn = 1: SHP,; C P(A), representing a hyperposet. 
3. Forn = 2: SHP2 C P(P(A)), aligning with the superhyperset. 
4. Forn > 2: SHP, = P,,(H), extending hierarchical structures recursively. 


Theorem 2.208. A superhyperposet generalizes both the hyperposet. 


Proof. This is evident. oO 


Theorem 2.209. A superhyperposet is a superhyperset. 
Proof. This is evident. oO 


As discussed above, it is inferred that the superhyperset and superhyperposet are not entirely new concepts but 
can be generalized from existing ones. Additionally, it should be noted that general superhyperconcepts are 
already considered superhyperconcepts starting from n = 1. 


2.3.8 Other Hyperconcepts and Superhyperconcepts 


Numerous hyper concepts are well-known across various fields, including hyperrandom variables [43 1| 432], 
hypertangles [9], hypertrees [[8}9|/408]/434} , Superhypertrees [409], hypercomplete graphs [219], hyper- 
functions [531 828], hyperlattice [79| [478], superhyperfunctions (876) , hyperprobabili- 
ties [177], hyperconvex spaces |[172]|316||576||722], hypergraph neural network [[184}|210)/327| 
544/931]974], hyperlogic [587],decision hypertrees [460], hyperalgebras [424 /741//785]868], superhyper- 
, semihypergroups [[158]320/928/1003], hypervector 

4313|/559], and 


superhypertopologies [885]. 


The following question reflects the author’s curiosity about these concepts, demonstrating an interest in how 
mathematical extensions using such ideas might evolve and become more prevalent in the future. Note that in 
some fields, multiple definitions exist, and the meanings of “hyper” or ’ super” may vary. 


Question 2.210. Is it possible to define a Hyper-random Graph? Additionally, can we define structures such as 
Hyper-random fuzzy sets and Hyper-random neutrosophic sets? What mathematical properties and potential 
applications could these constructs have? 


Question 2.211. Is it possible to define concepts such as Fuzzy Hyperlogic and Neutrosophic Hyperlogic? 
Additionally, what would be their properties and potential applications? 


Question 2.212. Is it possible to define a superhypergraph grammar as an extension of hypergraph grammar? 
Additionally, what would be its properties and potential applications? Furthermore, could these concepts be 
further generalized using fuzzy or neutrosophic frameworks? 


Question 2.213. Is it possible to define a superhypergraph neural network as an extension of a hypergraph 
neural network? Additionally, what would be its properties and potential applications? Furthermore, could 
these concepts be further generalized using fuzzy or neutrosophic frameworks? 


Question 2.214. Can the concept of hypergraphic matroids [318 be extended to the framework of super- 
hypergraphs to define superhypergraphic matroids? 
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Question 2.215. Can the concept of hypergraphic sequences [801; be extended to the framework of su- 
perhypergraphs to define superhypergraphic sequences? 


Question 2.216. Define submodular hyperfunctions and submodular superhyperfunctions mathematically, and 
determine their potential applications. Note that a submodular function is a set function that exhibits diminish- 
ing returns, meaning adding an element to a smaller set yields a larger gain than adding it to a larger set [83/335]. 


Question 2.217. For concepts within Superhyper theory that have not yet been defined, is it possible to establish 
mathematically precise definitions? Additionally, are there potential applications? Furthermore, can these 
concepts be generalized using approaches that handle uncertainty, such as Fuzzy and Neutrosophic theories, to 
enable practical applications? 


Question 2.218. In fields or concepts where semihyper concepts have not been examined, can semihyper 


conceptualization be applied? (cf. |384}|536]) 


3 Result in this paper 


This section outlines the results presented in this paper. The concepts visualized as graphs, those designed to 
handle more complex uncertainties through specific methods, and concepts extended using hyper concepts or 
superhyper concepts are detailed below. The division of subsections reflects the author’s personal perspective, 
and your understanding in this regard is appreciated. 


3.1 Graph Concepts 


We will examine several graph concepts. 


3.1.1 NonStandard Real Graph 


We present the definition of the NonStandard Real Graph as an extension of the NonStandard Real Set within 
the framework of graph theory. 


Definition 3.1. A NonStandard Real Graph is a graph G = (V, E) where: 


¢ V is a non-empty set of vertices. 
° ECVxVisaset of edges. 


¢ Each vertex v € V is associated with a value o-(v) € R*, where R* is the NonStandard Real Set, including 
infinitesimals and infinite numbers. 


¢ Each edge e = (u,v) € E is associated with a value y(e) € R*. 


Theorem 3.2. In a NonStandard Real Graph G = (V, E), if all vertex values 0 (v) are standard real numbers, 
then G reduces to a standard weighted graph. 


Proof. By definition, if all o(v) € R (standard real numbers), then the NonStandard Real Set R* reduces to R 
for this graph. Thus, the graph G is a standard weighted graph where weights are real numbers. The inclusion 
of infinitesimal or infinite elements is nullified, and standard graph theory applies. Oo 


Question 3.3. Is it possible to extend the above concepts using Superhypergraph frameworks? Furthermore, 
what are the practical applications, construction algorithms, and mathematical properties associated with these 
extended concepts? 
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3.1.2 pentapartitioned neutrosophic offgraph/overgraph/undergraph 
The definitions of quadripartitioned neutrosophic offgraph/overgraph/undergraph and pentapartitioned neutro- 


sophic offgraph/overgraph/undergraph are outlined as follows. 


Definition 3.4 (Quadripartitioned Neutrosophic OverGraph (QNOvG)). A Quadripartitioned Neutrosophic 
OverGraph is a quadripartitioned neutrosophic graph in which membership degrees may exceed |. For each 
vertex v € V and edge e € E, the membership values are given by: 


T(v) € [0,Q7],  C(v) € [0,Qc], U(v) € [0,Qu], Fv) € [0, QF], 
where Q7, Qc, Qy, Qr > 1 are the respective overlimits. The sum of the membership degrees satisfies: 
0< T(v)+C(v) + U(v) + F(v) $ Q7 + Qe + Qy + QF. 


Definition 3.5 (Quadripartitioned Neutrosophic UnderGraph (QNUdG)). A Quadripartitioned Neutrosophic 
UnderGraph is a quadripartitioned neutrosophic graph where membership degrees may be less than 0. Specif- 
ically, for each vertex v € V and edge e € E, we have: 


Tye Pri, CO) eed, Ue [Yo Ty. Foye [Ped 
where Pr, ¥o, Pu, Vr < 0 are underlimits. The sum of the membership degrees satisfies: 
Wrt+ Pot Py t+ Ur < Tv) +C(v) + U(v) + F(X) < 4. 


Definition 3.6 (Quadripartitioned Neutrosophic OffGraph (QNOfG)). A Quadripartitioned Neutrosophic Off- 
Graph is a quadripartitioned neutrosophic graph where membership degrees may exceed | or fall below 0. For 
each vertex v € V and edge e € E: 


T(v) € [%7,Q7], C(vy) € [%co, Qc], Uv) € [Pu, Qu], Fv) € [¥r, QF], 
where Y; < 0 and Q; > 1 fori € {T7,C,U, F}. The sum satisfies: 
r+ Pot Py + Per < T(v) +C(v) + U(v) + F(v) < O7+0¢4+0y 4+ Qe. 


Definition 3.7 (Pentapartitioned Neutrosophic OverGraph (PNOvG)). A Pentapartitioned Neutrosophic Over- 
Graph allows membership degrees to exceed 1. For each vertex v € V and edge e € E: 


T(v) € [0,Qr],  C(v) €[0,Qc], Rv) € [0,Qr], Ulv) € [0,Qu], Fv) € [0, QF]. 
The total satisfies: 
0 <T(v) + C(v) + R(v) + U(v) + Fv) < os Q;. 
Definition 3.8 (Pentapartitioned Neutrosophic UnderGraph (PNUdG)). A Pentapartitioned Neutrosophic Un- 
derGraph allows membership degrees to be less than 0. For each vertex v € V and edge e € E: 
T(vy)é [Pr 1], C(v)e[%c, 1], Rv) e[¥r, 1, U)e[Pu.1], Fv) € [¥r. 1], 
where P7, Vo, Vr, Py, Ur < 0. The total satisfies: 
YS) Yi < T(v) + C(v) + R(v) + U(v) + F(v) <5. 
Definition 3.9 (Pentapartitioned Neutrosophic OffGraph (PNOfG)). A Pentapartitioned Neutrosophic Off- 
Graph allows for both overlimits and underlimits. For each vertex v € V and edge e € E: 
T(v) €[¥7,Q7], Civ) €[¥o, Qc], R(v) € [¥r, Qe], Uv) € [Pu, Qu], F(v) € [Pr, Qe]. 
The sum satisfies: 


» W; < T(v) + C(v) + R(v) + U(y) + F(v) < py Q;. 


Theorem 3.10. A quadripartitioned neutrosophic OffGraph can generalize both the quadripartitioned neutro- 
sophic UnderGraph and the quadripartitioned neutrosophic OverGraph. 
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Proof. The proof follows similarly to the case of Neutrosophic structures. Oo 


Theorem 3.11. Any quadripartitioned neutrosophic overgraph (undergraph, offgraph) can be transformed into 
a standard neutrosophic overgraph (undergraph, offgraph), preserving its structural properties. 


Proof. Let G = (V, E) be a quadripartitioned neutrosophic overgraph. Define the standard graph G’ = (V, E) 
with transformed membership degrees for each vertex v and edge e: 


o’(v) = (T'(v), (vy), F’()), 


where: 5 ie 
+ 
T’(v) = eee I'(v) =U(v), ~F’(v) = F(v). 
This transformation maintains the overlimit, underlimit, or both, as required, ensuring G’ retains the essential 
properties of G. Oo 


Theorem 3.12. A pentapartitioned neutrosophic OffGraph can generalize both the pentapartitioned neutro- 
sophic UnderGraph and the pentapartitioned neutrosophic OverGraph. 


Proof. The proof follows similarly to the case of Neutrosophic structures. oO 


Theorem 3.13. Any pentapartitioned neutrosophic overgraph (undergraph, offgraph) can be transformed into 
a quadripartitioned neutrosophic overgraph (undergraph, offgraph), preserving its structural properties. 


Proof. Let G = (V,£) be a pentapartitioned neutrosophic overgraph. Define the quadripartitioned graph 
G’ = (V, E) with membership values: 


o'(v) = (T'(v),C'(v), U'(v), F'(v)), 


where: 
T’(v) =T(v), C’(v) =C(v), U'(v) =U) + RO), F’(v) = F(v). 


This preserves both the structure and properties, effectively reducing the pentapartition to a quadripartition 
while maintaining overlimits and underlimits. oO 


Question 3.14. Is it possible to extend the above concepts using Hypergraph and Superhypergraph frame- 
works? Furthermore, what are the practical applications, construction algorithms, and mathematical properties 
associated with these extended concepts? 


3.1.3 Plithogenic offgraph/overgraph/undergraph 


In this subsection, we define the Plithogenic OffGraph, OverGraph, and UnderGraph. These concepts extend 
the Plithogenic Graph by incorporating the notions of offset, overset, and underset into the graph structure. 


First, we provide the definitions for Plithogenic offset, overset, and underset below. We will later extend these 
concepts to graph structures for further analysis. 


Definition 3.15 (Plithogenic Overset). Let S be a universal set, and P C S. A Plithogenic Overset PSovyer 18 
defined as: 


PSover = (P, v, Pv, pdf, pCF) 


where: 


¢ vis an attribute. 


66 


¢ Py is the set of possible values for the attribute v. 
° pdf : PX Pv => [0, Q,]* is the Degree of Appurtenance Function (DAF), where Q, > 1. 


° pCF : Pv x Pv = [0,Q,]' is the Degree of Contradiction Function (DCF). 


In this definition, the DAF allows the membership degrees pdf (x, a) to exceed the standard maximum value 
of 1, up to an overlimit Q,. 


Definition 3.16 (Plithogenic Underset). Let S be a universal set, and P € S. A Plithogenic Underset PSynder 
is defined as: 


PSunder = (P,V, Py, pdf, pCF) 


where: 


* vis an attribute. 
¢ Pv is the set of possible values for the attribute v. 
¢ pdf: Px Pv > [,, 1]* is the Degree of Appurtenance Function (DAF), where Y,, < 0. 


° pCF : Pv x Pv > [, |] is the Degree of Contradiction Function (DCF). 


In this definition, the DAF allows the membership degrees pdf (x, a) to be less than the standard minimum 
value of 0, down to an underlimit Y,,. 


Definition 3.17 (Plithogenic Offset). Let S be a universal set, and P C S. A Plithogenic Offset PSog is defined 
as: 


PSog = (P,v, Pv, pdf, pCF) 


where: 


* vis an attribute. 
¢ Py is the set of possible values for the attribute v. 
¢ pdf: Px Pv > [W%,, Q,]* is the Degree of Appurtenance Function (DAF), where ‘W,, < 0 and Q,, > 1. 


° pCF: Pvx Pv > [¥, Q]! is the Degree of Contradiction Function (DCF). 


In this definition, the DAF allows the membership degrees pdf (x, a) to range from below 0 to above 1, between 
the underlimit ‘¥,, and the overlimit Q,,. 


Definition 3.18 (Plithogenic OverGraph). A Plithogenic OverGraph is a Plithogenic Graph where the mem- 
bership degrees j14, can exceed the standard maximum of 1. That is, j14,(x) € [0,Q;] with Q; > 1 for all 
attributes A; and elements x € VUE. 


Definition 3.19 (Plithogenic UnderGraph). A Plithogenic UnderGraph is a Plithogenic Graph where the mem- 
bership degrees 14, can be less than the standard minimum of 0. That is, jz4,(x) € [Y;, 1] with Y; < 0 for all 
attributes A; and elements x Ee VUE. 


Definition 3.20 (Plithogenic OffGraph). A Plithogenic OffGraph is a Plithogenic Graph where the membership 
degrees 4, can both exceed 1 and be less than 0. That is, wa, (x) € [¥;, Q;] with ¥; < 0 and Q; > 1 for all 
attributes A; and elements x e VUE. 
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Theorem 3.21. A Plithogenic OffGraph can generalize both the Plithogenic UnderGraph and the Plithogenic 
OverGraph. 


Proof. The proof follows similarly to the case of Neutrosophic structures. oO 
Theorem 3.22. Any Plithogenic OffGraph (OverGraph, UnderGraph) can be transformed into a Pentaparti- 


tioned Neutrosophic OffGraph (OverGraph, UnderGraph), preserving its structural properties. 


Proof. To prove this theorem, we will demonstrate that for a given Plithogenic OffGraph Gp = (V, E, {A;}*_, {ua;}5_)» PCF) 
with s = 5 attributes and ¢ = | contradiction function, there exists a corresponding Pentapartitioned Neutro- 
sophic OffGraph Gy = (V, E,T,C,R,U, F) that preserves the structural properties of Gp. 


In a Plithogenic OffGraph, each vertex v € V and edge e € E is characterized by: 
¢ A set of s = 5 attributes {A;}>_,. 
¢ Degree of Appurtenance Functions (DAFs) wa, : VU E = ['¥;,Q;], where ¥; < 0 (UnderLimit) and 
Q; > 1 (OverLimit), allowing membership degrees to be less than 0 or greater than 1. 
* A Degree of Contradiction Function (DCF) pCF : Pv x Pv > [0,1]' witht = 1. 
In a Pentapartitioned Neutrosophic OffGraph, each vertex v € V and edge e € E has five membership degrees: 


T(v), C(v), R(v), Uv), Fy), 


where each degree can range between its UnderLimit ¥; and OverLimit Q,: 


T(v) € [¥r,Qr],  C(v) € [¥e, Qc], R(v) € [¥r, Qe], Ulv) € [Pu, Qu], Fv) € [Pr, QF]. 


The sum of these degrees satisfies: 
1M < T(v) + C(v) + R(v) + Uv) + Fv) < YQ). 


We will map the five attributes {Ai}>_, of the Plithogenic OffGraph to the five membership degrees of the 
Pentapartitioned Neutrosophic OffGraph. Specifically, we define: 


T(v) = Ha), 
C(v) = Ha, (y), 
R(v) = Ha3(V), 
U(v) = Mas), 
F(v) = Ha;(). 


Similarly, for edges e € E: 
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T(e) = a, (2), 
C(e) = Ha, (e), 
R(e) = Ha;(e), 
U(e) = Ha,(e), 
F(e) = pa;(e)- 


Since t = 1, the DCF pCF in the Plithogenic OffGraph maps to a single contradiction degree between attribute 
values. In the Pentapartitioned Neutrosophic OffGraph, contradictions are inherently represented through the 
indeterminacy components C(v) and U(v), which capture conflicting and unknown information. 


We need to ensure that: 


¢ The membership degrees in Gy are within the appropriate ranges, matching the OverLimits and Under- 
Limits from Gp: 


T(v) € [Pa,,Q4,], Cv) € [Pa,,Qa,], Rv) € [Pa,,Q4,], Uv) € [Pa,,Q4,], Fv) € [Wa,,Qas]. 


¢ The sum of the membership degrees in Gy satisfies: 
5 5 
YS) a, S T(r) + C(v) + R(v) + U(v) + F(v) sD Qa, 
i=l i=l 


¢ The structural properties, such as adjacency and incidence relations, are preserved since the vertex and 
edge sets remain unchanged, and the mapping does not alter the underlying graph structure. 


By establishing a one-to-one correspondence between the attributes of the Plithogenic OffGraph and the mem- 
bership degrees of the Pentapartitioned Neutrosophic OffGraph, and ensuring that the ranges and sums of these 
degrees are preserved, we have demonstrated that any Plithogenic OffGraph can be transformed into a Penta- 
partitioned Neutrosophic OffGraph without loss of structural properties. Therefore, the theorem is proved. O 


For reference, the relationships between the Uncertain Offset are illustrated in Figuref4] Offset is a concept that 
increases the degree of freedom for the values of intervals. 


Question 3.23. Is it possible to extend the above concepts using Hypergraph and Superhypergraph frame- 
works? Furthermore, what are the practical applications, construction algorithms, and mathematical properties 
associated with these extended concepts? 


Definition 3.24 (General Plithogenic OverGraph). A General Plithogenic OverGraph is a General Plithogenic 
Graph G°? = (PM, PN) where the membership degrees jz, of vertices and edges can exceed the standard 
maximum of 1. Specifically: 


¢ For each vertex v € M and edge e € N: 
Ma;(v) € [0,Qi], wa; (e) € [0, Qi], 
where Q; > 1 for all attributes A;. 
¢ The Degree of Appurtenance Function (DAF) is extended as: 
adf :Mx MI => [0,Q;]°, bdf:NxNm — [0,Q;]*, 
allowing the membership degrees to exceed the standard maximum. 
Theorem 3.25. A Plithogenic OverGraph is General Plithogenic OverGraph. 
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Figure 4: Some the Uncertain offsets Hierarchy. The set class at the origin of an arrow contains the set class at 
the destination of the arrow. 


Proof. This is evident. oO 


Definition 3.26 (General Plithogenic UnderGraph). A General Plithogenic UnderGraph is a General Plithogenic 
Graph GC? = (PM, PN) where the membership degrees jz, of vertices and edges can be less than the standard 
minimum of 0. Specifically: 


¢ For each vertex v € M and edgee € N: 
Ha,(v) € [1], wa, (e) € [%:, 1, 
where ’; < 0 for all attributes A;. 
¢ The Degree of Appurtenance Function (DAF) is extended as: 
adf: Mx MI —> [¥%;,1]°, bdf:NxNm — [¥%;,1]°, 
allowing the membership degrees to be below the standard minimum. 


Theorem 3.27. A Plithogenic UnderGraph is General Plithogenic UnderGraph. 


Proof. This is evident. Oo 
Definition 3.28 (General Plithogenic OffGraph). A General Plithogenic OffGraph is a General Plithogenic 
Graph GC? = (PM, PN) where the membership degrees za, of vertices and edges can both exceed 1 and be 
less than 0. Specifically: 
¢ For each vertex v € M and edge e € N: 
Ha, (v) € [Qi], pa, (e) € [Vi Qi], 
where Y; < 0 and Q; > 1 for all attributes A;. 
¢ The Degree of Appurtenance Function (DAF) is extended as: 
adf:Mx MI => [¥%,Q;]°, bdf:Nx Nm —> [¥%,Q:]°, 
allowing the membership degrees to exceed | and go below 0. 
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Theorem 3.29. A Plithogenic OffGraph is General Plithogenic OffGraph. 


Proof. This is evident. g 


3.1.4 MultiNeutrosophic Graph 


We define the MultiNeutrosophic Graph as an extension of the MultiNeutrosophic Set to the structure of a 
graph. 


Definition 3.30. Let G = (V, E) bea classical graph, where V is the set of vertices and E is the set of edges. 
In this context, we define a MultiNeutrosophic Graph Gyn, which is a Neutrosophic Graph extended to allow 
multiple evaluations for the truth, indeterminacy, and falsehood degrees associated with each vertex and edge. 
This structure provides a more nuanced representation of uncertainty by incorporating multiple sources of 
evaluation. 


A MultiNeutrosophic Graph Gyn is defined as follows: 


¢ For each vertex v € V: 


A set of truth degrees: 
T, ={T,,1,T,,2,---+Ty,p,} T,,j € [0, 1], JHA 2 es Pys 


where p,, > | is the number of truth evaluations for vertex v. 


A set of indeterminacy degrees: 
Ly = {ha hy2.---stvr,}, Lk € [0, 1], keel) ecu hys 


where r,, > | is the number of indeterminacy evaluations for vertex v. 


A set of falsehood degrees: 
Fy, ={Fy1,Fy2,.--, Fis}; F,1 € [0,1], PSA 25 rsd3 Sis 


where s,, > 1 is the number of falsehood evaluations for vertex v. 


— At least one of p, > 2,7, = 2, or s, > 2 to ensure multiplicity in at least one component. 
¢ Similarly, for each edge e € E: 
— A set of truth degrees: 
Te = {Te,1,Te,2,.-+5Te,p.}, Te, € [0,1], j=1,2,..., De, 


where pe = | is the number of truth evaluations for edge e. 


— A set of indeterminacy degrees: 
Ie Sl eistedy oso, lezshs Tek € [0, 1], k= 1 2yececcny hey 


where re > | is the number of indeterminacy evaluations for edge e. 


— A set of falsehood degrees: 
Fe = {Fe,1, Fe2,---+ Fe,sehs Fei € [0,1], BS 1,2 5245 S65 
where se > 1 is the number of falsehood evaluations for edge e. 


In addition, for each vertex v € V, the following condition holds to ensure the neutrosophic bounds are re- 
spected: 


Py ry Sy Py Ty Sy 
O< by inf T,,; + sy inf yn + » inf Fy) < > sup T,,; + oe sup lyn + 3 sup Fy7 < ny, 
j=l k=1 [=] j=l k=1 [=] 


where n, = py +r, +5, = 2. A similar condition applies to each edge e € E. 
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Explanation of Components Each component provides a specific representation of uncertainty, as described 
below: 


¢ MultiTruth Degrees (T,, T.): A set of evaluations for the truth-membership degree for each vertex and 
edge. 


¢ MultiIndeterminacy Degrees (I,, I-): A set of evaluations for the indeterminacy-membership degree for 
each vertex and edge. 


¢ MultiFalsehood Degrees (F,, F-): A set of evaluations for the falsehood-membership degree for each 
vertex and edge. 


Theorem 3.31. Every Neutrosophic Graph is a specific case of a MultiNeutrosophic Graph. 
Proof. Let Gy = (V,E) be a Neutrosophic Graph, where each vertex v € V is associated with single truth, 


indeterminacy, and falsehood degrees T(v), /(v), F(v) € [0,1], and each edge e € E is similarly assigned 
single truth, indeterminacy, and falsehood degrees. 


To construct a MultiNeutrosophic Graph G yyy that represents Gj,, we define the degrees for each vertex v € V 
as follows: 


° T, = {T(v)}, making p, = 1. 
° 1, = {1(v)}, making r, = 1. 
° F, = {F(v)}, making s, = 1. 


Similarly, for each edge e € E: 


¢ T. = {T(e)}, making p, = 1. 
° I. = {I(e)}, making r, = 1. 
°¢ Fo = {F(e)}, making s. = 1. 
Since a MultiNeutrosophic Graph permits singleton sets for the degrees of truth, indeterminacy, and falsehood, 


this setup implies that a Neutrosophic Graph Gy can indeed be represented as a MultiNeutrosophic Graph 
Gun with p, =r, = s, = 1 forall vertices v € V and pe = re = Se = 1 for all edges e € E. 


Thus, the MultiNeutrosophic Graph Gyyyw generalizes the concept of a Neutrosophic Graph. oO 


3.1.5 Subset-Valued Neutrosophic Graph and NonStandard Neutrosophic Graph 


In the literature 888], the Subset-Valued Neutrosophic Set and Single-Valued NonStandard Neutrosophic Set 
were defined. This work extends these concepts to graphs. Moving forward, we aim to investigate the mathe- 
matical structures and validity of these graph definitions. 


Definition 3.32 (Infimum). Let S ¢ R be a subset of the real numbers. The infimum (or greatest lower bound) 
of S, denoted by inf(S), is defined as: 


inf(S) = sup{x € R| x < 5, Vs € S}. 


Equivalently, inf(S) = m if and only if: 


1. m < s forall s € S (.e., mis a lower bound of S). 
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2. For any € > 0, there exists an s € S such that m+e€ > s (i.e., m is the greatest such lower bound). 


If S is empty, we define inf(S) = +00. 


Definition 3.33 (Supremum). Let S C R be a subset of the real numbers. The supremum (or least upper bound) 
of S, denoted by sup(S), is defined as: 


sup(S) = inf{x €R|x>s,Vs € S}. 


Equivalently, sup(S) = M if and only if: 


1. M > s forall s € S (i.e., M is an upper bound of S). 


2. For any € > 0, there exists an s € S such that M — € < s (i.e., M is the least such upper bound). 


If S is empty, we define sup(S) = —oo. 


Definition 3.34 (Subset-Valued Neutrosophic Set). [888] Let X be a given set. A Subset-Valued Neutrosophic 
Set (SVNS) A on X is defined by three membership functions: 


Ta: X 7 P([0,1]), Ia: X —7P([0,1]), Fa: X — P([O, 1)), 


where P([0, 1]) denotes the power set of the interval [0,1]. For each x € X, T4(x), [4(x), F(x) are subsets 
of [0, 1] representing the degrees of truth, indeterminacy, and falsity, respectively. These values satisfy the 
following condition: 


0 < inf(T4(x)) + inf(/4(x)) +inf(F4(x)) < sup(T4(x)) + sup(/4(x)) + sup(F4(x)) < 3, 


where inf and sup represent the infimum and supremum, respectively. The values 7,4 (x), I(x), F(x) provide 
a subset-based representation of uncertainty. 


Definition 3.35 (Left Monad). The Left Monad, denoted by u(—a), is defined as: 
u(-a) = {-a+e | € € Rj, € is infinitesimal}, 
where Rj is the set of positive hyperreal numbers and € is an infinitesimal value. 
Definition 3.36 (Right Monad). The Right Monad, denoted by p(a*), is defined as: 
p(a*) = {a+e| € € Rj, € is infinitesimal}. 
This represents the set of hyperreal numbers infinitesimally greater than a. 


Definition 3.37 (Left Monad Closed to the Right). [888] The Left Monad Closed to the Right, denoted by 
p(—Oa), is defined as: 


u(-Oa) = {-a +e | € =Oore € Rj, € is infinitesimal} U {-a}. 
It includes all elements of (—a) along with —a itself. 


Definition 3.38 (Right Monad Closed to the Left). [888] The Right Monad Closed to the Left, denoted by 
p(0a*), is defined as: 


“(Oa*) = {a+e| € =Oore € Rj, € is infinitesimal} U {a}. 
It includes all elements of (a*) along with a itself. 
Definition 3.39 (Pierced Binad). The Pierced Binad, denoted by p(—a*), is defined as: 
p(—a*) = {-a +e | € € Rj, € is infinitesimal} U {a + € | € € Rj, € is infinitesimal}. 
This represents the union of the left monad and the right monad without closure at —a or a. 
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Definition 3.40 (Unpierced Binad). [888] The Unpierced Binad, denoted by (—a* U a), is defined as: 
E(-a*Ua) = {-ate | € = 0 ore € Ri, € is infinitesimal} U{ate | € = 0 or € € R¥, € is infinitesimal} U{-a, a}. 
This includes both left and right monads closed at —a and a, creating a symmetric and fully closed structure. 


Definition 3.41 (Single-Valued NonStandard Neutrosophic Set). [888] Let X be a given set. A Single-Valued 
NonStandard Neutrosophic Set (NoS SVNS) A on X is defined by three membership functions: 


Ta: X—>]-0,1+[, I4:X-]-0,14+[, Fa: X >]-0,14+[, 


where | — 0, 1 + [ denotes the non-standard interval that extends [0, 1] by including additional elements: 


* Left Monads (j1(—a)), 

* Right Monads (u(a*)), 

¢ Left Monads Closed to the Right (u(—0a)), 
¢ Right Monads Closed to the Left (u(0a‘)), 
* Pierced Binads (u(—a*)), 


* Unpierced Binads (41(—at U a)). 


For each x € X, the values T4(x), [4(x), Fa(x) represent the degrees of truth, indeterminacy, and falsity, 
respectively, in the extended framework. These values satisfy the condition: 


0 < inf(T4(x)) + inf(14(x)) + inf(F4(x)) < sup(T4(x)) + sup(/4(x)) + sup(Fa(x)) < 3*, 


where inf and sup denote the infimum and supremum over the extended interval | — 0,1 + [. This definition 
enables modeling of nuanced or non-standard uncertainties using hyperreal extensions. 


Definition 3.42 (Subset-Valued Neutrosophic Graph). Let G = (V, E) be a graph where V is the set of ver- 
tices and E is the set of edges. A Subset-Valued Neutrosophic Graph (SVNG) is defined by three membership 
functions for both vertices and edges: 


Ty:V—>P([0,1])), W:V>P([0O,1)), Fy: V—>P([0,1)), 


Te: E> P([0,1]), le:E—>P([0,1]), Fe: E> P([0,1)), 


where P([0, 1]) is the power set of the interval [0,1]. For each vertex v € V and edge e € E, the subsets 
Ty (v), Iv(v), Fy(v) and Tg (e), Iz (e), Fe (e) represent the degrees of truth, indeterminacy, and falsity, respec- 
tively. These values satisfy: 


0 < inf(Ty(v)) + inf(U/y(v)) +inf(Fy(v)) < sup(Ty(v)) + supU/y (v)) + sup(Fy(v)) < 3, 


0 < inf(Tg(e)) + inf(/g(e)) + inf(Fe(e)) < sup(Te(e)) + supU/g(e)) + sup(FE(e)) < 3, 


where inf and sup denote the infimum and supremum, respectively. The SVNG provides a subset-based repre- 
sentation of uncertainty for both vertices and edges. 


Definition 3.43 (Single-Valued NonStandard Neutrosophic Graph). Let G = (V, E) be a graph where V is the 
set of vertices and E is the set of edges. A Single-Valued NonStandard Neutrosophic Graph (NoS SVNG) is 
defined by three membership functions for both vertices and edges: 


Tv:V—->]-0,14+[, IWv:V—->]-0,1+[, Fy:V—-]-0,1+[, 


Te: E->|-0,1+[, Je: E->]-0,1+[, Fe: E->]-0,1+[, 


where | — 0, 1 + [ is the non-standard interval extending [0, 1] to include elements such as: 


° Left Monads (u(—a)), 
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¢ Right Monads (u(a*)), 

¢ Left Monads Closed to the Right (u(—Oa)), 
¢ Right Monads Closed to the Left (u(0a‘)), 
¢ Pierced Binads (41(—a*)), 


* Unpierced Binads (41(—at U a)). 


For each vertex v € V and edge e € E, the values Ty (v), Iy(v), Fy(v) and Tg(e), Iz(e), Fe (e) represent the 
degrees of truth, indeterminacy, and falsity, respectively, in the extended framework. These values satisfy: 


0 < inf(Ty(v)) + inf(/y(v)) + inf(Fy(v)) < sup(Ty(v)) + sup(U/y(v)) + sup(Fy(v)) < 3°, 


0 < inf(Te(e)) + inf(/e(e)) + inf(Fe(e)) < sup(Te(e)) + sup(/z(e)) + sup(Fe(e)) < 3°, 


where inf and sup denote the infimum and supremum over the extended interval ] — 0, 1 + [. This framework 
allows modeling of nuanced and non-standard uncertainties for vertices and edges. 


The related concept of a subset-valued fuzzy set is defined as follows. 


Definition 3.44 (Subset-Valued Fuzzy Set). Let X be a given set. A Subset-Valued Fuzzy Set (SVFS) A on X 
is defined by a membership function: 
Ha: X > P([0, 1]), 


where P([0, 1]) denotes the power set of the interval [0,1]. For each x € X, (x) is a subset of [0, 1] that 
represents the degrees of membership of x to the set A. 


The degrees of membership satisfy the following condition for all x € X: 


0 < inf(wa(x)) < sup(ua(x)) < 1, 


where inf and sup denote the infimum and supremum of the subset j14(x), respectively. 


This definition provides a flexible framework for modeling uncertainty, where an element x € X can have 
multiple degrees of membership represented by a subset of [0, 1]. 


Theorem 3.45. A Subset-Valued Fuzzy Set (SVFS) is a special case of a Subset-Valued Neutrosophic Set 
(SVNS). 


Proof. Let X be a given set, and consider a Subset-Valued Fuzzy Set (SVFS) A on X, characterized by the 
membership function: 
Ma: X > P([0,1}), 


where P ([0, 1]) denotes the power set of the interval [0, 1]. For each x € X, the degrees of membership satisfy: 


0 < inf(wa(x)) S sup(wa(x)) < I. 


Now consider a Subset-Valued Neutrosophic Set (SVNS) B on the same set X, characterized by three member- 
ship functions: 
Tp: X > P([0,1]), Ip: X > P([0,1]), Fe: X > P([0,1]), 


where Tg(x), Ip(x), and F’g(x) represent the degrees of truth, indeterminacy, and falsity, respectively, and 
satisfy the condition: 


0 < inf(Tg(x)) + inf(/p(x)) + inf(Fe(x)) < sup(Tp(x)) + sup(/g(x)) + sup(Fa(x)) < 3. 


To show that A is a special case of B, we define B such that: 
T(x) = Ha(x), Ip(x) = {0}, Fa(x) = {0}, Vre xX. 
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Under this construction, Tz (x) retains the subset-valued membership function of 14 (x), satisfying: 


0 < inf(Tp(x)) < sup(Ta(x)) < 1. 


Since Jp(x) = {0} and Fz(x) = {0}, we have: 


inf(Ig(x)) = sup([g(x)) =0,  inf(Fa(x)) = sup(Fa(x)) = 0. 


Therefore, the condition for the SVNS is satisfied: 


0 < inf(Tg(x)) + inf(/g(x)) + inf(F’g(x)) < sup(Tp(x)) + sup(/g(x)) + sup(Fa(x)) < 1. 


This demonstrates that A, the Subset-Valued Fuzzy Set, is a special case of B, the Subset-Valued Neutrosophic 
Set, where indeterminacy and falsity are fixed to {0}, and only the truth membership Tg (x) is active. oO 


3.1.6 Heptapartitioned Neutrosophic Graph 


The Heptapartitioned Neutrosophic Set, which generalizes the Pentapartitioned Neutrosophic Set, is a known 
concept. It handles seven uncertainty membership parameters. Here, we present the definition of the Hep- 
tapartitioned Neutrosophic Graph, which represents the graphization of the Heptapartitioned Neutrosophic 


Set (165]688]986). 


Definition 3.46 (Heptapartitioned Neutrosophic Set (HNS)). [165] Let U be a non-empty universe. A Hepta- 
partitioned Neutrosophic Set (HNS) A on U is characterized by seven membership functions: 


A = {{x, Ta(x), Ma(x), Ca(x), Ua(x), [a(x), Ka(x), Fa(x)) : x € US, 


where: 


Ta(x), Ma(x), Ca(x), Ua(x), Tq(x), Ka(x), F(x) :U-> [0, 1], 


and the membership values satisfy the condition: 


Ta(x) + Ma(x) + Ca(x) + Ua(x) + TA(x) + Ka(x) + Fa(x) $7, Vx €U. 


The interpretation of each membership function is as follows: 


T(x): Truth membership 


Ma(x): Relative truth 


Ca(x): Contradiction 


U(x): Unknown membership 


T,4(x): Ignorance 


K(x): Relative falsity 


F(x): Absolute falsity 


Theorem 3.47. A Plithogenic Set with s = 7 and t = 1 generalizes the Heptapartitioned Neutrosophic Set 
(HNS). 
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Proof. Let A be a Heptapartitioned Neutrosophic Set (HNS) defined on a universe U: 


A = {(x, Ta(x), Ma(x), Ca(x), Ua(x), [A(x), Ka(x), Fa(x)) 2 x € US, 


where: 
Ta(x) + Ma(x) + Ca(x) + Ua(x) + [a(x) + Ka(x) + Fa(x) < 7. 


A Plithogenic Set PS = (P, v, Pv, pdf, pCF) with s =7 is characterized by: 
pdf (x, Pv) = (Ta(x), Ma(x), Ca(x), Ua(x), [a(x), Ka(x), Fa(x)). 


Additionally, the single contradiction degree ¢ = 1 aligns with C(x), ensuring consistency. 


As the Plithogenic Set allows for s > 7 and t > 1, it generalizes the HNS structure. When restricted to 
s =7,t = 1, the Plithogenic Set simplifies to the HNS. 


Thus, the theorem is proved. Oo 


Definition 3.48 (Heptapartitioned Neutrosophic Graph). Let G = (V,E) be a graph. A Heptapartitioned 
Neutrosophic Graph (HNG) G y is defined as: 


Gu = {(v,Te(v), Me(v), Ce(v), UG (v), Ie(v), Kev), Fe(v)) sv € V} 


U{(e, Te(e), Me (e), Ce(e), UG (e), Ie(e), Ke(e), Fe(e)) : e € E}, 


where: 


* Tg, MG,CcG,UG,IG,Kco,FGg : VUE —- [0,1], 
¢ For all x € V UE, the membership values satisfy: 


Tg (x) + MoG(x) + Cg (x) + Ug (x) + Ig(x) + Kg(x) + Fg(x) <7. 


¢ Each edge e = (u,v) € E satisfies: 


Tg(e) < min(Tg(u),Te(v)), Me(e) < min(Mg(u), Me(v)), 
Ce(e) < min(Cg(u),Ce(v)), Uag(e) 2 max(Ug(u), UG(v)), 
Ig(e) = maxUg(u),IG(v)), Kee) = max(Ke(u), Ke(v)), 
Fe(e) = max(Fe(u), Fe(v)). 


Theorem 3.49. The Heptapartitioned Neutrosophic Graph (HNG) generalizes the Pentapartitioned Neutro- 
sophic Graph (PNG). 


Proof. Let Gp = (V,E) be a Pentapartitioned Neutrosophic Graph characterized by five membership func- 
tions: 
Gp = {(x, Tg (x), Co (x), Re(x), UG (x), Fa(x)) 1x € VU E}, 


where: 
Tg (x) + Cg (x) + Rg(x) + Ug(x) + Fe(x) <5, Vx EVUE. 
Let Gy = (V, E) be a Heptapartitioned Neutrosophic Graph characterized by seven membership functions: 
Gu = {(x, Tg (x), Me(x), Ce(x), U(x), Ie (x), Ke (4), Fe(x)) : x € VU E}, 
where: 
Tg(x) + Mg(x) + Cg (x) + Ug (x) + Ig (x) + Kg (x) + Fe(x) <7, Vx EVUE. 
The five membership functions of Gp can be mapped to the seven membership functions of Gy as follows: 
fe ale as. Ce aCe ws, Ue W=U, es 
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fe aie), 
with: 
Meet. Ie Gek, Gh Ke a) =: 
This mapping ensures that the sum of the membership values in Gy satisfies: 


Tg (x) + MoG(x) + Cg (x) + UgG(x) + Ig(x) + Kg(x) + Fg(x) <7. 


Furthermore, setting Mg (x) = 0 and Kg(x) = 0 reduces Gy to Gp, demonstrating that Gy generalizes Gp. 


Hence, the Heptapartitioned Neutrosophic Graph generalizes the Pentapartitioned Neutrosophic Graph. Oo 


Theorem 3.50. A Heptapartitioned Neutrosophic Graph (HNG) can be constructed as a specific instance of a 
General Plithogenic Graph G°? with s =7 and t = 1. 


Proof. Now, consider a General Plithogenic Graph G?? = (PM, PN), where: 


¢ PM =(M,1, MI, adf,aC f) represents the vertex set. 
¢ PN =(N,m, Nm, bdf, bC f) represents the edge set. 
* adf : M x MI — [0,1]* assigns s = 7 membership values to each vertex. 


¢ bdf : Nx Nm — [0,1]* assigns s = 7 membership values to each edge. 


Map the vertex and edge attributes as follows: 
adf (x,v) + (Tg (x), MG (x), Ca(x), UG (x), Ie (x), Ke (x), Fa(x)), Vx eV, 
bdf(e,m) > (Tg(e), Mc(e), Ce(e), Uc(e), Ia(e), Ka(e), Fa(e)), Wee E. 


This mapping ensures the membership values satisfy the conditions of Gy, and the additional constraints for 
edges in Gy are inherited from the Plithogenic edge definitions. 


Hence, a Heptapartitioned Neutrosophic Graph is a specific instance of a General Plithogenic Graph with s = 7 
andt = 1. Oo 


For reference, the relationships between the graphs are illustrated in Figure[5| (cf. [368\/373]) 


3.1.7 Double-valued neutrosophic Graphs 


Double-Valued Neutrosophic Graphs are the graphical extension of Double-Valued Neutrosophic Sets. Like 
other types of neutrosophic sets, Double-Valued Neutrosophic Sets have been the subject of extensive research 


(286) 980]. The definition is provided below. 


Definition 3.51 (Double-Valued Neutrosophic Set (DVNS)). Let X = {x,,xo,...,X,} be a finite non- 
empty set (n > 1). A Double-Valued Neutrosophic Set (DVNS) A defined on X is characterized by the following 
membership functions: 

Ta(x), TA(x), TAQ), Fae), 


where: 


¢ Ta(x) : X — [0,1] represents the truth membership function. 


° iE (x) : X — [0, 1] represents the indeterminacy leaning towards truth membership function. 
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Figure 5: Some Uncertain graphs Hierarchy. The graph class at the origin of an arrow contains the graph class 
at the destination of the arrow. 


e] A (x) : X — [0, 1] represents the indeterminacy leaning towards falsity membership function. 


¢ F(x) : X — [0,1] represents the falsity membership function. 
These membership functions satisfy the following conditions: 


1. For each x € X: 
Ta(x), I, (x), 14), Fa(x) € [0,1]. 
2. Normalization condition: 
0 < Ta(x) +14 (x) + 1h (x) + Fax) < 4. 
3. If X is continuous: 
A={6,74@),1,@).1, @iFaG)) |x eX}. 
If X is discrete: 


i=] 


A= {Sieratso.thennth (xi), Fa(xi)) |v € x| 


Definition 3.52 (Double-Valued Neutrosophic Graph (DVNG)). A Double-Valued Neutrosophic Graph (DVNG) 
is an extension of a classical graph G = (V, E), where V is the set of vertices and E C V x V is the set of edges. 
In a DVNG, each vertex v € V and edge e € E is associated with four membership functions that define the 
degrees of truth, indeterminacy (leaning towards truth and falsity), and falsity. These are denoted as: 


T(), (yy), IF (v), F(v):V— [0,1], 
T(e), I'(e), I" (e), F(e): E> [0,1]. 
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Conditions: For each vertex v € V and edge e € E, the following conditions hold: 


1. Membership values are bounded: 


T(v), I'(v), I’ (v), F(v) € [0,1], T(e), “(e), 1% (e), F(e) € [0,1]. 


2. Normalization constraint: 


0<TW)+l (v1) +l (v) + F(v) <4, 0< Te) +(e) +1 (0) + Fle) <4. 


Representation: A DVNG is represented as: 
GET en): 


where T, J”, I’, F represent the mappings for vertices and edges. 


Graphical Interpretation: Each vertex v € V and edge e € E can be graphically represented with the 
following membership components: 


(T(v), 7 (v), 7 (v), Fv), (T(e), I" (e), 1" (e), Fe). 
These represent the truth, indeterminacy leaning towards truth and falsity, and falsity degrees, respectively. 


Theorem 3.53. A Double-Valued Neutrosophic Graph (DVNG) is a specific case of a General Plithogenic 
Graph G°? with s =4 and t = 1. 


Proof. Let G = (V, E) be a Double-Valued Neutrosophic Graph (DVNG), where each vertex v € V and edge 
e € E is associated with four membership values: 
T(v), I7(v), IP(v), FO), Te), I™(e), I (e), Fle), 


representing truth, indeterminacy leaning towards truth, indeterminacy leaning towards falsity, and falsity, re- 
spectively. These values satisfy: 


0< T(x) +17 (x) + 1% (x) + F(x) <4, Ver EVUE. 


A General Plithogenic Graph G°? = (PM, PN) is defined as: 
PM =(M,1,Ml,adf,aCf), PN =(N,m,Nm, bdf,bCf), 


where s-dimensional Degree of Appurtenance Functions (DAF) and t-dimensional Degree of Contradiction 
Functions (DCF) are used to assign membership and contradiction values to vertices and edges. 


To map G to G@P, consider the following assignments: 


¢ Vertex Set Mapping (PM): 


M=V,_ 1=vertex attributes, Ml ={T,1',I", F}, 
T(v), ifa=T, 
iv), ifa=l', 
IF(y), ifa=I*, 
F(v), ifa=F, 


adf(v,a) = 


where adf : MxMI — [0, 14, and aC f is trivial (e.g., aC f(a, b) = 0, as there is no vertex contradiction 
in DVNG). 


80 


¢ Edge Set Mapping (PN): 
N=E, m=edgeattributes, Nm = {T, | ae ny 3 
T(e), ifa=T, 
(e), ifa=I, 
IF(e), ifa=I*, 
F(e), ifa=F, 


bdf(e,a) = 


where bdf : NxNm = [0, 1]*, and bC f is trivial (e.g., bC f(a, b) = 0, as there is no edge contradiction 
in DVNG). 


The condition s = 4 matches the four membership functions T, J T IF | F of the DVNG. The normalization 
condition: 
0< T(x) +I) (x) + 1° (x) + F(x) < 4, 


ensures consistency with the definition of a Plithogenic Graph, where the sum of s-dimensional membership 
values must lie within [0, s]. 


Since t = 1, the DCF aC f and bCf are trivial, meaning there are no inter-attribute contradictions, aligning 
with the structure of DVNG. 


Thus, a Double-Valued Neutrosophic Graph is a specific case of a General Plithogenic Graph with s = 4 and 
t=1. Oo 


3.2 Uncertain Concepts 


We introduce several extended uncertain concepts. 


3.2.1 MultiPlithogenic Set 


The MultiPlithogenic Set is an extension of the MultiNeutrosophic Set. The definition is provided below. 


Definition 3.54 (MultiPlithogenic Set). Let S be a universal set, and P C S. A MultiPlithogenic Set MPS is 
defined as: 


MPS = (P, {vi}iiy. {Pvidiiys (Pafiti, PCF) 


where: 


° {v;}it, is a set of attributes. 

¢ For each attribute v;, Pv; is the set of possible values. 

* For each attribute v;, pdf; : P x Pv; — [0, 1] is the Degree of Appurtenance Function (DAF). 
* pCF : (UZ, Pvi) x (UL, Pvi) > [0, 1]‘ is the Degree of Contradiction Function (DCF). 


In this definition, each element x € P can be associated with multiple attributes v; and their corresponding 
attribute values a; € Pv;, each with a degree of appurtenance pdf; (x, a;). 


Theorem 3.55. Every MultiPlithogenic Set with s = 3 and t = 1 can be transformed into an equivalent 
MultiNeutrosophic Set. 


Proof. Let MPS = (P,v, Pv, pdf, pCF) be a MultiPlithogenic Set. Our goal is to construct a MultiNeutro- 
sophic Set N where each element x € P has multiple degrees of truth, indeterminacy, and falsehood corre- 
sponding to the degrees in MPS. 
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Construction: For each element x € P and each attribute value a € Pv, the DAF pdf (x, a) yields a 3-tuple 
of values in [0, 1], which we denote as: 


pdf (x, a) = (d(x, a), d2(x, a), d3(x,a)), 


where d;(x,a) € [0,1] fori = 1, 2,3. 


We interpret these three degrees as representing the truth, indeterminacy, and falsehood degrees of x with 
respect to the attribute value a. 


Define the MultiNeutrosophic Set N as follows: 
N={x, x(Ty, 1x, Fx) |x € P}, 


where: 


¢ The set of truth degrees for x is: 
Ty = {d\(x,a) | ae Pv}. 


¢ The set of indeterminacy degrees for x is: 


I, = {dy(x,a) | ae Pv}. 
¢ The set of falsehood degrees for x is: 


Fy, = {d3(x,a) | aé Pv}. 


Verification: 


1. Multiplicity of Degrees: Since s = 3, each pdf (x, a) provides three degrees per attribute value a. By 
collecting these degrees over all a € Pv, we obtain multiple truth, indeterminacy, and falsehood degrees 
for each x, satisfying the definition of a MultiNeutrosophic Set. 


2. Values in [0, 1]: Each d;(x, a) € [0,1], so the degrees in T,, [,,, and Fy are within the required range. 


3. Neutrosophic Conditions: In the definition of a MultiNeutrosophic Set, the sum of the minimal degrees 
should satisfy: 


Px rx Sx Px Vx Sx 
O< Ds inf Ty; + > inf Jy 4+ a inf Fy 7 < » sup Ty; + DS sup 1x4 + Py sup Fy < nx, 
j=l k=1 [=] j=l k=1 I=1 


where nx = Px +x + 5x and px,7x, 5x are the numbers of truth, indeterminacy, and falsehood degrees 
for x, respectively. 


Since all degrees d;(x, a) € [0, 1], the sums satisfy the above inequality naturally. 


4. Preservation of Information: All the information from MPS is preserved in N through the mapping of 
degrees. Each element x retains the degrees associated with each attribute value a in Pv. 


Thus, every MultiPlithogenic Set with s = 3 and t = | can be transformed into an equivalent MultiNeutrosophic 
Set by interpreting the three degrees in the DAF as the truth, indeterminacy, and falsehood degrees in the 
MultiNeutrosophic Set. This transformation preserves the structure and information of the original set. oO 


Theorem 3.56. A MultiPlithogenic Set MPS is a generalization of a Plithogenic Set PS. Specifically, when 
the number of attributes in a MultiPlithogenic Set is restricted to one (n = 1), it reduces to a Plithogenic Set. 
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Proof. A Plithogenic Set is defined as PS = (P,v, Pv, pdf, pCF), where v is a single attribute, Pv is the set 
of possible values for v, pdf is the Degree of Appurtenance Function, and pC F is the Degree of Contradiction 
Function. On the other hand, a MultiPlithogenic Set is definedas MPS = (P, {v;}" {Pv yy {pdfj ys PCF), 


i=1? 
where {v;}’"_, represents multiple attributes, {PV} ey tepresents their respective value sets, {pdf; 1 repre- 
sents the Degree of Appurtenance Functions, and pCF is a generalized Degree of Contradiction Function over 
the union of all attribute values. 


When n = 1, the MultiPlithogenic Set reduces to MPS = (P, v1, Pv, pdf, pCF). This matches the definition 
of a Plithogenic Set, where v = vj, Pv = Pv, and pdf = pdf. Thus, a Plithogenic Set is a special case of a 
MultiPlithogenic Set, proving that the latter generalizes the former. oO 


Theorem 3.57. A MultiPlithogenic Set with s = 1,t = 1, and binary restriction generalizes a MultiCrisp Set. 


Proof. A MultiCrisp Set is defined as 


M = {(x, 11(X), H2(x),- + «Me (a) | x € UY 
, where each pu; (x) is a crisp membership function taking values in {0, 1}. A MultiPlithogenic Set is defined as 


MPS = (P, {vit iy, {Pvitiiy. {Pafitiin, PCF) 


i=1? 


, where pdf;(x, a;) is the Degree of Appurtenance Function. 


Under the restriction s = 1, t = 1, and binary-valued pdf;(x, a;) € {0, 1}, each pdf; (x, a;) can be interpreted as 
a crisp membership function analogous to y;(x). Setting n = k, the attributes {v;}7_, in the MultiPlithogenic 
Set correspond to the k membership conditions in the MultiCrisp Set, and the attribute values {Pv;}"_, are 
binary ({0, 1}). 


Thus, the MultiPlithogenic Set structure directly subsumes the MultiCrisp Set structure when these restrictions 
are applied. This proves that a MultiPlithogenic Set generalizes a MultiCrisp Set. oO 


3.2.2 MultiPlithogenic Graphs 


The definition of MultiPlithogenic Graphs is provided below. This concept represents the graphization of the 
previously described MultiPlithogenic Sets. 


Definition 3.58. Let G* = (V, E) be acrisp graph where V is the set of vertices and E C V x V is the set of 
edges. Let A be a set of attribute combinations where A C P(E). 


A MultiPlithogenic Graph G = (G*, PM, PN, A) over the graph G* = (V, E) consists of: 


1. PM isa MultiPlithogenic Vertex Set: 
PM =(M,1, MI, adf,aCf), 
where: 


e M C Vis the set of vertices. 
¢ / is an attribute associated with the vertices. 
¢ M1 is the set of possible attribute values. 


¢ adf : Mx MI — [0, 1]* is the Degree of Appurtenance Function for vertices, allowing each vertex 
to have multiple degrees corresponding to multiple attribute values. 


* aCf : MI x MI = [0, 1)’ is the Degree of Contradiction Function for vertices. 
2. PN is a MultiPlithogenic Edge Set: 
PN = (N,m, Nm, bdf, bCf), 
where: 
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¢ N C E is the set of edges. 

* mis an attribute associated with the edges. 

e Nm is the set of possible attribute values. 

¢ bdf :Nx Nm — [0, 1]* is the Degree of Appurtenance Function for edges. 

° bCf : Nmx Nm — [0,1]' is the Degree of Contradiction Function for edges. 


In the MultiPlithogenic Graph, each vertex and edge can be associated with multiple attribute values simulta- 
neously, each with corresponding degrees of appurtenance and contradiction. 


Theorem 3.59. Every MultiPlithogenic Graph G = (G*, PM, PN, A) over acrisp graph G* = (V, E) can be 
transformed into an equivalent Plithogenic Graph G’ = (G*, PM’, PN’). 


Proof. To transform a MultiPlithogenic Graph into a Plithogenic Graph, we proceed as follows: 


1. Aggregation of Vertex Attributes: 


¢ For each vertex v € M, which may have multiple attribute values in the MultiPlithogenic Graph, 
we combine these into a single attribute value in the Plithogenic Graph. 


¢ Define a combined attribute value /’(v) for vertex v using an appropriate method, such as selecting 
the most significant attribute or aggregating attributes into a composite one. 


¢ Aggregate the degrees of appurtenance adf (v, /) into a single degree adf’(v, /’) using an aggrega- 
tion function, for example: 
adf’(v, I’) = max adf (v, 1). 
leMI 


2. Aggregation of Edge Attributes: 


* For each edge e € N, combine multiple attribute values into a single attribute value m’(e) similarly. 


¢ Aggregate the degrees of appurtenance bdf(e, m) into a single degree bdf’(e, m’): 


bdf’(e,m’) = max bdf(e,m). 
meNm 


3. Retaining Contradiction Functions: 


¢ The Degrees of Contradiction Functions aC f and bC f remain applicable between the aggregated 
attribute values. 


4. Construction of the Plithogenic Graph: 
¢ The resulting Plithogenic Graph is G’ = (G*, PM’, PN’), where: 


PM’ =(M,l',Ml',adf’,aCf), PN’ =(N,m',Nm’,bdf’,bCf). 


¢ MI’ and Nm’ are the sets of aggregated attribute values for vertices and edges, respectively. 


By consolidating multiple attribute values and their corresponding degrees into single attribute values with 
aggregated degrees, we obtain a Plithogenic Graph that preserves the essential characteristics of the original 
MultiPlithogenic Graph. oO 


Question 3.60. The set known as Multineutrosophic Soft Rough Sets has been established. Is it possible to 
define Multineutrosophic Soft Rough OverSets, UnderSets, and OffSets? Furthermore, if these are represented 
graphically, what would their mathematical structures and applications entail? 


For reference, the relationships between the MultiUncertain graphs are illustrated in Figure|6] 
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3.2.3. TreeFuzzy Set and TreeNeutrosophic Set 


We define the TreeFuzzy Set and TreeNeutrosophic Set as follows. 
Definition 3.61. A TreeFuzzy Set F is a mapping: 
F : P(Tree(A)) — [0, 1]¥, 


where P(Tree(A)) denotes the power set of the set of all nodes and leaves in Tree(A), and [0, 1] denotes the 
set of all fuzzy subsets of U. 


For each attribute combination S € P(Tree(A)), F(S) is a membership function ws : U > [0, 1], assigning to 
each element x € U a degree of membership with respect to the attribute combination S. 


Definition 3.62. A TreeNeutrosophic Set F is a mapping: 
F : P(Tree(A)) > ([0, 1] x [0, 1] x [0, 1])”, 


where for each attribute combination S € P(Tree(A)), F(S) assigns to each element x € U a neutrosophic 
membership triple: 


F(S)(x) = (Ts(x), Is(x), Fs(x)), 


where Ts(x), Is(x), Fs(x) € [0,1] represent the degrees of truth-membership, indeterminacy-membership, 
and falsity-membership of x with respect to the attribute combination S. 


These values satisfy the condition: 

OS TS) +is@) + Fs(a) Ss 3; 
for all x € U and S € P(Tree(A)). 
Theorem 3.63. A TreeFuzzy Set is a generalization of a TreeCrisp Set. 
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Proof. A TreeCrisp Set is defined as a mapping: 
F : Tree(A) — {0, 1}, 


where Tree(A) is the hierarchical structure of attributes, and F(x) € {0, 1} for each x € Tree(A). This means 
that each node or leaf in Tree(A) is either fully included (F(x) = 1) or excluded (F(x) = 0) from the set. 


On the other hand, a TreeFuzzy Set is defined as: 
F : P(Tree(A)) > [0, 1]Y, 


where P(Tree(A)) is the power set of the set of all nodes and leaves in Tree(A), and [0, 1]/ represents the set 
of fuzzy subsets of U. For each subset § € P(Tree(A)), F(S) assigns a membership function zs : U = [0, 1], 
where js (x) denotes the degree of membership of x € U with respect to S. 


To show that a TreeFuzzy Set generalizes a TreeCrisp Set, consider a TreeCrisp Set F. For each x € Tree(A), 
we can represent F(x) € {0, 1} as amembership function 1, : U — {0,1}, where: 


1, ifw=xand F(x) =1, 
Hx(u) = 
0, otherwise. 


Thus, F(x) in a TreeCrisp Set corresponds to a degenerate case of F(S) in a TreeFuzzy Set, where jg is 
restricted to binary values {0, 1}. 


Therefore, every TreeCrisp Set can be expressed as a special case of a TreeFuzzy Set by restricting the mem- 
bership function ps to take only binary values. oO 


Corollary 3.64. A TreeNeutrosophic Set is a generalization of a TreeCrisp Set. 


Proof. This is evident. g 


Theorem 3.65. A TreeFuzzy Set F reduces to a traditional fuzzy set when the attribute tree Tree(A) has only 
one level (i.e., no sub-attributes). 


Proof. When Tree(A) has only one level, it consists of a set of attributes A = {A,, A2,..., A,} without further 
sub-attributes. The power set P(Tree(A)) contains all possible combinations of these attributes, including the 
empty set. 


In this case, each attribute combination $ € P(Tree(A)) corresponds to a subset of A. The TreeFuzzy Set 
mapping F assigns to each S a fuzzy subset F(S) € [0,1]¥. 


If we consider the special case where Tree(A) consists of only a single attribute A;, then P(Tree(A)) contains 
only two sets: @ and {A;}. 


For S = {A;}, F({A1}) is a membership function 44, : U — [0, 1], which is exactly a traditional fuzzy set 
over U. 


Therefore, the TreeFuzzy Set F reduces to a collection of traditional fuzzy sets when the tree has only one level, 
demonstrating that the TreeFuzzy Set generalizes the concept of a fuzzy set. oO 


Theorem 3.66. A TreeNeutrosophic Set F generalizes both the TreeFuzzy Set and the Neutrosophic Set. 


Proof. First, we show that the TreeNeutrosophic Set generalizes the TreeFuzzy Set. 


Consider a TreeNeutrosophic Set F where, for all S € P(Tree(A)) and x € U, the indeterminacy-membership 
degree s(x) = 0 and the falsity-membership degree Fs(x) = 1 — Ts(x). In this case, the neutrosophic mem- 
bership triple simplifies to: 


(Ts (x), 0, 1- Ts(x)). 
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This effectively reduces the TreeNeutrosophic Set to a TreeFuzzy Set, where the membership function is 
Ms (x) = Ts (x). 


Second, we show that the TreeNeutrosophic Set generalizes the traditional Neutrosophic Set. 


When the attribute tree Tree(A) has only a single node (no attributes or only one attribute), the power set 
P(Tree(A)) contains only the empty set or a singleton set. In this case, the TreeNeutrosophic Set F assigns to 
each element x € U a neutrosophic membership triple (T(x), I(x), F(x)), which is exactly the definition of a 
Neutrosophic Set over U. 


Therefore, the TreeNeutrosophic Set generalizes both the TreeFuzzy Set (by allowing indeterminacy and falsity 
degrees) and the Neutrosophic Set (by incorporating the hierarchical attribute structure). Oo 


Theorem 3.67. A TreeNeutrosophic Set F reduces to a MultiNeutrosophic Set when the attribute tree Tree(A) 
has exactly two levels: a primary level of attributes, each of which may contain sub-attributes that represent 
the multiple neutrosophic values (truth, indeterminacy, and falsity). 


Proof. Consider Tree(A) with exactly two levels: the root level consists of primary attributes A = {a),42,...,dn}, 
and each attribute a; at the primary level can have multiple sub-attributes that correspond to neutrosophic com- 
ponents (truth, indeterminacy, and falsity) associated with different sources or perspectives. 


For each combination S € P(Tree(A)) of primary attributes and their sub-attributes, the mapping F assigns 
to each element x € U a neutrosophic membership triple (Ts (x), Js (x), Fs(x)). This setup allows for multiple 
values for each neutrosophic component, effectively capturing the structure of a MultiNeutrosophic Set where: 


¢ T; values represent multiple truth-membership degrees across different sources, 
e I, values represent multiple indeterminacy-membership degrees, and 


e F; values represent multiple falsity-membership degrees. 


Thus, when Tree(A) has exactly two levels, the TreeNeutrosophic Set F can encapsulate the structure of a 
MultiNeutrosophic Set by allowing the second level of sub-attributes to capture multiple neutrosophic values. 
This demonstrates that a two-level attribute tree in a TreeNeutrosophic Set generalizes the MultiNeutrosophic 
Set structure. Oo 


Definition 3.68. Let S be a universal set, and let P C S. Consider a hierarchical attribute tree Tree( A), where 
attributes and sub-attributes are organized in levels from 1 up to m. Each node in the tree represents an attribute 
a;, and for each attribute a;, there is an associated set of possible values Pv;. 


A TreePlithogenic Set T PS is defined as: 
TPS = (P, Tree(A), {Pv;}, {pdfi}, pCF), 


where: 


¢ Pisa subset of the universal set S. 

¢ Tree(A) is a hierarchical tree of attributes. 

¢ For each attribute a; € Tree(A), Pv; is the set of possible values of a;. 

* For each attribute a;, pdf; : P x Pv; — [0,1]* is the Degree of Appurtenance Function (DAF) for aj. 
© pCF : (U; Pvi) x (U; Pvi) > [0, 1]' is the Degree of Contradiction Function (DCF). 


Corollary 3.69. A TreePlithogenic Set is a generalization of a TreeCrisp Set. 


Proof. This is evident. oO 
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Theorem 3.70. A TreePlithogenic Set TPS reduces to a MultiPlithogenic Set when the attribute tree Tree(A) 
has exactly two levels: a primary level of attributes, each with a set of possible sub-attributes that represent 
different values for the associated plithogenic components. 


Proof. Consider Tree(A) with exactly two levels: the root level consists of primary attributes A = {v1}, v2,..., Vn}, 
and each attribute v; at the primary level can have multiple sub-attributes representing possible values of the 
plithogenic components associated with different perspectives or conditions. 


In this case, the TreePlithogenic Set TPS is defined as: 
TPS = (P,A, {Pv;}, {pdfi}, pCF), 


where: 


e A is the set of primary attributes, 
¢ Py; denotes the set of possible values for each primary attribute v,, 


° pdf; : P x Pv; — [0,1] represents the Degree of Appurtenance Function (DAF) for each attribute v;, 
and 


* pCF : (UZ, Pvi) x (UL, Pvi) > [0, 1]‘ is the Degree of Contradiction Function (DCF). 


This structure matches the definition of a MultiPlithogenic Set MPS as follows: 

MPS = (P, {vik {Pv; ‘one {pdfi me PCP): 
where each primary attribute v; in MPS aligns with the attributes and sub-attributes in the two-level structure 
of TPS. 


Thus, with a two-level attribute tree, the TreePlithogenic Set effectively reduces to the structure of a Multi- 
Plithogenic Set, capturing the relationships among different values and attributes, and demonstrating that the 
TreePlithogenic Set generalizes the MultiPlithogenic Set. oO 


Theorem 3.71. When s = 3 andt = 1, the TreePlithogenic Set TPS reduces to a TreeNeutrosophic Set. 
Moreover, when s = 1 and t = 1, TPS reduces to a TreeFuzzy Set. 


Proof. First, consider s = 3 and t = 1. For each attribute a; in Tree(A), let Pv; = {truth, indeterminacy, falsity}. 
Define the Degree of Appurtenance Function pdf; such that: 


pafj(x, truth) = Ty,(x), pdf;(x, indeterminacy) = J,,(x), pdf; (x, falsity) = Fa, (x), 


where Ty, (x), La; (x), Fa;(x) € [0, 1] represent the degrees of truth-membership, indeterminacy-membership, 
and falsity-membership of x with respect to attribute a;. The DCF pCF handles the contradiction between 
these attribute values. 


Under these configurations, TPS becomes a mapping: 
F : P(Tree(A)) > ([0, 1] x [0, 1] x [0, 1])”, 
which matches the definition of a TreeNeutrosophic Set. 


Second, consider s = 1 and ¢ = 1. For each attribute a;, let Pv; = {membership} with a single value. The 
Degree of Appurtenance Function simplifies to: 


pdf;(x, membership) = Ma, (x), 


where {1q,(x) € [0, 1] is the membership degree of x with respect to attribute a;. The TreePlithogenic Set then 
becomes: 
F : P(Tree(A)) — [0,1]”, 


which is the definition of a TreeFuzzy Set. 


Therefore, the TreePlithogenic Set generalizes both the TreeNeutrosophic Set and the TreeFuzzy Set by appro- 
priately choosing the parameters s and t. oO 


For reference, the relationships between the TreeUncertain sets are illustrated in Figure[7| 
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plithogenic set \*——— Multiplithogenic set Treeplithogenic set 


v 


Pentapartitioned MultiP entapartitioned TreePentapartitioned 
Neutrosophic set Neutrosophic set Neutrosophic set 

v y y 
Quadripartirioned MultiQuadripartirioned TreeQuadripartirioned 
Neutrosophic set Neutrosophic set Neutrosophic set 


— al 
Neutrosophic set | }*—_| MultiNeutrosophic TreeNeutrosophic 
set set 
M vy 
Vague set \*———, Multivague set TreeVague set 


yv y 
Fuzzy set \*——— MultiFuzzy set TreeFuzzy set 

es v 
Crisp set \*——— multiCrisp set TreeCrisp set 


Figure 7: Some TreeUncertain sets Hierarchy. The set class at the origin of an arrow contains the set class at 
the destination of the arrow. 


3.2.4 TreeSoft Expert Set and IndetermSoft Expert Set 


Define the TreeSoft Expert Set and the IndetermSoft Expert Set as follows. 


Definition 3.72 (TreeSoft Expert Set). Let U be a universe of discourse, H a non-empty subset of U, and P(H) 
the power set of H. Define A = {Aj, A2,..., An} as a set of attributes, where each attribute A; (for 1 < i < n) 
represents a first-level attribute. Each A; consists of sub-attributes: 


A; = {Ai,1, Ai2,---}, 


where A;,; (for j = 1,2,...) are second-level sub-attributes, and each sub-attribute A;,; may further contain 
deeper levels of sub-attributes as needed. This hierarchical structure forms a tree structure, denoted Tree(A), 
with root A at level 0 and successive levels up to m, the depth of the tree. 


Let X be a set of experts and O a set of opinions. Then, the TreeSoft Expert Set F is defined as: 
F : P(Tree(A) x X x O) > P(A), 


where P(Tree(A) x X x O) represents the power set of combinations of all attribute nodes (from level 1 to m) 
with expert-opinion pairs, and F maps each such combination to a subset of H. 


Theorem 3.73. A TreeSoft Expert Set F generalizes the Soft Expert Set when the attribute tree Tree(A) has 
only two levels. 


Proof. When Tree(A) has only two levels, the set A includes attributes {A;, A2,..., An}, each having a set of 
first-level sub-attributes {A;,1, Aj,2,...} without further sub-levels. Therefore, P(Tree(A) x X x O) becomes 
the power set of all combinations of these sub-attributes with experts and opinions. 


In this case, the TreeSoft Expert Set F is defined by: 
F : P(Tree(A) x X x O) > P(A), 


which maps each combination of sub-attributes (first-level attributes of A), experts, and opinions to a subset 
of H. This matches the structure of the Soft Expert Set (F’, A), where A C E x X x O represents attribute 
combinations at a single expert-opinion level, and F’ maps these combinations to subsets of H. 


Thus, the TreeSoft Expert Set F with two levels of attributes effectively captures the Soft Expert Set structure, 
generalizing it to allow more intricate tree-structured combinations in higher levels. oO 
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Theorem 3.74. A TreeSoft Expert Set is a generalization of the TreeSoft Set. 


Proof. We begin by recalling the definition of a TreeSoft Set, where we have a hierarchical attribute structure 
Tree(A) representing multiple levels of attributes, sub-attributes, and so forth, up to a depth m. A TreeSoft Set 
F is defined as a mapping: 

F : P(Tree(A)) > P(A), 


where P(Tree(A)) is the power set of all nodes and leaves in the hierarchical tree structure of A, and P(#H) 
denotes the power set of a non-empty subset H ¢ U in the universe U. 


In the TreeSoft Expert Set, we introduce the concept of expert opinions into this structure. Let X denote a set 
of experts, and let O denote a set of possible opinions. For each node (or attribute) in Tree(A), we associate a 
combination of parameters, experts, and opinions, forming an enriched attribute structure Z = Tree(A) x X xO. 


The TreeSoft Expert Set Fexpert is then defined as: 
Fexpert : P(Z) = P(A), 
where P(Z) is the power set of all possible combinations of attributes (from Tree(A)), experts, and opinions. 


To show that the TreeSoft Expert Set generalizes the TreeSoft Set, observe that when we set X = {single expert} 
and O = {single opinion}, the set Z reduces to Tree(A) without additional layers for experts and opinions. Thus, 
in this special case, the TreeSoft Expert Set Fexpert reduces to: 


Fexpert : P(Tree(A)) - P(A), 
which is precisely the definition of the TreeSoft Set. 


Therefore, by introducing expert and opinion dimensions, the TreeSoft Expert Set encompasses the TreeSoft 
Set as a special case, demonstrating that it is a generalization of the TreeSoft Set. Oo 


Definition 3.75 (IndetermSoft Expert Set). Let U be a universe of discourse, H a non-empty subset of U, and 
P(#) the power set of H. Let E denote a set of parameters, X a set of experts, and O a set of possible opinions, 
where Z = E x X X O represents all parameter-expert-opinion combinations. Define A C Z. 


The IndetermSoft Expert Set is defined as a pair (F’, A) over U, where F' is a mapping given by: 
F:A— P(A), 


with the following indeterminate conditions: 


1. There exists indeterminacy in the set A, meaning at least one element in A may not be well-defined. 
2. There exists indeterminacy in the set H or P(H). 


3. The mapping F has indeterminacy, meaning there exists at least one pair F(e,x,0) = M, where e, x, 0, 
or M may be partially defined, non-unique, or incomplete. 


Theorem 3.76. The IndetermSoft Expert Set generalizes the Soft Expert Set and the IndetermSoft Set. 
Proof. To demonstrate that the IndetermSoft Expert Set generalizes the Soft Expert Set and the IndetermSoft 


Set, we consider each set as a special case of the IndetermSoft Expert Set by appropriately setting the indeter- 
minate conditions. 


For an IndetermSoft Expert Set (F, A), if we assume that: 
¢ The set A is completely well-defined, with no indeterminacy in any parameter-expert-opinion combina- 
tion. 


¢ The set H and the power set P(H) are both fully determined with no elements lacking definition. 
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¢ The mapping F is deterministic and assigns a precise subset of H to each combination in A. 


Then, the IndetermSoft Expert Set (F', A) becomes a standard Soft Expert Set. This is because each element 
in A is mapped by F to an exact subset of H, with no ambiguity or partial information involved. Hence, by 
removing all indeterminate conditions, the IndetermSoft Expert Set reduces to the Soft Expert Set. 


If we consider an IndetermSoft Expert Set (F, A) with: 


e A single expert and a single opinion, effectively reducing Z to the parameter set E. 


¢ Indeterminate elements allowed in A, H, or in the mapping F, reflecting incomplete or unclear informa- 
tion, as in the IndetermSoft Set definition. 


Then, the IndetermSoft Expert Set reduces to the IndetermSoft Set where we only have parameters and their 
possible attribute values, along with the indeterminacy in any of these elements. Therefore, the IndetermSoft 
Expert Set with a single expert and opinion generalizes the IndetermSoft Set. 


Since the IndetermSoft Expert Set contains both the conditions and structure to encapsulate the properties of 
both Soft Expert Sets and IndetermSoft Sets as specific instances, it indeed generalizes both of these concepts. 


o 
3.2.5 Multirough Set and Treerough set 
The definition of a Multirough Set is provided below. 
Definition 3.77. Let U be a universal set, and let Rj, Ro,...,R, be equivalence relations (indiscernibility 


relations) on U. For any subset X C U, the Multirough Set of X is defined by the collection of lower and upper 
approximations with respect to each equivalence relation R;. 


For each i = 1,2,...,n, we define: 


¢ The Lower Approximation of X with respect to R;: 
X, = {x €U | [x]r, SX}, 
where [x]pr, denotes the equivalence class of x under Rj. 


¢ The Upper Approximation of X with respect to R;: 


X;={x EU | [x]r, OX # 0}. 


The Multirough Set of X is then the collection: 
MR(X) = {(x,-%] ade. .n| 


Theorem 3.78. A Multirough Set is a generalization of a MultiCrisp Set. 


Proof. A MultiCrisp Set is defined as: 


M = {(x, 11 (x), H2(x),-- +, Mk(a)) | x € U4, 


where y;(x) : U — {0,1} is a crisp membership function for the i-th condition, and z;(x) evaluates whether x 
satisfies the i-th condition. Thus, a MultiCrisp Set provides a binary evaluation for membership across multiple 
criteria. 
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On the other hand, a Multirough Set is defined as: 
MR(X) = {(x,-%] rae sn} 


where X, and X; are the lower and upper approximations of X with respect to the equivalence relation Rj. 
The lower approximation X, contains elements that certainly belong to X, while the upper approximation Xi 
includes elements that possibly belong to X. 


To show that a Multirough Set generalizes a MultiCrisp Set, consider the special case where the universe U is 
partitioned into equivalence classes [x], such that each equivalence class corresponds to a single element. In 
this case: 
[x]r, = {x} Vx €U,Vi. 
Under these conditions: 
X,={x €U| [x]r, CX} H={x eU|xe xX} =X, 
and: _ 
X,={xeU|[x]zR, AX #0} ={fx eU|xeX} =X. 


Thus, the lower and upper approximations become identical and reduce to the binary membership evaluation 
used in a MultiCrisp Set. Specifically, for each 7, the lower approximation X, acts as the crisp membership 
function ju;(x), taking values in {0, 1}. 


Therefore, every MultiCrisp Set can be represented as a special case of a Multirough Set by restricting the 
equivalence classes [x] pr, to singletons and the approximations X, and X; to binary evaluations. oO 


Theorem 3.79. [fall equivalence relations R,, R2,..., Ry are identical, that is, Rj = Ro =--- = Ry = R, then 
the Multirough Set MR(X) reduces to the Rough Set (X, X) with respect to R. 


Proof. When R; = R2 = --: = Ry = R, the lower and upper approximations for each R; become the same. 
Specifically, for each i: 


and = a” 
X,={x €U| [x]R AX #0} =X. 


Therefore, the collection of approximations in the Multirough Set becomes a single pair: 
MR(X) = {(x.X) i. coh (x.x)} 


which effectively is the standard Rough Set (X, X) with respect to the equivalence relation R. Hence, the 
Multirough Set reduces to a Rough Set when all equivalence relations are identical. Oo 


Building on the concept of the Treesoft Set, we propose a new definition for the Treerough Set. The definition 
is provided below. 


Definition 3.80. Let U be a universe of discourse, and let Tree(A) be a hierarchical tree of attributes, where 
each node represents an attribute a;. The tree has levels from | up to m, where m > 1. Each attribute a; in the 
tree is associated with an equivalence relation R,, on U. 


For any subset X C U, we define the Treerough Set J R(X) as the collection of lower and upper approximations 
of X with respect to the equivalence relations Ra, associated with all attributes a; in Tree(A). 


For each attribute a; in Tree(A), the lower and upper approximations of X are defined as: 
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¢ The Lower Approximation of X with respect to Ra,: 
X,, = {UI [le,, © X} 
where [x]p,, denotes the equivalence class of x under Ra,. 
¢ The Upper Approximation of X with respect to Ra,: 


Xa, ={x EU | [x]r,, 1X # O}. 


The Treerough Set of X is then the collection: 
TR(X) = {(Xa-¥a} la; Tree(A)| 


Theorem 3.81. A Treerough Set is a generalization of a Treecrisp Set. 


Proof. A Treecrisp Set is defined as a mapping: 
F : Tree(A) — {0, 1}, 


where Tree(A) represents a hierarchical tree of attributes, and F assigns a crisp membership value (either 0 
or 1) to each node or leaf in the tree. In this structure, every attribute a; € Tree(A) has a well-defined binary 
classification of membership. 


On the other hand, a Treerough Set 7 R(X) is defined as the collection of lower and upper approximations of 
a subset X C U with respect to equivalence relations Ra, associated with attributes a; in Tree(A). For each a;, 
the lower and upper approximations are: 


X,,={x€U| [x]r,, © X}s 


Xa, ={x€U | [x]p,, VX # 0}. 


a 


To show that a Treerough Set generalizes a Treecrisp Set, consider the special case where each equivalence 
class [x]r,. under Ra, contains exactly one element. In this scenario: 
U 


[x]r,, = {x}, Vx € U,Va; € Tree(A). 


Under these conditions, the lower and upper approximations simplify as follows: 
X,, ={reU| {x} CX} =X, 


Xa, ={x EU | {x} NX FOF =X. 


Thus, the lower and upper approximations are identical and reduce to a crisp classification. In this case, the 
Treerough Set 7 R(X) becomes a Treecrisp Set where each node a; € Tree(A) has a binary membership 
evaluation: 


ee 1, if a; belongs to the Treecrisp Set, 
aj) = : 
0, otherwise. 


Therefore, every Treecrisp Set can be represented as a special case of a Treerough Set by restricting the equiv- 
alence classes [x],,, to singletons and making the lower and upper approximations identical. oO 


a. 


Theorem 3.82. If the attribute tree Tree(A) has exactly two levels (i.e., primary attributes and their sub- 
attributes), then the Treerough Set J R(X) generalizes the Multirough Set MR(X). 


Proof. Consider the attribute tree Tree(A) with exactly two levels: 
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¢ Level I (Primary Attributes): A = {A,, A2,..., An}- 


¢ Level 2 (Sub-Attributes): Each primary attribute A; has a set of sub-attributes {Aj1, Aj2,... }. 


Associate each sub-attribute A;; with an equivalence relation R;; on U. 


In the Treerough Set 7 R(X), we compute the lower and upper approximations of X with respect to each 
equivalence relation R;; corresponding to sub-attributes at level 2. 


The collection of all these approximations is: 


TR(X) = {(Xr,,°XRs] (pot cher i 2 tes 


This structure is equivalent to the Multirough Set MR(X) defined as: 
MR(X) = {(Xzq>¥ Re} t= 1,2,...,N}, 
where N is the total number of equivalence relations Rx (i.e., all R;;). 


Therefore, when the attribute tree has exactly two levels, the Treerough Set 7 R(X) captures the same infor- 
mation as the Multirough Set MR(X), but organized according to the hierarchical structure of attributes. 


Hence, the Treerough Set generalizes the Multirough Set at level 2. oO 


For reference, the relationships between the Soft set and the rough set are illustrated in Figure[8] 


| Soft sets MultiSoft sets TreeSoft sets | 
Crisp sets MultiCrisp sets TreeCrisp sets | 


Rough sets MultiRough sets TreeRough sets 


Figure 8: Some the Soft sets and the rough sets Hierarchy. The set class at the origin of an arrow contains the 
set class at the destination of the arrow. 


3.2.6 MultiPentapartitioned Neutrosophic Graph 


Define the MultiQuadripartitioned Neutrosophic Graph and MultiPentapartitioned Neutrosophic Graph, and 
analyze their relationships with other graph classes. The definitions and theorems are provided below. 


Definition 3.83 (MultiQuadripartitioned Neutrosophic Graph). Let G = (V, E) be a graph, where V is the set 
of vertices and E is the set of edges. 


A MultiQuadripartitioned Neutrosophic Graph is defined by associating with each vertex v € V and each edge 
e € E multiple quadripartitioned neutrosophic numbers. 


For each vertex v € V, there exists a set of quadripartitioned neutrosophic numbers: 
Qy = { (Tui, Chi» Uy, F,,i) |i S120 ,ny} > 
where: 
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bg Ty,» Cys Uyi; Fy i € [0, 1], 


°0<TKit+O7.+Ui+ hi < 4 for each i. 


Similarly, for each edge e € E, there exists a set of quadripartitioned neutrosophic numbers: 
Oe = 1 (Le-sp Cars LiPo) |j =1,2,... pita ’ 
with analogous conditions. 


Definition 3.84 (MultiPentapartitioned Neutrosophic Graph). Let G = (V, E) be a graph. 


A MultiPentapartitioned Neutrosophic Graph is defined by associating with each vertex v € V and each edge 
e € E multiple pentapartitioned neutrosophic numbers. 


For each vertex v € V, there exists a set of pentapartitioned neutrosophic numbers: 
Py = {(Tyi Cys Ry is Uys F,,i) |i = 1,2, tee ,ny} > 


where: 


. Ty, Cys Ryis Uyis Fy € [0, 1], 


°0O< Ti ae Cys an Ry + Us + Fy i <5 for each i. 


Similarly, for each edge e € E, there exists a set of pentapartitioned neutrosophic numbers: 
Pe= the, Ce,j, Re, j, Ue,j; Fe,;) [7 =1,2,... Ne} : 
Theorem 3.85. Every MultiQuadripartitioned Neutrosophic Graph can be transformed into an equivalent 


Quadripartitioned Neutrosophic Graph and into an equivalent MultiNeutrosophic Graph. 


Proof. Totransform a MultiQuadripartitioned Neutrosophic Graph into a Quadripartitioned Neutrosophic Graph, 
we aggregate the multiple quadripartitioned neutrosophic numbers associated with each vertex and edge into 
single quadripartitioned neutrosophic numbers. 


For each vertex v € V, define: 


I< 
ia tae Ty,i» 
r= 
1< 
Cy =— Cy 
OA 
1< 
Uy, =— Ui; 
al 
I< 
Fy =— Fy i 
ny 


Similarly for edges. 


The resulting aggregated values satisfy: 


Thus, we obtain a Quadripartitioned Neutrosophic Graph. 


To transform into a MultiNeutrosophic Graph, for each vertex v € V, we consider the following sets: 
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¢ Truth-membership degrees: {T,; |i =1,...,,}, 
¢ Indeterminacy-membership degrees: {C\,;+ Uy; |i =1,...,m}, 


¢ Falsity-membership degrees: {F,; |i =1,..., my}. 


Similarly for edges. 


By combining the contradiction and indeterminacy components into a single indeterminacy degree, we can 
represent each vertex and edge in a MultiNeutrosophic Graph. oO 


Theorem 3.86. Every MultiPentapartitioned Neutrosophic Graph can be transformed into an equivalent Pen- 
tapartitioned Neutrosophic Graph and into an equivalent MultiQuadripartitioned Neutrosophic Graph. 


Proof. The transformation into a Pentapartitioned Neutrosophic Graph is achieved by aggregating the multiple 
pentapartitioned neutrosophic numbers associated with each vertex and edge. 


For each vertex v € V, define: 


nel | 
< 

| 

| 
= 


I 
< 
| 
pm 
= 


Similarly for edges. 


To transform into a MultiQuadripartitioned Neutrosophic Graph, we can merge certain components. For exam- 
ple, we may consider the ”R” (refusal or hesitation) component together with the ”’U” (unknown) component. 


Define new quadripartitioned neutrosophic numbers: 


(Ti, Cris Uy + Ry is F, i) . 


Thus, we obtain a MultiQuadripartitioned Neutrosophic Graph by interpreting U/, ; = Uy; + Ry,i- oO 
Theorem 3.87. A MultiPlithogenic Graph with s = 5 andt = | can be transformed into a MultiPentapartitioned 
Neutrosophic Graph. 


Proof. Ina MultiPlithogenic Graph with s = 5 and t = 1, the Degree of Appurtenance Function (DAF) outputs 
vectors in [0, 1]>. We can interpret these five degrees as corresponding to the components of a pentapartitioned 
neutrosophic number. 


Let the DAF for an element x be: 
pdf (x, a) = (d,(x, a), dy(x, a), d3(x, a), d4(x, a), d5(x,a)), 


where each d;(x, a) € [0,1]. 
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We map these degrees to the components of a pentapartitioned neutrosophic number as follows: 


T(x) = d\(x,4), 
C(x) = do(x, a), 
R(x) = d3(x, a), 
U(x) = da(x, a), 
F(x) = ds(x, a). 


Thus, each element in the MultiPlithogenic Graph corresponds to a pentapartitioned neutrosophic number, and 
we obtain a MultiPentapartitioned Neutrosophic Graph. oO 


Theorem 3.88. A MultiPlithogenic Graph with s = 4 and t = 1 can be transformed into a MultiQuadriparti- 
tioned Neutrosophic Graph. 


Proof. Similarly, in a MultiPlithogenic Graph with s = 4 and t = 1, the DAF outputs vectors in [0, 1]*. 


Let the DAF for an element x be: 


pdf (x, a) = (d\(x, a), do(x, a), d3(x, a), da(x,a)). 


We map these degrees to the components of a quadripartitioned neutrosophic number: 


T(x) = di(x, a), 
C(x) = do(x, a), 
U(x) = d3(x, a), 
F(x) = d4(x, a). 


Thus, we obtain a MultiQuadripartitioned Neutrosophic Graph. oO 


3.2.7 Neutrosophic Meta Set 


We define the Neutrosophic Meta Set, which extends the Meta Set, as follows. 


Definition 3.89. Let X be a non-empty set, and let T denote a full infinite binary tree. A Neutrosophic Meta 
Set Mt over X is defined as a collection of pairs (x, p) such that: 


M = {(x,p) |x e X,p ET, w(x, p) € [0,1]°}, 
where pgp : X X T — [0,1]? is a neutrosophic membership function mapping each pair (x, p) to a triplet 


(Ty (x, p), Im (x, p), Far (x, p)) in [0, 1]?. Here: 


* Ty (x, p) represents the degree of truth of x with respect to node p, 
* Ig(x, p) represents the degree of indeterminacy of x with respect to node p, 


¢ Fy (x, p) represents the degree of falsity of x with respect to node p. 


These values satisfy the condition: 


0 < T(x, p) + I(x, p) + Fan(x, p) < 3. 


Theorem 3.90. A Neutrosophic Meta Set generalizes both Meta Sets and Neutrosophic Sets. 
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Proof. A meta set p on X is defined with membership function up, : X x T — [0,1], which associates each 
pair (x, p) with a single membership degree p1p(x, p) € [0, 1]. To represent p as a Neutrosophic Meta Set Wt, 
let: 


Tyy (x, P) = Mp(%P)»  Im(x,p) = 0, Fara, p) = 1 — Mp (x, p)- 
This assignment satisfies the constraint: 


0 < Ty (x, p) + I(x, p) + Far (x, p) < 3, 


preserving the structure of the meta set as a neutrosophic meta set. Thus, every meta set is a Neutrosophic Meta 
Set with indeterminate degree set to zero. 


A neutrosophic set A on X is characterized by three membership functions 74,74, F'4 : X — [0,1], where 
Ta(x), [4(x), and F(x) represent truth, indeterminacy, and falsity degrees, respectively. To represent A as a 
Neutrosophic Meta Set Mi, use a tree with a single node po and define: 


Ty (x, po) =Ta(x), Im(x, po) =Ta(x), Far (x, po) = Fa(x). 


This representation confines the neutrosophic degrees to a single node in the tree, preserving the structure of 
the neutrosophic set. 


Therefore, both meta sets and neutrosophic sets can be represented within the framework of Neutrosophic Meta 
Sets, proving that Neutrosophic Meta Sets generalize both concepts. oO 


3.2.8 Cohesive Neutrosophic Set 


The definition of the Cohesive Neutrosophic Set is provided below. 


Definition 3.91 (Cohesive Neutrosophic Set (CHNS)). Let S be a fixed universe of discourse, and let T c S$ 
be a set over S. A Cohesive Neutrosophic Set (CHNS) on T is defined by three membership functions, hi (x), 
hi. (x), and hi (x), which, when applied to each x € S, return subsets of the unit circle in the complex plane. 
These represent the degrees of truth, indeterminacy, and falsity of x in T, respectively. 


For each x € S, the degrees are given by: 
AL (x) = {rF(x) exp(iwf(x)) : r7-(x) € [0,1], wr(x) € R}, 
hip(x) = {rp (x) expliwp (x) = rp(x) € [0,1], w(x) € RY, 
AF (x) = (r(x) exp(iwe (x)) : r£ (x) € [0,1], w(x) € R}, 


where me (x), re (x), a (x) represent the magnitudes of the truth, indeterminacy, and falsity membership de- 
grees, respectively, and wi(x), w(x), wh (x) represent the phases in radians. 


Thus, the cohesive neutrosophic set T is expressed as: 
TH=AG ALG), WEG) ne) te] S} 
Theorem 3.92. The Cohesive Neutrosophic Set (CHNS) generalizes both the Cohesive Fuzzy Set (CHFS) and 


the Neutrosophic Set. 


Proof. To demonstrate that the CHNS generalizes both the CHFS and the Neutrosophic Set, we consider each 
case: 


A CHEFS on T is defined by a single membership function hr (x), which gives a complex-valued degree for each 
element x € S. To retrieve this structure from a CHNS, we set: 


hi(x) =hr(x), hi(x) ={0}, ht (x) = {0} forallx eS. 


With hi. (x) and hi (x) fixed at zero, the CHNS reduces to a structure where only h(x) is active, matching the 
definition of a CHFS. Hence, every CHFS can be seen as a special case of a CHNS. 
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A Neutrosophic Set on T is defined by three membership functions T(x), /(x), and F(x) with real values in the 
range [0, 1]. To match this structure in a CHNS, we restrict each phase component to zero radians: 


he(x) ={T@)}, hh (x) =(I)}, AE (x) = {F(x)} forallx eS, 


where T(x), (x), F(x) € [0,1]. Thus, each membership function hi (x), as (x), and hi (x) behaves as a real- 
valued Neutrosophic component. This configuration satisfies the definition of a Neutrosophic Set, showing that 
every Neutrosophic Set is a specific instance of a CHNS. 


Since both the Cohesive Fuzzy Set and Neutrosophic Set structures can be derived as special cases of the CHNS 
by appropriate choices of parameters, the CHNS generalizes both concepts. oO 


3.2.9 Neutrosophic Multisoft Set 


The definition of the Neutrosophic Multisoft Set is presented below. This set combines the concepts of the 
Multisoft Set and the Neutrosophic Soft Set. 


Definition 3.93 (Neutrosophic Multisoft Set). Let U be a universal set, and let EF), E2,..., E, represent distinct 
sets of parameters such that E; N E; = 0 fori # j. Define E = ();_, E; as the union of all parameter sets. A 
Neutrosophic Multisoft Set NMS over U is a pair (F, A), where: 


¢ AC P(E) isa set of attribute combinations. 


« F:A— PU) x [0, 1] x [0, 1] x [0, 1] is a function that maps each combination of attributes in A to a 
subset of U along with its associated neutrosophic membership values. 


For each a € A, the value F(a) = (Xq, Ta, Ia, Fa) consists of: 


¢ X, CU, representing the set of elements associated with a. 


°*T, : Xq > [0,1], la : Xa — [0,1], and Fy : Xq — [0,1], representing the truth-membership, 
indeterminacy-membership, and falsity-membership degrees, respectively, for each x € Xq. 


Each membership value satisfies the constraint: 
0 < Tg(x) + I[g(x) + Fa(x) <3, forallx € Xq. 


Theorem 3.94. A Neutrosophic Multisoft Set generalizes both the Multisoft Set and the Neutrosophic Soft Set. 


Proof. To show that a Neutrosophic Multisoft Set NMS = (F, A) generalizes the Multisoft Set and the Neu- 
trosophic Soft Set, we demonstrate that each of these sets is a specific case of the Neutrosophic Multisoft Set. 


A Multisoft Set is defined as (F, A), where F : A — P(U) maps attribute combinations in A to subsets of 
U. In the Neutrosophic Multisoft Set, the function F maps each attribute combination a € A to a quadruple 
(Xaq,Ta, la, Fa) where X, € U. By restricting the Neutrosophic components Tg(x) = 1, Ig(x) = 0, and 
Fq(x) = 0 for all x € Xq, the Neutrosophic Multisoft Set reduces to a classical Multisoft Set with F(a) = Xq. 
Thus, the Neutrosophic Multisoft Set generalizes the Multisoft Set. 


A Neutrosophic Soft Set is defined as (F, A), where F : A — P(U) x [0, 1] x [0, 1] x [0, 1] maps each attribute 
to a subset of U along with neutrosophic membership values. In the Neutrosophic Multisoft Set, each attribute 
combination a € A is mapped to (Xq, Tq, Ia, Fa), where Ty, Iq, and F, are defined on X, € U and provide 
neutrosophic memberships. By setting A to contain single-parameter combinations (i.e., attributes without 
combination) and restricting E = EF), the Neutrosophic Multisoft Set reduces to the structure of a Neutrosophic 
Soft Set. Therefore, the Neutrosophic Multisoft Set also generalizes the Neutrosophic Soft Set. 


Since the Neutrosophic Multisoft Set can reduce to both the Multisoft Set and the Neutrosophic Soft Set, it 
follows that the Neutrosophic Multisoft Set is a generalized form of both concepts. oO 
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As a related concept, the Neutrosophic TreeSoft Set has already been introduced. The definition is provided 


below [887]. 


Definition 3.95 (Neutrosophic TreeSoft Set). Let U be a universe of discourse, and let H C U be a non-empty 
subset with P (H) denoting its power set. Let A = {A), A2,..., An} be a set of attributes, where each attribute 
A; (for 1 < i < n) isa first-level attribute. 


Each first-level attribute A; consists of sub-attributes forming a hierarchical tree structure. Specifically, each 
A; has sub-attributes: 
Ay = {Aja Ais. ++} 


and each A; ; may have its own sub-attributes: 
Ai, = {Ai,j,1, Ai,7,25-+-} 


and so on, up to level m. This hierarchical structure forms a tree denoted as Tree(A), with root A at level 0 and 
successive levels up to m. 


A Neutrosophic TreeSoft Set F is a mapping: 
F : P(Tree(A)) — P(A) x [0, 1] x [0, 1] x [0, 1], 
where P(Tree(A)) denotes the power set of the nodes in the attribute tree Tree(A). 


For each subset S € Tree(A), F(S) is a quadruple (Xs, Ts, Is, F's), where: 


¢ Xs C Hisa subset of H. 
¢ Ts : Xs — [0, 1] is the truth-membership function. 
* Is : Xs — [0, 1] is the indeterminacy-membership function. 


¢ Fs : Xs — [0,1] is the falsity-membership function. 


These functions satisfy the condition: 
0 < Ts(h) + Is(h) + Fs(h) <3, forall h € Xs. 
Theorem 3.96. The Neutrosophic TreeSoft Set F generalizes both the TreeSoft Set and the Neutrosophic Mul- 
tiSoft Set. Specifically: 
1. When the neutrosophic components Ts(h), Is(h), and Fs(h) are assigned specific values, the Neutro- 
sophic TreeSoft Set reduces to a TreeSoft Set. 
2. When the attribute tree Tree(A) has exactly two levels, the Neutrosophic TreeSoft Set reduces to the 
Neutrosophic MultiSoft Set. 
Proof. Assume that for all S C Tree(A) and h € Xs, the neutrosophic components are defined as: 
Ts(h) =1, Is(h) =0, Fs(h) =0. 
Under these conditions, the mapping F simplifies to: 
F : P(Tree(A)) > P(A), 
where F(S) = Xs for each S € Tree(A). 


This is exactly the definition of a TreeSoft Set, where subsets of the attribute tree are mapped to subsets of H. 
Therefore, the Neutrosophic TreeSoft Set reduces to the TreeSoft Set when the neutrosophic components are 
fixed as above. 


Consider the case where the attribute tree Tree(A) has exactly two levels: 
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¢ Level I (Primary Attributes): A = {A,, Az,..., An}. 


¢ Level 2 (Sub-Attributes): Each primary attribute A; has sub-attributes {Aj,1, Ai,2,...}- 


Let S € Tree(A) be a subset consisting of combinations of sub-attributes at level 2. The mapping F assigns to 
each § a quadruple (Xs,75, 1s, Fs), where Xs C H and Ts, Is, Fs are functions from X¢ to [0, 1]. 


This structure aligns with the definition of a Neutrosophic MultiSoft Set, where combinations of attributes are 
mapped to subsets of H with associated neutrosophic membership functions. 


Therefore, when the attribute tree has exactly two levels, the Neutrosophic TreeSoft Set reduces to the Neutro- 
sophic MultiSoft Set. oO 


3.2.10 Bijective TreeSoft Set 


The definition of the Bijective TreeSoft Set is provided below. 


Definition 3.97 (Bijective TreeSoft Set). Let U be a universe of discourse, and let H C U be a non-empty 
subset with P(H) denoting its power set. Let A = {A1, Az,..., An} be a set of attributes, where each A; (for 
1 <i <n) isa first-level attribute. 


Each attribute A; may consist of sub-attributes, forming a hierarchical tree structure. Specifically, each A; has 
sub-attributes: 
Ag SAA gf Ato sce bs 


and each sub-attribute A;,; may further have its own sub-attributes: 
Ai,j = {Ai,j,1, Ai,j,25+- +} 


and so on, up to level m. This hierarchical structure forms a tree denoted as Tree(A), with root A at level 0 and 
successive levels up to m. 


A Bijective TreeSoft Set over H is a pair (F, Tree(A)) where F is a mapping: 
F : Tree(A) > P(A), 


satisfying the following conditions: 


1. Exhaustivity: 


So F(a) =H. 


aeéTree(A) 


2. Disjointness: 
Va,b €Tree(A), a#b = F(a)NF(b) =9. 


Theorem 3.98. The Bijective TreeSoft Set generalizes both the Bijective Soft Set and the TreeSoft Set. Specifi- 
cally: 


1. When the attribute tree Tree(A) has only one level (i.e., no sub-attributes), the Bijective TreeSoft Set 
reduces to a Bijective Soft Set. 


2. When the disjointness condition is relaxed (i.e., we allow F(a) F(b) # 0 for some a # b), the Bijective 
TreeSoft Set reduces to a TreeSoft Set. 


101 


Proof. We prove each part separately. 
Part 1: Reduction to Bijective Soft Set 


Assume that the attribute tree Tree(A) has only one level, meaning there are no sub-attributes beyond the first- 
level attributes A = {A 1, A2,..., An}. In this case, Tree(A) = A. 


The mapping F becomes: 
F:A->P(A), 


satisfying: 


1. Exhaustivity: 


Ss F(a) =H. 


acA 


2. Disjointness: 
V dj, aj € A, ai F aj => F (aj) nN F(a;) = 0. 


This is precisely the definition of a Bijective Soft Set over H, where the parameters are the attributes A and each 
element of H is uniquely associated with exactly one parameter. 


Therefore, when Tree(A) = A, the Bijective TreeSoft Set reduces to a Bijective Soft Set. 
Part 2: Reduction to TreeSoft Set 


Consider the Bijective TreeSoft Set (F, Tree(A)) and relax the disjointness condition. That is, we no longer 
require that F(a) N F(b) = © for a # b. The mapping F still satisfies: 


F : Tree(A) — P(H), 
with: 


F(a) =H. 
aeéTree(A) 


Without the disjointness condition, the mapping F assigns subsets of H to nodes in the tree, but elements of H 
may be associated with multiple nodes. This aligns with the definition of a TreeSoft Set, where: 


F : P(Tree(A)) — P(A). 
In the original definition of the TreeSoft Set, F maps subsets of Tree(A) to subsets of H without any requirement 
of disjointness. 


Therefore, when we relax the disjointness condition, the Bijective TreeSoft Set reduces to a TreeSoft Set. oO 


Question 3.99. Is it possible to define Soft Sets using concepts like Quasi-Bijective [414 , Partial Bijection 
[534], or Surjective? Could such definitions have any practical applications? 
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3.2.11 Treesoft Rough Set 


The definition of a Treesoft Rough Set is provided as follows. The Soft Rough Set is an extension of the Rough 


Set using soft set theory [18|/69}{199|[307|/325||448]/833|/973}[1023]/1024], and it has been studied in various 


research papers. Here, we extend this concept further by utilizing the Treesoft Set. 


Definition 3.100 (Soft Approximation Space). [326] Let U be a non-empty finite universe, and let S = (F, A) 
be a soft set over U, where A is a subset of a parameter set E and F : A > P(U) is a set-valued mapping that 
associates each parameter a € A witha subset F(a) C U. The pair P = (U,S) is called a soft approximation 
space. 


Definition 3.101 (Soft Rough Approximations). [326] Given a soft approximation space P = (U,S) anda 
subset X C U, we define: 


¢ The soft P-lower approximation of X: 


aprp(X) = {ue U| da € A,u € F(a) = F(a) € X}. 


¢ The soft P-upper approximation of X: 


apr’ (X) ={u € U| da € A,u € F(a) and F(a) NX # 0}. 


These approximations provide boundaries for X within the soft set context. 


Definition 3.102 (Soft Rough Set). [326 Let X C Ube any subset of the universe. The pair (apr p(X), apr” (X)) 
is referred to as the soft rough set of X with respect to the soft approximation space P. 


Definition 3.103 (Treesoft Approximation Space). The pair P = (H, F) is called a Treesoft Approximation 
Space. 


Definition 3.104. Given a subset X C H, we define the Treesoft Rough Approximations: 


¢ The Treesoft Lower Approximation of X: 


apr p(X) = {h € H | da € Tree(A), h € F(a) and F(a) € X}. 


¢ The Treesoft Upper Approximation of X: 
apr’?(X) = {h € H | 5a € Tree(A), h € F(a) and F(a) NX # O}. 
Definition 3.105. The Treesoft Rough Set of X is the pair (apr p(X), apr’ (X)). 
Definition 3.106. The Treesoft Positive Region, Negative Region, and Boundary Region of X are defined as: 


Pos p(X) = aprp(X), 
Neg p(X) = H \ apr”’(X), 
Bnd p(X) = apr’ (X) \ apr p(X). 


If Bndp(X) = 0, then X is called Treesoft Definable; otherwise, X is called a Treesoft Rough Set. 
Theorem 3.107. The Treesoft Rough Set generalizes both the Soft Rough Set and the TreeSoft Set. Specifically: 
1. When the attribute tree Tree(A) has only one level (i.e., no sub-attributes), the Treesoft Rough Set reduces 
to the Soft Rough Set. 


2. When the Treesoft Rough Set is precise (i.e., apr p(X) = apr? (X)), it reduces to the TreeSoft Set. 
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Proof. Assume that the attribute tree Tree(A) has only one level, meaning there are no sub-attributes beyond 
the primary attributes A = {A ,A2,...,A,}. In this case, Tree(A) = A. The TreeSoft Set F becomes a 


mapping: 
F:A->P(HA). 


The Treesoft Approximation Space P = (H, F) is then equivalent to a Soft Approximation Space where S = 
(F, A). 
For any X C H, the Treesoft Lower and Upper Approximations become: 


aprp(X) = {he H| dae A, he F(a) and F(a) C X}, 
apr’(X) = {he H| dae A, hé F(a) and F(a) NX # OF. 


These are exactly the definitions of the Soft Lower and Upper Approximations in the Soft Rough Set context. 
Therefore, when the attribute tree has only one level, the Treesoft Rough Set reduces to the Soft Rough Set. 


Next, Consider the case where the Treesoft Rough Set is precise, i.e., aprp(X) = apr” (X) for all X C H. 
In this scenario, the boundary region Bndp(X) = 0, which means that each subset X C€ H is Treesoft Definable. 


Since there is no uncertainty (no boundary region), the Treesoft Rough Set simplifies to the original TreeSoft 
Set mapping F’, where elements are precisely classified according to the attributes in Tree(A). 


Therefore, when the Treesoft Rough Set is precise, it reduces to the TreeSoft Set. Oo 


3.2.12 n-Dimensional Neutrosophic set 


We mathematically define the n-Dimensional Fuzzy OffSet and n-Dimensional Neutrosophic Set as extensions 
of the n-Dimensional Fuzzy Set. 


Definition 3.108 (n-Dimensional Fuzzy Set). 658) Let U be a non-empty universe of discourse, and n € N* 
(the set of positive integers). An n-dimensional fuzzy set A over U is defined as: 


A= 1 Ha) ils (esta ta |xeE U}, 


where: 


1. Foreachi =1,...,n, 44, : U — [0, 1] is called the i-th membership function of A. 
2. The membership degrees satisfy the condition: 


Ma, (x) S Ma, (x) S +++ Spa, (x), Vx €U. 


Definition 3.109 (n-Dimensional Fuzzy Offset). Let U be a non-empty universe of discourse, and let n € N*. 
An n-Dimensional Fuzzy Offset A over U is defined as: 


A= { (eas), a, ea oso hla, @) |xeE Ul. 


where: 


1. Foreachi =1,...,n, a, : U — [¥;, Q;] is called the i-th membership function of A, where Q; > 1 and 
W; <0 are termed the Overlimit and Underlimit, respectively, allowing for membership degrees beyond 
the conventional range of [0, 1]. 


2. The membership degrees satisfy the ordering condition: 
Ha, (x) S ma, (x) S +++ Spa, (x), Vx eU. 
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In this context: 


* There exist elements x, y € U such that w4;(x) > 1 for some i, and 414, (y) < 0 for some j. 


* This definition allows the membership values j14, (x) to take on values within an extended interval, ac- 
counting for scenarios where the membership or non-membership degree may exceed the traditional 
bounds. 


Definition 3.110 (n-Dimensional Neutrosophic Set). Let U be a non-empty universe of discourse, and let 
n € N*. Ann-Dimensional Neutrosophic Set A over U is defined as: 


A= { Te, OS TARA OO) Tay pein PASO Fa ice 25 Fa) | xe U}, 


where: 


1. Foreachi=1,...,n: 
Ta4,:U — [0,1], I4,:U— [0,1], Fa, :U > [0,1], 
represent the i-th degrees of truth, indeterminacy, and falsity, respectively. 
2. The degrees satisfy the ordering conditions: 
Ta, (x) < Ta, (x) S++ S Ta, (Xx), La, (x) S$ Ia, (x) < +++ < Ia, (4), 
Fa,(x) < Fa,(x) S++: < Fa, (x), Vx €U. 
3. Additionally, the constraints: 
O < Ta, (x) + 1a, (x) + Fa,(x) $3, Vx €U,i=1,...,n, 
must be satisfied. 


Theorem 3.111. An n-Dimensional Neutrosophic Set is a generalization of an n-Dimensional Fuzzy Set. 


Proof. To prove this, we show that an n-Dimensional Fuzzy Set is a special case of an n-Dimensional Neutro- 
sophic Set when the indeterminacy and falsity components are set to zero. Let U be a non-empty universe of 
discourse, and let A be an n-Dimensional Neutrosophic Set over U, defined as follows: 


A= {CoD ar Oy TE @)iices TA CO 1a; Os see tac) A sae 5) ay) | xe U}, 


where for each i = 1,...,n, 
T4,, 14; Fa; :U-> [0, 1] 


represent the i-th truth, indeterminacy, and falsity membership degrees of A, respectively. 
Now, let us consider an n-Dimensional Fuzzy Set B over U, defined by: 
B= {(x, we, (x), Up, (x), 35 . MB, (x)) |xeE u} : 
where jiz, : U — [0, 1] is the i-th membership function of B, and the membership degrees satisfy 


Hp, (x) S MB, (x) S++ Sup, (x), Va eU. 


To embed B within A, we set: 


Ta,(x) = ua, (x), La,(x) =0, Fa,(x)=0, Vx €U,i=1,...,n. 


Under these settings, A reduces to: 


A= {(x, we, (x), Wp, (x),..., 4B, (x),0,...,0,0,...,0) | xe U}, 


which matches the structure of the n-Dimensional Fuzzy Set B with T,,(x) = zp, (x) and indeterminacy and 
falsity components equal to zero. 


Thus, every n-Dimensional Fuzzy Set can be viewed as a specific case of an n-Dimensional Neutrosophic Set 
by choosing indeterminacy and falsity components to be zero. Therefore, the n-Dimensional Neutrosophic Set 
generalizes the n-Dimensional Fuzzy Set. oO 
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Definition 3.112 (n-Dimensional Neutrosophic Offset). Let U be a non-empty universe of discourse, and let 
n € N*. An n-Dimensional Neutrosophic Offset A over U is defined as: 


A= (0 TA) Tal Oise. Th) AO) neg Ta OO, Fa pcg FA, Oy |xeE U}, 


where: 


1. Foreachi=1,...,n: 
Ta; :U-> [Wr, Qr], I4,: U > [P7, Q7], F4,:U > [Wr, Qe], 


with Pr, ‘¥7, Pr < Oand Q7, Q;, Qr > 1, allowing degrees of truth, indeterminacy, and falsity to exceed 
conventional bounds. 


2. The degrees satisfy the ordering conditions: 
Ta, (x) < Ta, (x) S++ S$ Ta, (x), Ta, (x) S$ Ia, (x) S++: STA, (4), 
F4,(x) < Fa,(x) <-+: S$ Fa, (x), Vx eU. 
3. Additionally, the constraints: 
Wr < Ta, (x) + Th, (x) + Fa, (x) $ Q7 + Q;4+Qr, Vx €eU,i=1,...,n, 
must be satisfied. 


Corollary 3.113. An n-Dimensional Neutrosophic OffSet is a generalization of an n-Dimensional Fuzzy OffSet. 


Proof. This can be proven in the same manner as for the n-Dimensional Neutrosophic Set. oO 


3.2.13 Strait Neutrosophic Set 


A set known as the Strait Fuzzy Set is already established. This concept will now be extended to the Strait 
Neutrosophic Set. 


Definition 3.114 (Strait Fuzzy Set). Let A be a universal set, and let P[0, 1] = {a@j,@2,...,a@x,...} 
denote the family of all finite partitions of the interval [0,1]. A strait fuzzy set S generated from a fuzzy set A 
on A using a partition a, = {Y1, Y2,..., Y,} is defined as: 


S(ax) = {Ya(x) | a € {1,2,...,r},x € A, W(x) € Yu}, 


where: 


* w : A = [0,1] is the membership function of the fuzzy set A. 
* Y,, represents the intervals in the partition a,, and Y, 1 ¥, = @ for all a # b, with Ul _, Ya = [0, 1]. 


¢ For each Y, € ax, there exists at least one x € A such that w(x) € Yq. 


If it causes no confusion, the strait fuzzy set S(a,) is denoted by S. 


Definition 3.115 (Strait Neutrosophic Set). Let X be a universal set, and let P[0,1] = {a@1,@2,...,a%,...} 
denote the family of all finite partitions of the interval [0,1]. A strait neutrosophic set S generated from a 
neutrosophic set A on X using a partition a, = {Y), Y2,...,Y,} is defined as: 


S(ax) = { (Yr, (x), Yr, (x), Yr, (x)) |ae€ {1,2,...,r},x © X,T4(x) € Yr,,14(x) € Y7,, Fa(x) € Yr,} ; 


where: 
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°T, :X — [0,1], 14 : X — [0,1], and F4 : X — [0,1] are the truth, indeterminacy, and falsity 
membership functions of the neutrosophic set A. 


° Yr,,Y1,,Yr,, represent the intervals in the partition a,, and Yr, N Yr, = 9, Y7, NY, = 9, Yr, NYr, = 9% 
for all a # b, with: 


r r r 
(Jr, =(011 (J. =(011, (J¥e, = 0,11. 
a=1 a=1 a=1 
¢ For each Y7,,Y7,,Yr, € ax, there exists at least one x € X such that: 


Ta(x) € Yr, Ta(x) €¥1,, Fax) € Yr,. 


If it causes no confusion, the strait neutrosophic set S(a@,) is denoted by S. 


Theorem 3.116. A Strait Neutrosophic Set is a generalization of a Strait Fuzzy Set. 


Proof. In a Strait Neutrosophic Set, the three membership functions T4(x), [4(x), and F4(x) map elements 
x € X to intervals in [0, 1]. To obtain a Strait Fuzzy Set, we set: 


Ta(x) =W(x), Ta(x) =0, Fax) =1-¥), 


for all x € X. Here, the indeterminacy membership /,4(x) is fixed at 0, and the falsity membership F'4(x) 
is fully determined by the complement of the truth membership W(x). This configuration reduces the Strait 
Neutrosophic Set to a Strait Fuzzy Set: 


S(ax) = {Ya(x) | a € {1,2,...,r},x € X,w(x) € Ya}. 


Since the Strait Neutrosophic Set can reproduce the definition of a Strait Fuzzy Set under the above specializa- 
tion, the Strait Neutrosophic Set is a generalization of the Strait Fuzzy Set. oO 


Theorem 3.117. A Strait Neutrosophic Set is a generalization of a Neutrosophic Set. 


Proof. In a Strait Neutrosophic Set, the membership functions T(x), [4(x), and F'4(x) map each x € X to 
intervals in [0,1], rather than single values as in a traditional Neutrosophic Set. To recover a Neutrosophic 
Set from a Strait Neutrosophic Set, we can impose the condition that each partition in the interval [0,1] is a 
singleton. Specifically: 

Yr, ={Ta(x)}, Yr, = Ua)}, Yr, = {FaQx)}, 


for all x € X, where T, (x), [4(x), and F'4(x) are single values within [0, 1]. 


Under this constraint, the Strait Neutrosophic Set S(a@;) reduces to: 


S(ax) = {(Ta(), La(x), Fa(x)) | x € X}. 


This is equivalent to the definition of a Neutrosophic Set: 
A = {(x, T(x), [A(x), Fa(x)) | x € X}, 


where T,4(x), [4(x), and F4(x) represent the truth, indeterminacy, and falsity membership functions of the 
Neutrosophic Set. 


Thus, by setting the partitions in a Strait Neutrosophic Set to singletons, we retrieve the classical definition of 
a Neutrosophic Set. Therefore, the Strait Neutrosophic Set is a generalization of the Neutrosophic Set. oO 
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3.2.14 Neutrosophic Distribution Sets 


The definition of the Neutrosophic Distribution Set, which generalizes the Fuzzy Distribution Set [121] 
122], is provided below. 


Definition 3.118 (Fuzzy Distribution Set). [121] Let X = {x,,x2,...,x,} be a finite non-empty set (n > 1). 
A Fuzzy Distribution Set (FDS) d defined on X is a function: 


d:X — [0,1], 
satisfying the normalization condition: 


x d(x;) =1. 
i=l 


The set of membership values D = {d,d2,...,dn}, where d; = d(x;) fori = 1,...,n, is called a distribution. 
For convenience, the distribution D can be represented as an n-tuple: 


D = (dj, d2,..., dn). 
A degenerate or point distribution D is defined as: 
D(i) = (d,...,dn), where d; = 1 for some i, and d; = 0 for all j #7. 


Definition 3.119 (Neutrosophic Distribution Set). Let X = {x1,x2,...,X,} bea finite non-empty set (n > 1). 
A Neutrosophic Distribution Set (NDS) N defined on X is characterized by three membership functions: 


Ty: X — [0,1], In: X—- [0,1], Fy: X —- [0,1], 
where for each x € X, the values Ty (x), Ixy (x), and Fy (x) represent the degrees of truth, indeterminacy, and 


falsity, respectively. These membership functions satisfy the following conditions: 


1. Normalization condition: 
SinG)yal. Sin@yal >) PxG@p sk 
i=l i=1 i=1 


2. For each x € X: 
0 < Ty (x) + In (x) + Fy (x) < 3. 


The set of membership values T = {Ty (x1), Ty (X2),.--, Tn (%n)}, 1 = {In (11), In (22), ---, IN (Xn) }, and F = 
{Fn (x1), Fn (x2), ..-, Fn (%n)} are called the distributions of truth, indeterminacy, and falsity, respectively. 
These can be conveniently represented as n-tuples: 


T = (Tn (1), Tn (2),---, Tn (n)), P= Un (x1), In (02),---5IN Qn), F = (Fn (11), Fn (42), ..-,.F (Xn). 


A degenerate or point distribution for truth T is defined as: 
T(i) = (Ty (%1),---,Tn(%n)), where Ty (x;) = 1 for some 7, and Ty (x;) = 0 for all j # i. 
Similarly, degenerate distributions for indeterminacy / and falsity F are defined analogously. 


Theorem 3.120. A Neutrosophic Distribution Set is a generalization of a Fuzzy Distribution Set. 


Proof. To show that an NDS(Neutrosophic Distribution Set) generalizes an FDS (Fuzzy Distribution Set), we 
specialize the NDS by setting the indeterminacy and falsity membership values to fixed values: 


In(x)=0, Fny(x)=1-Ty(x), VxeX. 
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Under this configuration: 
Tn (x)= d(x), Wxe X, 


and the normalization condition for truth membership becomes: 


» Ines ) dae, 
i=l i=l 
This reduces the NDS to the definition of an FDS: 
N = {(x, Ty (x), In (x), Fn (x)) | x € X, Ty (x) € [0, 1], In (x) = 0, Fn (x) = 1 - Ty (x)}. 


Since an NDS can replicate the structure of an FDS under the above specialization, it follows that the Neutro- 
sophic Distribution Set is a generalization of the Fuzzy Distribution Set. oO 


Theorem 3.121. A Neutrosophic Distribution Set (NDS) is a generalization of a Neutrosophic Set. 


Proof. A Neutrosophic Set N is defined as: 
N = {(, Ty (x), In (x), Fv (x)) : x € X}, 


where Ty (x), [ny (x), F(x) € [0,1], representing the degrees of truth, indeterminacy, and falsity of each 
element x € X. The condition: 


0 < Ty (x) + In(x) + Fry(x) <3, Vx eX, 


must be satisfied. The Neutrosophic Set does not impose additional constraints on the aggregate values of 
Tn (x), In (x), and Fy (x) across all elements x € X. 


On the other hand, a Neutrosophic Distribution Set (NDS) introduces an additional structure to the membership 
functions by requiring normalization conditions: 


> twte) =1, yin = 1, > FG) =1, 
fl i=l i=l 


where X = {x],X2,...,X,} is a finite set. This ensures that the distributions of truth, indeterminacy, and falsity 
are normalized over the set X, providing a probabilistic-like interpretation of the membership degrees. 


To see that an NDS generalizes a Neutrosophic Set, consider the case where Ty (x;), In (xi), Fn (4) € [0, 1] 
satisfy: 
Ty (xi) + In (xi) + Fry (xi) $ 3, Wx; € X, 


without imposing the normalization conditions. In this case, the NDS reduces to a standard Neutrosophic Set. 
Thus, every Neutrosophic Set is a special case of an NDS, where the normalization conditions are relaxed. 


Furthermore, the additional normalization constraints in the NDS provide a richer structure that allows for 
distributions of membership values across the elements of X, which are not present in the standard Neutrosophic 
Set. This establishes that the NDS extends the Neutrosophic Set by introducing a more generalized framework 
for handling membership distributions. oO 


3.2.15 Neutrosophic Multiple Set 


A Neutrosophic Multiple Set is an extension of a Multiple Set 843} . 
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Definition 3.122. [843] Let X be a non-empty universal set. A Multiple Set A drawn from X is a mathematical 
structure that associates each element x € X with an n x k, membership matrix: 


Aj (x) A3(x) oo Ay (x) 

Ai(x) A3(x) vee Ay. (x) 
A(x) = , . ; , 

AMX) AMA) AM (x) 


where: 


° Al (x) is the j-th membership value of the i-th membership function for the element x € X. 


¢ The values A (x) are ordered in decreasing order, satisfying A : (x) = A? (x) Brees reg (x). 


To standardize the dimensions across all x € X, the maximum k = sup{k, | x € X} is taken, and zero-padding 
is used to construct a uniform n X k matrix for all x € X. 


Thus, A(x) becomes an n x k membership matrix: 


Aya) Aj(x) +++ Aj(x) 

At(x) Az(x) +++ Ag(x) 
A(x) = : : ie : 

At(x) Ag(x) +++ ARC) 


The Multiple Set A is then represented as: 

A = {(x, A(x)) | x € X}, 
and is called a Multiple Set of order (n, k). 
Example 3.123. Let A be a multiple set of order n x k. 


1. Ifk =1 andn = 1, then A is a fuzzy set. This is a special case of a crisp set. 

2. Ifn = 1, then A is a fuzzy multi-set. 

3. If k = 1, then A is a multi-fuzzy set (finite case). 

4, If A! (x) =Oor 1 foreveryi=1,2,...,n2 andj =1,2,...,k, then A is a multi-set. 


Definition 3.124 (Neutrosophic Multiple Set). Let X be a non-empty universal set. A Neutrosophic Multiple 
Set N drawn from X associates each element x € X with three n x k, membership matrices: 


Ty (x), In(x), F(x), 
where: 
* Ty (x) is the truth membership matrix, J, (x) is the indeterminacy membership matrix, and Fy (x) is the 
falsity membership matrix. 


¢ Each matrix has the form: 


M(x) ME(x) + ME (x) 
M2(x) M2(x) ++ M2 (x) 
Ma)=| | ~ & oR 
M(x) MR(x) MP (x) 


where M € {Ty, In, Fy}. 
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¢ The entries M (x) satisfy: 
0<Ty(x) +Iy (x) + Fy(x) <3 forall i,j. 
To standardize dimensions, let k = sup{k, | x € X}, and construct n x k matrices for all x € X using 
zero-padding if necessary. Thus, the membership matrices are represented as: 


Tn(x), In(x), F(x) € R"™**. 


The Neutrosophic Multiple Set N is then expressed as: 


N = {(x, Tn (x), In (x), Fr (x)) | x € X}, 
and is called a Neutrosophic Multiple Set of order (n, k). 


Conjecture 3.125. Let N be a Neutrosophic Multiple Set of order n x k. The following special cases are 
derived: 


1. If Ty (x) + In (x) + Fn (x) = 1 for all x, then N reduces to a Multiple Set. 
2. Ifk =1andn=1, N becomes a Neutrosophic Set. 
3. Ifn =1, N reduces to a Neutrosophic Multi-Set. 
4. Ifk =1, N reduces to a Multi Neutrosophic Set. 
5. ie (x), Be (x), Fy (x) € {0,1}, N becomes a classical Multi-Set. 
Theorem 3.126. A Neutrosophic Multiple Set is a generalization of a Multiple Set. 
Proof. Let X be a non-empty universal set, and let N be a Neutrosophic Multiple Set defined on X. By defini- 


tion, N associates each x € X with three nx k membership matrices Ty (x), Ij (x), and Fy (x), which represent 
the degrees of truth, indeterminacy, and falsity, respectively, satisfying the following conditions: 


0<7, G)4iyG) +P G) So forallse X90 S13 FS ek 


To obtain a Multiple Set M from N, we set: 
Ty (x) = M(x), In(x) =0, F(x) =1-M(x), 
where M(x) is ann X k membership matrix associated with the Multiple Set M. 


The indeterminacy membership /y (x) is fixed at 0, eliminating any uncertainty. The falsity membership Fy (x) 
is determined as 1 — M(x), fully complementing the truth membership. Thus, the Neutrosophic Multiple Set 
N reduces to: 

N = {(x,Tn(x)) |x € X}, where Ty (x) = M(x). 


This is precisely the definition of a Multiple Set MW, where M associates each x € X with an n x k membership 
matrix. 


Since the configuration above demonstrates that a Multiple Set can be derived from a Neutrosophic Multiple Set 


by restricting [yy (x) to0 and Fy (x) to 1—Ty (x), it follows that the Neutrosophic Multiple Set is a generalization 
of the Multiple Set. oO 
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3.2.16 Granular Neutrosophic Set 


A Granular Neutrosophic Set is a generalized form of a Granular Fuzzy Set |}622| 1002]. The definition 
is provided below. 


Definition 3.127 (Granular Fuzzy Set). [622] Let apr = (U, U/E) denote an approximation space, where: 


¢ Uisa finite set called the ground set (underlying set). 


¢ U/E is the quotient set induced by an equivalence relation E on U, where each equivalence class is 
denoted as [x] ¢ U forx € U. 


A Granular Fuzzy Set G on the quotient space U/E is a mapping: 
G:U/E = [0,1], 


such that G([x]) assigns a membership grade to the equivalence class [x] € U/E, representing the degree to 
which the granule [x] belongs to the granular fuzzy set. 


For each equivalence class [x] € U/E, the granular fuzzy set G([x]) can be constructed from the fuzzy mem- 
bership grades of the individual elements in [x] in the ground space. Common constructions include: 


1. Minimum membership value: 
G([x]) = min{F(y) | y € [x]}, 
where F : U = [0, 1] is a fuzzy set on U. 


2. Maximum membership value: 


G([x]) = max{F(y) | y € [x]}. 
3. Average membership value: 


1 
G([x]) = — >) FO), 


ye[x] 


where |[x]| denotes the cardinality of the equivalence class [x]. 


Theorem 3.128. A Granular Fuzzy Set (GFS) can be transformed into a classical Fuzzy Set (FS) by assigning 
the granular membership grade of each equivalence class to all its elements in the underlying ground set. 


Proof. Let apr = (U, U/E) be an approximation space, where: 


¢ U is the ground set. 
¢ U/E is the quotient set induced by an equivalence relation E on U, with equivalence classes [x] ¢ U for 
xeu., 
A Granular Fuzzy Set G on U/E is defined as: 
G:U/E = [0,1]. 
To construct a classical Fuzzy Set F : U — [0,1], we define the membership grade of each y € U as: 
F(y) = G(Ly)), 


where [y] is the equivalence class containing y. 


Since G([x]) € [0,1] for all [x] € U/E, it follows that F(y) € [0, 1] for all y € U. By assigning the granular 
membership G([x]) to all elements in [x], the granular structure is consistently mapped to a fuzzy set on U. 


The mapping F(y) = G([y]) transforms the Granular Fuzzy Set G into a classical Fuzzy Set F, completing 
the proof. Oo 
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Definition 3.129 (Granular Neutrosophic Set). Let apr = (U, U/E) denote an approximation space, where: 


¢ Uisa finite set called the ground set. 


* U/E is the quotient set induced by an equivalence relation E on U, where each equivalence class is 
denoted as [x] ¢ U forx € U. 


A Granular Neutrosophic Set G on the quotient space U/E is defined as a triple of mappings: 
G ame (T, I, F), 


where: 


° T: U/E — [0,1] is the truth-membership function, assigning a degree of truth to each equivalence class 
[x] € U/E. 


¢ 1: U/E — [0,1] is the indeterminacy-membership function, assigning a degree of indeterminacy to 
each equivalence class [x] € U/E. 


° F: U/E — [0,1] is the falsity-membership function, assigning a degree of falsity to each equivalence 
class [x] € U/E. 


For each equivalence class [x] € U/E, the values of T([x]), ([{x]), and F([x]) can be derived from the neutro- 
sophic membership functions of the individual elements in [x] in the ground space U. Common constructions 
include: 


1. Minimum values: 
T([x]) = min{Ty(y) ly € x]},  7(x]) = minflu(y) |y € [x]}, FP ([x]) = min{Fy(y) | y € [x]}, 
where Ty, Jy, and Fy are the truth, indeterminacy, and falsity membership functions on U, respectively. 
2. Maximum values: 


T([x]) = max{Tu(y) |y € [x]}, F([x]) = max{Ju(y) | y € [x]}, (Lx) = max{Fu(y) | y € [x]}- 


3. Average values: 


1 1 1 
T(x) = pa Tuy), Mb) = a 2 uy), FD =T7 me Fu(y), 


where |[x]| is the cardinality of the equivalence class [x]. 


Theorem 3.130. A Granular Neutrosophic Set generalizes a Neutrosophic Set. 


Proof. To show that a Granular Neutrosophic Set generalizes a Neutrosophic Set, consider the following con- 
struction: 


¢ For each x € U, the equivalence class [x] € U/E contains all elements equivalent to x under E. 


* The membership values for each granule [x] € U/E in the granular neutrosophic set G can be defined 


as: 
T([x]) =Tu(x), Tx)) =tuQ@), F(x) = Fu), 


assuming each granule [x] contains exactly one element (i.e., [x] = {x}). 
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Under this construction, the granular neutrosophic set G reduces to the neutrosophic set N when the granulation 
is trivial, meaning each equivalence class contains only one element. 


Conversely, for non-trivial granulation, the membership values for [x] in G can be defined using aggregations 
over the membership values of elements y € [x] in the neutrosophic set NV. For example: 


¢ Minimum values: 


T([x]) = min Ty(y), Z([x]) = min u(y), F([x]) = min Fy(y). 
ye[x] ye[x] ye[x] 


¢ Maximum values: 


T([x]) = max Ty(y),  T([x]) = max Iy(y),  F([x]) = max Fy(y). 
ye[x] ye[x] ye[x] 


° Average values: 


1 1 1 
re) = Ty 2 To(y), MD) = 7 ay lu), FD = > Fu(y), 


where |[x]| is the cardinality of the equivalence class [x]. 


Thus, a Granular Neutrosophic Set G reduces to a Neutrosophic Set N under trivial granulation, and generalizes 
N by allowing aggregation over equivalence classes in non-trivial granulations. oO 


Theorem 3.131. A Granular Neutrosophic Set generalizes a Granular Fuzzy Set. 


Proof. To show that a Granular Neutrosophic Set generalizes a Granular Fuzzy Set, consider the following 
construction: 


* For each [x] € U/E, let the granular fuzzy set G be represented as: 


G([x]) =T(Ix)), 


where T is the truth-membership function of the granular neutrosophic set Gy, and: 


I([x]) =0, F([x]) = 1-7 ([x]). 
Under this construction: 


* The indeterminacy-membership /([x]) is fixed at 0, representing no uncertainty in the membership grade. 


¢ The falsity-membership F'([x]) is fully determined by T([x]), ensuring that the neutrosophic member- 
ship model reduces to the fuzzy membership model. 


Conversely, a Granular Neutrosophic Set Gy extends a Granular Fuzzy Set by introducing additional degrees 
of freedom: 


¢ The indeterminacy-membership function /([x]) allows for the representation of uncertainty or hesitation. 


¢ The falsity-membership function F([x]) decouples from T([x]), enabling independent falsity represen- 
tation. 


Thus, when /([x]) = 0 and F([x]) = 1 — T([x]) for all [x] € U/E, the granular neutrosophic set Gy reduces 
to the granular fuzzy set G. Therefore, a Granular Neutrosophic Set generalizes a Granular Fuzzy Set. oO 
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3.2.17 Hereditary Neutrosophic Set System 


We define the Hereditary Neutrosophic Set System as an extension of the Hereditary Fuzzy Set System below. 
It is hoped that further exploration of its mathematical characteristics and operations will continue in the future. 


Definition 3.132 (Hereditary Fuzzy Set System). |615| Let U be a non-empty finite set, and let F C 
[0, 1], where each yu € F is a fuzzy set on U. The pair (U, F) is called a fuzzy set system, and F is called a 
hereditary fuzzy set system if the following condition holds: 


VuEeFVvsp = vefF, 


where v < yu means v(x) < u(x) for all x € U. 


Definition 3.133 (Fundamental Sequence of a Hereditary Fuzzy Set System). [|615) Let (U,F) be a 
hereditary fuzzy set system. Define F [a] = {u[a] | uw € F} fora € (0, 1], where p[a] = {x € U | u(x) = a}. 
There exists a finite sequence {ro,7r1,...,/n} such that: 


1. 0=17r90 <r <-:+<rn <1, 

2. ifr; <a <b <rjat, then F[a] = F[], 

3. Ifri <a < ris) <b < ri42, then Fla] D F [Db], 

4. If0 <a <b <1, then F[a] > F[b], 

5. F [a] = {0} for all a € [0,r,]; if rz < 1, then F [a] = {0} for a € (rp, 1]. 


The sequence {ro,71,..-,7n} is called the fundamental sequence of the hereditary fuzzy set system (U, F). 


Definition 3.134 (Hereditary Neutrosophic Set System). Let U be a non-empty finite set, and let NV € ([0, 1] x 
[0, 1] x [0, 1])/, where each N € N is a neutrosophic set on U. Each N is defined as: 


N(x) = (Tn (x), In (x), Fn (x)) for all x € U, 
where Ty (x), /y (x), Fy (x) € [0,1] represent the truth, indeterminacy, and falsity membership degrees, re- 
spectively. The pair (U, N) is called a neutrosophic set system, and N is called a hereditary neutrosophic set 
system if the following condition holds: 
VNEN,VM SN = MEN, 
where M < N means: 
Tu (x) <Ty(x), Im(x) > In(x), Feu (x) = Fy(x)  forallx €U. 


Theorem 3.135. The Hereditary Neutrosophic Set System generalizes the Hereditary Fuzzy Set System. 


Proof. Let U be a non-empty finite set. 


If we set the indeterminacy and falsity membership functions to constant values: 
Iy(x) =0, F(x) =0  forallx € U, 
the neutrosophic set N reduces to a fuzzy set yw with: 


M(x) =Ty(x) for allx € U. 


Under this simplification, M < N becomes: 


Tu (x) < Ty (x) for all x € U, 
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which matches the condition for a fuzzy set system: 


VuEeF VWs = veF. 


The heredity condition of a neutrosophic set system: 
YWNEN,VM SN => MEN, 
encompasses the heredity condition of a fuzzy set system: 


VuUEF VWs = veF. 


By setting Jy (x) = Oand Fy (x) = 0, the Hereditary Neutrosophic Set System (U, NV) reduces to the Hereditary 
Fuzzy Set System (U, F). Therefore, the Hereditary Neutrosophic Set System generalizes the Hereditary Fuzzy 
Set System. oO 


3.2.18 Contextual Neutrosophic Set 


The Contextual Neutrosophic Set, which extends the Contextual Fuzzy Set, is defined as follows. In the future, 
we aim to explore the applications of the Contextual Fuzzy Set and its related concepts. 


Definition 3.136 (Contextual Fuzzy Set). [533] Let X be a reference universe, and let C represent a set of 
contexts. A Contextual Fuzzy Set (CFS) A € X is defined as: 


A= {((x,c), u(x), p(x, c)) |x eX, c€ CH, 


where: 


* yt: X — [0, 1] is the membership function that provides the degree of membership of an element x € X, 


* y: XxC — [0,1] is the reliability function that represents the confidence level of the membership 
evaluation in the context c € C. 


The final membership degree of x € X in the context c € C is determined jointly by u(x) and v(x, c), accounting 
for the specific characteristics of the context. 


Theorem 3.137. A Contextual Fuzzy Set (CFS) can be transformed into a classical Fuzzy Set (F'S) by integrating 
the reliability function into the membership function across all contexts. 
Proof. Let A ¢ X be a Contextual Fuzzy Set, defined as: 


A= {((x,c), U(x), p(x, c)) |x eX, c€ CH, 


where: 


* yt: X — [0, 1] is the membership function of x € X, 


* o: X XC — [0,1] is the reliability function for the membership of x in context c € C. 


To transform A into a classical Fuzzy Set F € X, we define the membership function yz : X — [0, 1] as: 
1 
ur(e) =D) w(x) (x0), 
IC| ceCc 
where |C| is the cardinality of the context set C. 
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For each x € X, ur(x) aggregates the context-dependent memberships (x)-y(x, c), weighted by the reliability 
y(x,c). Since u(x), v(x, c) € [0, 1], it follows that u(x) - p(x, c) € [0, 1] and: 


ia SY) uO) + es, €) € [0,1]. 
cec. 


Thus, r(x) is a valid membership function for a classical Fuzzy Set. 


By defining p(x) = 1c] Dcec H(X) - v(x, c), the Contextual Fuzzy Set A is transformed into a classical Fuzzy 
Set F. This preserves the essential membership information while eliminating the contextual dependency. oO 


Definition 3.138 (Contextual Neutrosophic Set). Let X be a reference universe, and let C represent a set of 
contexts. A Contextual Neutrosophic Set (CNS) A © X is defined as: 


A= {((x,c), T(x, c), I(x, c), F(x, c)) |x € X,c €C}, 


where: 


¢ T: XxC — (0, 1] is the truth membership function, representing the degree to which an element x € X 
belongs to the set A in the context c € C, 


e I: XxC — [0,1] is the indeterminacy membership function, representing the degree of uncertainty or 
hesitation about the membership of x in the context c, 


¢ F:XxC — [0,1] is the falsity membership function, representing the degree to which x € X does not 
belong to the set A in the context c. 
These membership functions satisfy the following condition for all x € X andc € C: 
0 < T(x,c)+1(x,c) + F(x, c) < 3. 
The final membership of x € X in the context c € C is determined by the combined effect of T(x, c), I(x, c), 
and F(x, c), capturing the nuanced interplay of truth, indeterminacy, and falsity in a context-dependent manner. 
Theorem 3.139. A Contextual Neutrosophic Set (CNS) can be transformed into a Contextual Fuzzy Set (CFS) 


by defining the reliability function p(x, c) based on the neutrosophic components T(x, c), I(x, c), F(x, c). 


Proof. Let A = {((x,c), T(x, c), I(x, c), F(x, c)) | x € X,c € C} be a Contextual Neutrosophic Set. Define 
the membership and reliability functions for a Contextual Fuzzy Set as follows: 


u(x) =T(x,c), v(x,c) =1-I1(x,c) - F(x, c), 


where s(x) represents the degree of membership and y(x, c) represents the reliability of the membership eval- 
uation in the context c. 


To ensure that v(x, c) is a valid reliability function, we verify its range: 
y(x,c) =1-T1(x,c) - F(x, c). 
Since 0 < T(x, c) + I(x,c) + F(x, c) < 3, it follows that: 
0 < I(x,c) + F(x,c) <2. 


Thus: 
0<1-J(x,c) - F(x,c) < 1, 


which implies v(x, c) € [0, 1], satisfying the requirements for a reliability function. 
Now, construct the corresponding Contextual Fuzzy Set B as: 
B= {((x,c), u(x), (x, c)) |x € X,c € C}. 
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Here: 
M(x) =T(x,c), o(x,c) =1—-J1(x,c) - F(x, c). 


This transformation preserves the information from the Contextual Neutrosophic Set while mapping it into 
the framework of a Contextual Fuzzy Set. Thus, every Contextual Neutrosophic Set can be expressed as a 
Contextual Fuzzy Set. oO 


Theorem 3.140. A Contextual Neutrosophic Set (CNS) generalizes a Neutrosophic Set (NS). Specifically, a 
Neutrosophic Set is a special case of a Contextual Neutrosophic Set where the context c € C is constant or 
irrelevant. 


Proof. Let X be a reference universe, and let C represent the set of contexts. A Contextual Neutrosophic Set 
is defined as: 
A= {((x,c), T(x, c), I(x, c), F(x, c)) |x € X,c €C}, 


where T(x, c),1(x,c), F(x, c) are the truth, indeterminacy, and falsity membership functions, respectively, 
satisfying: 
0 < T(x,c) +1(x,c) + F(x,c) <3. 
A Neutrosophic Set is defined as: 
B= {(x, T(x), I(x), F(x)) |x € X}, 
where T(x), [(x), F(x) satisfy the same condition: 


0 < T(x) +J1(x) + F(x) < 3. 


To show that B is a special case of A, define a constant context cg € C such that: 


T(x,co) =T(x), I(x,co) =1(x), F(x,co) =F(x), Vxe X. 


This reduces A to: 
A = {((x, co), T(x), I(x), F(x)) | x € X}. 


Since the context co is fixed and does not influence the membership values, the contextual dependency vanishes, 
and A becomes identical to B. 


Conversely, any Neutrosophic Set B can be embedded into a Contextual Neutrosophic Set A by assigning a 
constant context co for all elements in X: 


T(x,c)=T(x), I(x,c)=I(x), F(x,c)=F(x), VWeeC. 


Thus, every Neutrosophic Set is a Contextual Neutrosophic Set with a trivial context. Therefore, the Contextual 
Neutrosophic Set generalizes the Neutrosophic Set. oO 


3.2.19 Non-Stationary Neutrosophic Set 


The concept of a Non-Stationary Neutrosophic Set 1006], which generalizes the Non-Stationary 
Fuzzy Set into a broader framework, is presented below. It is hoped that further exploration and development 
of its mathematical structure will be accelerated in the future. 
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Definition 3.141 (Non-Stationary Fuzzy Set). [401] Let X be a universe of discourse and let A be a fuzzy set 
on X, characterized by a membership function wa : X — [0,1]. Let T be a set of time points ¢; (potentially 
infinite) and let f : T — R denote a perturbation function. 


A Non-Stationary Fuzzy Set A is characterized by a non-stationary membership function: 
Ma:TxxX— [0,1], 


which associates each element (t,x) € Tx X with a time-specific variation of jz4 (x). The membership function 
A(t, x) is defined as: 
MA(t.X) = MAX, pi(t),.--sPm(t)), 


where each parameter p;(t) is a time-dependent perturbation defined by: 
Pit)h=pitk fio, i=1,...,m, 
with k; as a constant and f;(t) as a perturbation function for the parameter p;. 


The Non-Stationary Fuzzy Set A is formally expressed as: 


Theorem 3.142. A Non-Stationary Fuzzy Set A can be transformed into a standard Fuzzy Set A by fixing the 
time parameter t to a constant value to. 


Proof. Let A be a Non-Stationary Fuzzy Set characterized by the membership function: 
Ha: TxX— [0,1], 
where 4(t,x) = a(x, pi(t),...,Pm(t)), and each parameter p;(t) is time-dependent: 


Dilt) = pitki fi, i=1,...,m. 


To transform A into a standard Fuzzy Set A, we fix the time parameter f to a constant fo. Substituting to into 
the time-dependent parameters, we obtain: 


Pi(to) = pit ki fi(to), i=1,...,m. 


The membership function for the fixed time tg becomes: 


HA (to, x) = HA(X, pi(to),---,Pm(to))- 


Define a new membership function for A as: 
H'4(x) = 44 (t0,2). 
This membership function j1’,(x) is independent of t and satisfies the conditions of a standard fuzzy set: 


p(x) € [0,1], Vee X. 


Therefore, A is a standard Fuzzy Set, and we can express it as: 


A= fi ug(s)/e. 


This shows that by fixing the time parameter t, the Non-Stationary Fuzzy Set A reduces to a standard Fuzzy 
Set A. Oo 
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Definition 3.143 (Non-Stationary Neutrosophic Set). Let X be a given set, and let T be a set of time points 
t; (potentially infinite). A Non-Stationary Neutrosophic Set A on X is characterized by three non-stationary 
membership functions: 


Ta:TxX— [0,1], 14:TxX— [0,1], Fa: Tx xX — [0,1], 


where for each (t,x) € T xX X, Tj(t,x), [4(t,x), and F4(t,x) represent the time-specific degrees of truth, 
indeterminacy, and falsity, respectively. 


The membership functions are defined as: 


Ta(t,x) = Ta(x, pi(t),.-->Pm(t)),  T4Ax) = 1A Qi (),-- + In(), Fat. x) = FaQiri(t),.- rk), 


where T(x), [4(x), and F(x) are the underlying membership functions of a standard neutrosophic set, and 
each parameter p;(t), q;(t), and r;(t) is a time-dependent perturbation given by: 


Pith=pitki fit), ai =ast+ligiO, re(t) =re+mehx(t), 
with f;(t), g;(t), and h;(t) as perturbation functions, and k;, /;, and mx as constants. 
The membership values satisfy the following condition for all (t,x) € T x X: 


0<Ty(t,x) +14(t,x) + F4(t.x) < 3. 


The Non-Stationary Neutrosophic Set A can be formally expressed as: 


A -f[ ia (Ty (t,x), 14(t.x), Fa(t,x))/x/t. 


Theorem 3.144. A Non-Stationary Neutrosophic Set generalizes the concept of a Non-Stationary Fuzzy Set. 


Proof. Let A be a Non-Stationary Neutrosophic Set characterized by the membership functions: 
Ty:TxX—> [0,1], 14:TxX— [0,1], Fa: Tx xX — [0,1], 


where Tj (t,x), [4 (t,x), F4(t, x) represent the time-specific degrees of truth, indeterminacy, and falsity, respec- 
tively. 


If we set J, (t,x) = O and F4(t,x) = 1 — Ty(t,x), then the Non-Stationary Neutrosophic Set reduces to a 
Non-Stationary Fuzzy Set Atuzy; characterized by: 


Ha(t,x) =T,(t,x), 


which corresponds to the time-specific membership function of a Non-Stationary Fuzzy Set. Thus, the Non- 
Stationary Fuzzy Set is a special case of the Non-Stationary Neutrosophic Set, proving the generalization. O 


Theorem 3.145. A Non-Stationary Neutrosophic Set generalizes the concept of a Neutrosophic Set. 


Proof. Let A be a Non-Stationary Neutrosophic Set defined by: 
Ty:TxxX— [0,1], 14:TxX— [0,1], Fy:TxX— [0,1]. 


If we consider the case where the time set T consists of a single time point, T = {to}, the membership functions 
reduce to: 


T4(to,x) =Ta(x), I,(to,x) =La(x), F4(to,x) = Fa(x), 


which are the membership functions of a standard Neutrosophic Set A on X. Therefore, the Neutrosophic Set 
is a special case of the Non-Stationary Neutrosophic Set, proving the generalization. oO 
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3.2.20 Cosine Neutrosophic Set 


The Cosine Neutrosophic Set, an extension of the Cosine Fuzzy Set, is defined here. It is anticipated that further 
studies will explore its mathematical structure and potential applications in greater depth. 


Definition 3.146 (Cosine Fuzzy Set). [330] A Cosine Fuzzy Set A is defined on a closed interval x = [a,b] ¢ 
IR, where each element x € x can be scaled to a corresponding value z € z = [—2,z] using the following 
transformations: 


1. Center: 
at+b 
c= ; 
2 
2. Scale Factor: 
b-a 
s= ; 
3. Transformation: 


The membership function of the cosine fuzzy set A is defined as: 


1 + cos(z) 


2b 
5) , z€[-a,7], b=0. 


Ha(Z) = 


This membership function maps the scaled variable z to a fuzzy membership degree in [0, 1] using a generalized 
cosine function. 


Definition 3.147 (Cosine Neutrosophic Set). A Cosine Neutrosophic Set A on a closed interval x = [a,b] CR 
is characterized by three membership functions, T4(z), [4(z), and F4(z), which represent the truth, indeter- 
minacy, and falsity degrees, respectively. These membership functions are scaled and defined based on the 
generalized cosine fuzzy set as follows: 


1. Transformation: 


tT, ZE [-z, 7], 


is the scale factor. 


where c = ap is the center and s = 2 5 


2. Membership Functions: 


2br 
ae) > ZE [-z, z], br = 0, 


Ta(z) = 5) 


1 + cos(z) Pe 


5) zé€[-az,nm], by, > 0, 


Ta(z) = 


1 +cos(z) y" 


Fa(z) = 5 


zé€[-az,7], br >=0. 


3. Condition: The membership values satisfy: 


0 < Ta(z) +1a(z) + Fa(z) $3, Vz € [-2, 2]. 


This definition extends the cosine fuzzy set to incorporate neutrosophic components, allowing the representa- 
tion of truth, indeterminacy, and falsity in a single framework. 


Theorem 3.148. The Cosine Neutrosophic Set generalizes both the Cosine Fuzzy Set and the Neutrosophic Set. 
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Proof. Let A be a Cosine Neutrosophic Set defined on the interval x = [a,b] C R. The membership functions 
Ta(z), [4(z), and F4(z) are given as: 


1+ Soy: moe (- + cess) . ie (- + cos(z) 


2br 
2 2 2 ? ZE [-7, 7]. 


Ta(z) = 


To recover a Cosine Fuzzy Set from A, we set: 


This results in: 
1 + cos(z) 


2b 
5) ] » Ia(z)=0, Fa(z) =0. 


Ta(z) = ( 


Here, T4(z) reduces to the membership function of a Cosine Fuzzy Set, and the indeterminacy and falsity 
components vanish. Thus, the Cosine Neutrosophic Set A generalizes the Cosine Fuzzy Set. 


And let A be a Cosine Neutrosophic Set. The membership functions T4(z), 4(z), and F(z) are defined as 
functions of z. To recover a standard Neutrosophic Set, we fix z = 0 (or equivalently x = c, the center of the 
interval): 

x-C 


Z= n=0. 


S 


At z = 0, the cosine function evaluates to: 


cos(z) = cos(0) = 1. 


Substituting this into the membership functions: 


1 +.cos(0) \72" 
D 


Il 
—~ 
NIN 
aie 
N 
> 
3 
| 
— 


Ta(0) = 


1 + cos(0) " 


Ta(0) -| 5) 


Il 
pee 


NIN NIN 


1 +cos(0)\7?" ore = 
5 =I. 
By allowing br, b;, br to vary, we can reconstruct the membership functions T(x), I(x), and F(x) of any 
Neutrosophic Set. Therefore, the Cosine Neutrosophic Set generalizes the Neutrosophic Set. oO 


Fa(0) = 


3.3. Hyper Concepts and Superhyper concepts 


In this subsection, we examine several Hyper concepts and Superhyper concepts. Note that in some fields, 
multiple definitions exist, and the meanings of hyper” or super’ may vary. 
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3.3.1 HyperNeutrosophic Set 


The HyperNeutrosophic Set is an extended set concept based on the Hyperfuzzy Set. The definitions and 
theorems are provided below. 


Definition 3.149 (HyperNeutrosophic Set). Let X be a non-empty set. A mapping f : X — P([{0,1]3) is 
called a HyperNeutrosophic Set over X, where P({0, 1]*) denotes the family of all non-empty subsets of the 
unit cube [0, 1]*. For each x € X, fi(x) € [0,1]? represents a set of neutrosophic membership degrees, each 
consisting of truth (T), indeterminacy (/), and falsity (F’) components, satisfying: 


0<T+I+F <3. 


Theorem 3.150. A HyperNeutrosophic Set generalizes a Neutrosophic Set. 


Proof. To show that a Neutrosophic Set is a special case of a HyperNeutrosophic Set, we construct a specific 
HyperNeutrosophic Set HN'S’ such that: 


A(x) = {u(x}. 


Here, fi’(x) is a singleton subset of [0, 1]*, containing exactly the membership triplet (x) from the Neutro- 
sophic Set. For every x € X, the singleton fi’(x) ¢ [0,1]? satisfies the conditions for a HyperNeutrosophic 
Set. Consequently, HN’ is a valid HyperNeutrosophic Set. 


Thus, any Neutrosophic Set NS can be represented as a special case of a HyperNeutrosophic Set where the 
membership subset is always a singleton. Therefore, the HyperNeutrosophic Set generalizes the Neutrosophic 
Set. Oo 


Theorem 3.151. Every HyperNeutrosophic Set can be transformed into an equivalent HyperFuzzy Set. 


Proof. Given a HyperNeutrosophic Set HN'S with mapping fi : X — P([0,1]*), we construct a HyperFuzzy 
Set HFS over X by defining: 


z= | (T.1.F) € ai} 


This mapping converts each neutrosophic membership triplet into a single membership degree in [0,1] by 
averaging the truth and complement of the falsity degrees. 


Since T, 1, F € [0,1], and0 < T7+/+F < 3, it follows that ji’(x) € [0, 1]. 


Thus, HFS is a HyperFuzzy Set corresponding to HNS. Oo 


Definition 3.152 (HyperPlithogenic Set). Let X be a non-empty set, and let A be a set of attributes. For each 
attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS over X is defined as: 


HPS = (P, {vi}, (Pvt {pdf}. pCF) 


where: 


¢ PC X isa subset of the universe. 
¢ For each attribute v;, Pv; is the set of possible values. 


* For each attribute v;, pdf; : P x Pv; — P([0,1]°) is the Hyper Degree of Appurtenance Function 
(HDAF), assigning to each element x € P and attribute value a; € Pv; a set of membership degrees. 


° pCF : (UZ, Pvi) x (UL, Pvi) > [0, 1]! is the Degree of Contradiction Function (DCF). 
Theorem 3.153. A HyperPlithogenic Set generalizes a Plithogenic Set. 
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Proof. To show that PS is a special case of HPS, consider the following construction: 
n=1, {vi}, ={v}, {Pvi}iiy = {Pv}. 
Define pdf for HPS such that: 
pdf ,(x,a) = {pdf(x,a)}, forallx € P, ae Pv. 
Here, pdf ,(x, a) is a singleton subset of [0, 1]°, containing exactly the membership degree pdf (x, a) from the 


Plithogenic Set. 


Since pCF in HPS is identical to that in PS, PS can be viewed as a HyperPlithogenic Set where: 


pdf ;(x, a) are singletons for all x € P, a € Pv. 


Thus, the HyperPlithogenic Set HPS generalizes the Plithogenic Set PS. oO 


Theorem 3.154. Every HyperPlithogenic Set with s = 1 and t = 1 can be transformed into an equivalent 
HyperFuzzy Set. 


Proof. Given a HyperPlithogenic Set HPS = (P, v, Pv, pdf, pCF) with s = 1, the Hyper Degree of Appurte- 
nance Function pdf : P x Pv — P({0,1]) assigns to each (x, a) a subset of [0, 1]. 


We construct a HyperFuzzy Set HFS over P by defining the mapping fi : P > P([0, 1]) as: 


A(x) = |) pdf(a.a). 


aePyv 


Since pdf (x, a) € [0,1] for each a € Pv, it follows that fi(x) C [0,1]. Thus, HFS is a HyperFuzzy Set. 


This mapping effectively aggregates all the hyper degrees of appurtenance of x across all attribute values into 
a single hyperfuzzy membership set. The DCF pCF is not needed in the HyperFuzzy Set and is thus omitted. 


Therefore, the HyperPlithogenic Set reduces to a HyperFuzzy Set when s = 1 andt = 1. oO 


Theorem 3.155. Every HyperPlithogenic Set with s = 3 and t = 1 can be transformed into an equivalent 
HyperNeutrosophic Set. 


Proof. Given a HyperPlithogenic Set HPS = (P, v, Pv, pdf, pCF) with s = 3, the Hyper Degree of Appurte- 
nance Function pdf : P x Pv — P({0, 1]3) assigns to each (x, a) a subset of [0, 1]>. 


We construct a HyperNeutrosophic Set HN'S over P by defining the mapping fi: P — P([0, 1]°) as: 


fix) = |) paf(x.a). 


acePyv 


Since pdf (x,a) € [0,1]? for each a € Pv, it follows that f(x) ¢ [0,1]°. Each element in f(x) is a triplet 
(T, 1, F) satisfying 0 <T+/+F <3. 


This mapping consolidates all hyper degrees of appurtenance of x across all attribute values into a single hy- 
perneutrosophic membership set. 


Therefore, the HyperPlithogenic Set reduces to a HyperNeutrosophic Set when s = 3 and t = 1. oO 
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3.3.2 HyperVague Offset/Overset/Underset 


We proceed to further define the concepts of the HyperVague Set, as well as Vague Offset, Vague Overset, 
and Vague Underset. Additionally, we will consider and define HyperVague Offset, HyperVague Overset, and 
HyperVague Underset. Some of these definitions are provided below. 


Definition 3.156 (HyperVague Set). Let U be a universe of discourse, and let P([0, 1]7) denote the power set 
of the unit square [0, 1]”, excluding the empty set. A HyperVague Set A in U is defined as a mapping: 


A:U > P([0, 1’), 
such that for each wu € U, A(u) C [0, 1]? and each pair (t, f) € A(u) satisfies: 
O<t+f<l. 


Theorem 3.157. A HyperVague Set is a generalization of a HyperFuzzy Set. 


Proof. For a given set X, a HyperFuzzy Set fi : X — P({0,1]) is a mapping where each element x € X is 
associated with a non-empty subset f(x) € [0, 1]. Here, each subset represents degrees of membership within 
the interval [0, 1]. 


For a universe U, a HyperVague Set A : U — P([0,1]?) maps each element u € U to a non-empty subset 
A(u) C [0,1]*. Each pair (t, f) € A(u), representing degrees of membership ¢ and non-membership f, must 
satisfyO <t+f <1. 


Since each pair (t, f) ina HyperVague Set provides both a membership degree ¢ and a non-membership degree 
f, the HyperVague Set extends the structure of the HyperFuzzy Set by accommodating additional uncertainty 
and dual-valued degrees. 


To clarify this relationship: 


* If we restrict the HyperVague Set A to cases where each (t, f) satisfies f = 0, then A effectively behaves 
as a HyperFuzzy Set, as it only represents membership degrees within the range [0, 1]. 


* Conversely, every HyperFuzzy Set can be viewed as a special case of a HyperVague Set by interpreting 
the membership values ji(x) € [0, 1] as pairs (t, f) = (t,0) within the HyperVague framework. 


Thus, the HyperVague Set encompasses the structure of the HyperFuzzy Set as a specific case, proving that it 
is a generalization of the HyperFuzzy Set. oO 


Theorem 3.158. A HyperVague Set is a generalization of a Vague Set. 


Proof. If we restrict a HyperVague Set A such that for each u € U, A(u) contains only a single pair (ta(u), fa(u)) 
that satisfies t4(u) + f4(u) < 1, then A corresponds exactly to a Vague Set. Here, the truth-membership and 
false-membership degrees are fixed as in the Vague Set structure, with each element having one specific pair 
of truth and false values. 


Conversely, the HyperVague Set allows multiple pairs (t, f) for each element u, where each pair meets the 
constraint 0 < t+ f < 1. This flexibility extends the Vague Set framework by permitting a range of truth and 
falsity degrees, effectively broadening the scope of possible membership representations and accommodating 
greater uncertainty. 


Thus, the Vague Set is a specific instance of a HyperVague Set where each element u in the universe U has 
a unique pair (t, f). The HyperVague Set, by allowing multiple pairs per element, generalizes the Vague Set 
concept. Oo 


Theorem 3.159. Every HyperPlithogenic Set with s = 2 and t = 1 can be transformed into an equivalent 
HyperVague Set. 
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Proof. The proof can be established in a similar manner as in the cases of Hyperfuzzy Sets and Hyperneutro- 
sophic Sets. oO 


Definition 3.160 (Vague Overset). A Vague Overset A in U is characterized by functions: 
ta:U—> [0,Q], fa: U > [0,Q], 
where Q > | and for each u € U, the pair (t4(u), fa(u)) satisfies: 
0 < ta(u) + fa(u) < Q, 
with t4(u) or f4(u) potentially exceeding 1. 


Theorem 3.161. Every Vague OverSet can be transformed into an equivalent Fuzzy OverSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic OverSet. oO 
Definition 3.162 (Vague Underset). A Vague Underset A in U is characterized by functions: 
A:U>[,1], fa: U—- [¥, 1], 
where ' < 0 and for each u € U, the pair (t4(u), f4(u)) satisfies: 
Ys ta(u)+ fatu) < 1, 
allowing t4(u) or f4(u) to be less than 0. 


Theorem 3.163. Every Vague UnderSet can be transformed into an equivalent Fuzzy UnderSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic UnderSet. oO 
Definition 3.164 (Vague Offset). A Vague Offset A in U is characterized by functions: 
ta:U > [¥,Q], fa: U > [¥,Q], 
where Q > 1, ¥ < 0, and for each u € U, the pair (t4(u), f4(u)) satisfies: 
Y < ta(u) + fa(u) $ Q, 
permitting t4(u) and f,4(u) to exceed | or be less than 0. 


Theorem 3.165. Every Vague OffSet can be transformed into an equivalent Fuzzy OffSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic OffSet. oO 


Theorem 3.166. A Vague Offset can generalize both Vague Overset and Vague Underset. 


Proof. The statement follows directly from the definitions. oO 
Definition 3.167 (HyperVague Overset). A HyperVague Overset A in U is a mapping: 
A:U > P([0,Q]’), 
where Q > 1, and for each u € U, A(u) © [0, Q]? with each pair (t, f) € A(u) satisfying: 
O<t+f <Q, 
and ¢ or f may exceed 1. 


Theorem 3.168. A HyperVague OverSet is a generalization of a Vague OverSet. 


Proof. This is evident. oO 
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Theorem 3.169. Every HyperVague OverSet can be transformed into an equivalent HyperFuzzy OverSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic OverSet. oO 
Definition 3.170 (HyperVague Underset). A HyperVague Underset A in U is a mapping: 
A:U > P([¥, 1]”), 
where Y < 0, and for each u € U, A(u) C [¥, 1]? with each pair (t, f) € A(u) satisfying: 
YWet+f<l, 
allowing t or f to be less than 0. 


Theorem 3.171. A HyperVague UnderSet is a generalization of a Vague UnderSet. 


Proof. This is evident. oO 


Theorem 3.172. Every HyperVague UnderSet can be transformed into an equivalent HyperFuzzy UnderSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic UnderSet. oO 
Definition 3.173 (HyperVague Offset). A HyperVague Offset A in U is a mapping: 
A:U > P([¥,Q]°), 
where Q > 1, ¥ < 0, and for each u € U, A(u) C [¥, Q]? with each pair (t, f) € A(u) satisfying: 
YW<t+f <Q, 
permitting ¢ and f to exceed | or be less than 0. 


Theorem 3.174. A HyperVague OffSet is a generalization of a Vague OffSet. 


Proof. This is evident. oO 


Theorem 3.175. Every HyperVague OffSet can be transformed into an equivalent HyperFuzzy OffSet. 


Proof. The proof can be conducted using the same method as in the case of the Neutrosophic OffSet. oO 


Theorem 3.176. A HyperVague Offset can generalize both HyperVague Overset and HyperVague Underset. 


Proof. The statement follows directly from the definitions. oO 


3.3.3 IndetermSuperHyperSoft Set 


The definition of the IndetermSuperHyperSoft Set is provided below. 


Definition 3.177 (IndetermSuperHyperSoft Set). Let U be a universe of discourse, H a non-empty subset of 
U, and P (#1) the power set of H. Let a1, a2,..., a4, be n distinct attributes, with corresponding attribute value 
sets Aj, A2,...,An, where A; 1 A; = 9 for alli # j. 


For each attribute a;, let P(A;) denote the power set of A;. Then, the pair 
(F,P(A1) X P(A2) X +++ X P(An)), 


where F : P(A1) X P(A2) X---X P(An) — P(A), is called an IndetermSuperHyperSoft Set over U if at least 
one of the following conditions holds: 
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1. At least one of the sets A;, A2,..., A, has some indeterminacy. 
2. At least one of the sets H or P(A) has some indeterminacy. 


3. The function F has some indeterminacy; that is, there exists at least one mapping F'(S1,S2,...,S,) = M, 
where some of $1, S2,..., 5, or M are indeterminate (non-unique, unclear, incomplete, or unknown). 


An IndetermSuperHyperSoft Set extends both the IndetermHyperSoft Set and the SuperHyperSoft Set by al- 
lowing indeterminacy in the attribute sets, the universe, or the mapping function, while also utilizing the power 
sets of the attribute value sets. 


Theorem 3.178. Every IndetermHyperSoft Set and every SuperHyperSoft Set can be considered as a spe- 
cial case of an IndetermSuperHyperSoft Set. Therefore, the IndetermSuperHyperSoft Set generalizes both the 
IndetermHyperSoft Set and the SuperHyperSoft Set. 


Proof. An IndetermHyperSoft Set is defined as follows: 


Let U be a universe of discourse, H € U, and P(A) the power set of H. Let a1, a2,..., ay be attributes with 
attribute value sets A;, A2,..., An, where A; 1 A; = 9 fori # j. The function F : Aj xX A2X-:-xX An — P(A) 
defines the IndetermHyperSoft Set (F, A, x Az x --- X A,), with indeterminacy in A,, H, or F. 


To represent this as an IndetermSuperHyperSoft Set, we proceed as follows: 
For each attribute a;, consider the power set P(A;). Since A; € P(A;), we can identify each element e; € A; 
with the singleton set {e;} € P(A;). Define a new function F’ : P(A;) xX P(A2) X--- xX P(A,) — P(A) such 
that for all (51, S2,...,S,) € P(A1) X-+- xX P(Ay): 

F’(S1, $2, is -5 Sn) = F(e, €2, aie -5€n)s 


where e; € S; and S; = {e;}. The indeterminacy in A;, H, or F remains the same in this representation. 


Thus, the IndetermHyperSoft Set is a special case of an IndetermSuperHyperSoft Set where the inputs to F’ 
are singleton subsets of A;. 


A SuperHyperSoft Set is defined as: 


Let U be a universe of discourse, and a), a2,..., a, be attributes with attribute value sets A,, A2,..., A,, where 
A; Aj =0 fori # j. The function F : P(A) xX P(A2) X--- xX P(An) — P(U) defines the SuperHyperSoft 
Set (F, P(A1) X--- x P(Ay)), typically without indeterminacy. 


Since the SuperHyperSoft Set allows for all possible subsets of A; as inputs, and maps them to subsets of U, 
we can consider H = U and P(H) = P(U). If there is no indeterminacy in A;, H, or F’, we can define the 
IndetermSuperHyperSoft Set with no indeterminacy, satisfying the conditions of an IndetermSuperHyperSoft 
Set trivially. Thus, a SuperHyperSoft Set is an IndetermSuperHyperSoft Set where no indeterminacy is present. 
Since both the IndetermHyperSoft Set and the SuperHyperSoft Set can be viewed as special cases of the In- 


determSuperHyperSoft Set (with singleton attribute subsets or without indeterminacy, respectively), it follows 
that the IndetermSuperHyperSoft Set generalizes both concepts. Oo 


3.3.4 HyperRough Set and HyperRough Graph 


We now define the HyperRough Set by combining the concepts of the HyperConcepts and the Rough Set. 
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Definition 3.179 (HyperRough Set). Let X be a non-empty finite universe, and let 7|,7>,..., 7, be n distinct 
attributes with domains Jj, J2,...,Jn. Define J = Jj x Jz X Jn. Let R € X X X be an equivalence relation on 
X. 


A HyperRough Set over X is a pair (F, J), where F is a mapping: 
F:J>P(X), 


such that for each attribute value combination a = (a1, a2,...,dan) € J, F(a) is associated with a rough set 
(F(a), F(a)) defined by: 


F(a) = {x €X | R(x) C F(a}, 
F(a) = {x € X | R(x) N F(a) # O}. 


Theorem 3.180. Every Rough Set is a special case of a HyperRough Set when the number of attributes n = 1. 


Proof. Let U C X be a target set, and let R be an equivalence relation on X. The Rough Set approximates U 
by (U, U), where: 


{x € X | R(x) C U}, 


U= 
U={xeX| R(x) NU £ 0}. 


Define a single attribute 7; with domain J; = {a}. Then J = J; = {a}, and define the mapping F : J > P(X) 
by F(a) =U. 
In this case, the HyperRough Set (F,, J) with n = 1 reduces to the Rough Set approximation of U, since: 


F(a) = {x € X| R(x) C F(a)} =U, 
F(a) = {x €X| R(x) F(a) #0} =U. 


Therefore, the Rough Set is a special case of the HyperRough Set when n = 1, which proves that the HyperRough 
Set generalizes the Rough Set. oO 


Definition 3.181 (HyperRough Graph). Let G = (V, E) bea graph, where V is the set of vertices and E C VxV 
is the set of edges. Let 7, 7>,...,7,, ben attributes with domains J, J2,...,J,, and define J = J, XJyX-+°XJh. 


A HyperRough Graph is a pair (F, J), where F : J — P(V), such that for each attribute combination a € J, 
the subgraph induced by F(a) is associated with rough approximations: 


F(a) ={veV| Rv) F(a)}, 
Fi) = {ve V| RW) 0 F(a) # O}, 
and the edge sets are approximated as: 
E(a) = {e=(u,v) €E | u,v € F(a}, 
E(a) = {e=(u,v) €E |u,v € F(a)}. 


Theorem 3.182. Every Rough Graph is a special case of a HyperRough Graph when the number of attributes 
n=l, 


Proof. Let G = (V, E) be a graph with vertex set V and edge set E, and let R be an equivalence relation on V. 
The Rough Graph approximates V and E by their lower and upper approximations. 


Define a single attribute 7; with domain J; = {a}. Then J = J; = {a}, and define F : J — P(V) by F(a) = V. 
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In this case, the HyperRough Graph (F, J) with n = 1 reduces to the Rough Graph, since: 


F(a) ={veV|R(v) C F(a)}={v eV| Rv) CV} =V, 


F(a) = {v EV | R(v) 0 F(a) # OF =V, 
E(a) = {e=(u,v)€E|u,ve F(a} =E, 


E(a) = {e =(u,v) €E|u,v € F(a} =E. 


Thus, the Rough Graph is a special case of the HyperRough Graph when n = 1, which shows that the Hyper- 
Rough Graph generalizes the Rough Graph. oO 


Alongside the HyperRough Set, the SuperHyperRough Set is also considered. The definitions are provided 
below. It is hoped that further exploration of their mathematical structures and the validity of these definitions 
will be advanced in future studies. This is defined based on the SuperHyperSoft Set. 


Definition 3.183 (SuperHyperRough Set). Let X be a non-empty finite universe, and let 7), 7,...,T, ben 
distinct attributes with domains Jj, J2,...,J,. For each attribute 7;, let P(J;) denote the power set of J;. 
Define the set of all possible attribute value combinations as the Cartesian product of the power sets: 


J=P(Si) XP(I2) X +++ X P(In). 
Let R C X x X be an equivalence relation on X. 
A SuperHyperRough Set over X is a pair (F, J), where F' is a mapping: 
F:J—>P(X), 


such that for each attribute value combination A = (Ay, A2,..., An) € J, where A; € J;, F(A) is associated 
with a rough set (F(A), F(A)) defined by: 


F(A) = {x € X | R(x) € F(A)}, 
F(A) = {x € X | R(x) 0 F(A) £ OF. 


Theorem 3.184. Every HyperRough Set is a special case of a SuperHyperRough Set when the attribute value 
subsets are singleton sets. 


Proof. In a HyperRough Set, the set of attribute value combinations J is defined as J = J, X Jz X +++ X Jn, 
where each J; is the domain of attribute 7;. 


Consider the SuperHyperRough Set where we restrict each attribute value subset A; C J; to be a singleton set 
{a;}. Then, the Cartesian product of the power sets simplifies to: 


J = {{ar}} x {fat} x-++ x {fant} = Ji x Jn XX In. 


Under this restriction, the mapping F : J — #(X) in the SuperHyperRough Set operates on individual attribute 
values, and the definitions of F(A) and F(A) reduce to those in the HyperRough Set. 


Therefore, the HyperRough Set is a special case of the SuperHyperRough Set when attribute value subsets are 
singleton sets. oO 


For reference, the relationships between the SuperhyperSoft set and the Superhyperrough set are illustrated in 
Figure[9| 
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Figure 9: Some the SuperhyperSoft sets and the Superhyperrough sets Hierarchy. The set class at the origin of 
an arrow contains the set class at the destination of the arrow. 


3.3.5 Neutrosophic Over Hypergraph, Off Hypergraph, and Under Hypergraph 


The definitions of Neutrosophic Over Hypergraph, Off Hypergraph, and Under Hypergraph are provided below. 
These are extended graph concepts that generalize the Neutrosophic Over Graph using Hypergraph structures. 


Definition 3.185. A Single-Valued Neutrosophic Over Hypergraph H = (V, E) is a hypergraph where: 


1. Each vertex v € V is associated with three membership degrees: 
T(v) € [0,Q], Z(v) € [0,Q], F(v) € [0,Q], withQ> 1. 
2. Each hyperedge e € E is associated with three membership degrees: 


T(e) € [0,Q], I(e) € [0,Q], Fe) €[0,Q], withQ> 1. 


3. For all v € V, the sum satisfies: 
T(v) +1(v) + F(y) < 3Q. 


Definition 3.186. A Single-Valued Neutrosophic Under Hypergraph H = (V, E) is a hypergraph where: 


1. Each vertex v € V is associated with three membership degrees: 
T(vyye[¥ 1], Tw) e[% 1], FW) e [1], with ¥ <0. 
2. Each hyperedge e € E is associated with three membership degrees: 


T(e)€[¥,1], MMe) e [1], Fle) e[¥%, 1], with ¥ <0. 


3. For all v € V, the sum satisfies: 
T(v) +1(v) + F(v) <3. 


Definition 3.187. A Single-Valued Neutrosophic Off Hypergraph H = (V, E) is a hypergraph where: 


1. Each vertex v € V is associated with three membership degrees: 
T(v) € [¥,Q], (iv) € [¥,Q], Fv) € [¥, Q] with Q > land¥ <0. 
2. Each hyperedge e € E is associated with three membership degrees: 


T(e) € [P,Q], Ie) €[¥,Q], Fle) €[¥,Q], withQ> land¥ <0. 


3. For all v € V, the sum satisfies: 
T(v) +1(v) + F(y) < 3Q. 
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Theorem 3.188. The Single-Valued Neutrosophic Over Hypergraph, Single-Valued Neutrosophic Under Hy- 
pergraph, and Single-Valued Neutrosophic Off Hypergraph generalize the concept of a Hypergraph. 


Proof. This is self-evident. oO 


Theorem 3.189. Every Single-Valued Neutrosophic Over Graph is a special case of a Single-Valued Neutro- 
sophic Over Hypergraph when all hyperedges are of size two. 


Proof. Consider a Single-Valued Neutrosophic Over Hypergraph H = (V, E) where each hyperedge e € E is 
constrained to size two, i.e., |e] = 2. In this configuration, H reduces to a standard graph G = (V, E’) where 
E’ consists of edges connecting pairs of vertices. 


In this reduced form, each vertex v € V and edge e € E has associated neutrosophic membership degrees 
T(v), [(v), F(y) for vertices and T(e), [(e), F(e) for edges, which align with the definition of a Single-Valued 
Neutrosophic Over Graph. Additionally, the condition Q > 1 allows membership degrees to exceed the typical 
bound of 1, thus satisfying the overlimit property. 


Thus, when hyperedges are limited to size two, the Single-Valued Neutrosophic Over Hypergraph becomes 
equivalent to a Single-Valued Neutrosophic Over Graph, showing that the former is a generalization of the 
latter. Oo 


Theorem 3.190. Every Single-Valued Neutrosophic Under Graph is a special case of a Single-Valued Neutro- 
sophic Under Hypergraph when all hyperedges are of size two. 


Proof. Similarly, consider a Single-Valued Neutrosophic Under Hypergraph H = (V, E) where each hyperedge 
e € E is restricted to size two, i.e., |e] = 2. This reduction results in a standard graph G = (V, E’) with edges 
connecting pairs of vertices. 


Each vertex v € V and edge e € E is assigned membership degrees T(v), [(v), F(v) for vertices and T(e), 
I(e), F(e) for edges, consistent with those in a Single-Valued Neutrosophic Under Graph. Furthermore, the 
condition ¥ < 0 permits membership values to fall below zero, satisfying the underlimit property. 


Consequently, when hyperedges are of size two, the Single-Valued Neutrosophic Under Hypergraph reduces to 
a Single-Valued Neutrosophic Under Graph, proving that the hypergraph form generalizes the graph form. oO 


Theorem 3.191. Every Single-Valued Neutrosophic Off Graph is a special case of a Single-Valued Neutro- 
sophic Off Hypergraph when all hyperedges are of size two. 


Proof. Consider a Single-Valued Neutrosophic Off Hypergraph H = (V, E’) where each hyperedge e € E has 
size two, i.e., |e| = 2. Under this constraint, H reduces to a standard graph G = (V, E’) with edges connecting 
pairs of vertices. 


In this scenario, each vertex v € V and edge e € E has associated neutrosophic membership degrees T(v), [(v), 
F(v) for vertices and T(e), I(e), F(e) for edges, consistent with the Single-Valued Neutrosophic Off Graph 
definition. The ranges [‘¥, Q] for T, J, and F, where Q > | and ¥ < 0, allow for values exceeding | or below 
0, satisfying the offset condition. 


Therefore, by limiting hyperedges to size two, the Single-Valued Neutrosophic Off Hypergraph simplifies to a 
Single-Valued Neutrosophic Off Graph, showing that the hypergraph structure generalizes the graph structure. 
Oo 


Theorem 3.192. A Single-Valued Neutrosophic Off Hypergraph generalizes both Single-Valued Neutrosophic 
Over Hypergraph and Single-Valued Neutrosophic Under Hypergraph. 
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Proof. Let H = (V,E) be a Single-Valued Neutrosophic Off Hypergraph where: 
T(v), (vy), F(v) € [¥,Q] with ¥ <0, Q> 1, 
and the sum satisfies: 


T(v) +1(v) + F(v) $ 3Q We. 


If ¥ = 0, the ranges of T(v), /(v), F(v) reduce to [0,Q]. Under this restriction, the definitions of vertex 
and edge membership degrees in the Single-Valued Neutrosophic Off Hypergraph coincide with those in the 
Single-Valued Neutrosophic Over Hypergraph: 


T(v), L(y), F(y) € [0,Q], T(v) +1(v) + F(v) < 3Q. 


Thus, a Single-Valued Neutrosophic Off Hypergraph becomes a Single-Valued Neutrosophic Over Hypergraph 
when ¥ = 0. 


If Q = 1, the ranges of T(v), /(v), F(v) reduce to [, 1]. Under this restriction, the definitions of vertex 
and edge membership degrees in the Single-Valued Neutrosophic Off Hypergraph coincide with those in the 
Single-Valued Neutrosophic Under Hypergraph: 


T(v), lv), F(v) € [% 1], Tv) +1(v) + FQ) € 3. 


Thus, a Single-Valued Neutrosophic Off Hypergraph becomes a Single-Valued Neutrosophic Under Hypergraph 
when Q = 1. 


Since the Single-Valued Neutrosophic Off Hypergraph allows for arbitrary ' < 0 and Q > 1, it encompasses 
both the Single-Valued Neutrosophic Over Hypergraph (% = 0) and the Single-Valued Neutrosophic Under 
Hypergraph (Q = 1) as special cases. Therefore, the Single-Valued Neutrosophic Off Hypergraph generalizes 
both structures. Oo 


3.3.6 Superhypercrisp Set and SuperHyperFuzzy Set 


The definitions of a HyperCrisp Set, SuperHyperCrisp Set, and SuperHyperFuzzy Set are provided below. The 
concept of the SuperHyperFuzzy Set serves as a generalization of the HyperFuzzy Set. 


Definition 3.193 (HyperCrisp Set). Let X be a non-empty set. A HyperCrisp Set C over X is defined as a 


mapping: 7 7 
C:X > P({0, 1}), 


where ?({0, 1}) denotes the family of all non-empty subsets of {0, 1}. For each element x € X, C(x) C {0, 1}, 
meaning that each element of X is assigned a subset of {0,1} as its membership values. This allows each 
element x to either fully belong to the set (membership degree 1) or not belong at all (membership degree 0). 


Theorem 3.194. A HyperCrisp Set generalizes the concept of a Crisp Set. 


Proof. A Crisp Set A € X is defined by a characteristic function y4 : X — {0, 1}, where: 


1, ifxeA, 


Hale) = fi ‘few: 


In the case of a HyperCrisp Set C : X — P({0, 1}), each x € X is assigned a subset of {0, 1}. If we restrict C(x) 
to be either {1} or {0} for all x € X, then C reduces to the characteristic function of a Crisp Set. Specifically: 


* If C(x) = {1}, this corresponds to y4(x) = 1, meaning x € A. 


* If C(x) = {0}, this corresponds to y4(x) = 0, meaning x ¢ A. 
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Thus, the Crisp Set is a special case of the HyperCrisp Set where the assigned subsets of {0, 1} are restricted 
to singletons. Therefore, the HyperCrisp Set generalizes the concept of a Crisp Set. oO 


Theorem 3.195. A HyperFuzzy Set is a generalization of a HyperCrisp Set. 


Proof. Let X be a non-empty set, and let C : X + P({0, 1}) be a HyperCrisp Set over X, where each element 
x € X is assigned a subset C(x) C {0,1} as its membership values. Specifically, C(x) = {0} if x ¢ C and 
C(x) = {lp ifx eC. 


Now, consider a HyperFuzzy Set f : X — #([0,1]), where each element x € X is assigned a non-empty 
subset fi(x) C [0, 1], allowing partial membership values. 


To show that a HyperCrisp Set is a special case of a HyperFuzzy Set, we define fi(x) = C(x), where C(x) C 
{0, 1} ¢ [0,1]. Here: 


° If C(x) = {1}, then f(x) = {1}, indicating full membership in the HyperFuzzy Set. 
° If C(x) = {0}, then f(x) = {0}, indicating non-membership. 


Thus, every HyperCrisp Set can be represented as a HyperFuzzy Set where membership values are restricted 
to the discrete set {0, 1}, proving that the HyperFuzzy Set generalizes the HyperCrisp Set. Oo 


Definition 3.196 (SuperHyperCrisp Set). Let X be a non-empty set. A SuperHyperCrisp Set C over X is a 


mapping: 
C : P(X) — P({0, 1}), 


where (X) denotes the family of all non-empty subsets of X and P({0, 1}) denotes the family of all non- 
empty subsets of {0,1}. For each subset A € P(X), C(A) © {0,1}, representing the membership degree of 
the entire subset A. This setup allows each subset of X to either fully belong to the SuperHyperCrisp Set or 
not. 


Theorem 3.197. A HyperCrisp Set is a generalization of a Crisp Set, and a SuperHyperCrisp Set is a further 
generalization of a HyperCrisp Set. 


Proof. We establish the relationship between Crisp Sets, HyperCrisp Sets, and SuperHyperCrisp Sets as fol- 
lows. 


1. HyperCrisp Set as a Generalization of Crisp Set: 
A Crisp Set C € X is defined by a characteristic function: 
Ke oe S101}, 


where yc(x) = lifx € C and yc(x) = Oif x ¢ C. This function assigns a unique value, either 0 or 1, to each 
element x € X, indicating its non-membership or membership in C, respectively. 


A HyperCrisp Set C over X generalizes this concept by allowing each element x € X to be mapped to a subset 
of {0, 1}. Formally: 
C:X > P({0, 1}), 


where ?({0, 1}) represents the set of all non-empty subsets of {0,1}. For each x € X, C(x) € {0,1} allows 
for three possible values for membership: 


* C(x) = {1}: x fully belongs to C. 
* C(x) = {0}: x does not belong to C. 


* C(x) = {0, 1}: membership is indeterminate. 
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Thus, a Crisp Set is a special case of a HyperCrisp Set where each element is mapped to a single value, either 
0 or 1, without the possibility of indeterminacy. 


2. SuperHyperCrisp Set as a Generalization of HyperCrisp Set: 


A SuperHyperCrisp Set extends the concept of HyperCrisp Sets to operate on the power set of X, assigning a 
subset of {0, 1} as the membership for each subset of X. Formally, a SuperHyperCrisp Set § over X is defined 
as: 

§: P(X) > P({0, 1), 
where #(X) denotes the family of all non-empty subsets of X. For each subset A € P(X), S(A) € {0,1}, 


allowing each subset to fully belong, not belong, or have indeterminate membership in S. 


A HyperCrisp Set is then a special case of a SuperHyperCrisp Set where the mapping S is restricted to singleton 
subsets of X. In this way, the SuperHyperCrisp Set provides a more flexible structure that includes both the 
individual membership information of elements and the collective membership of subsets. 


In conclusion, the SuperHyperCrisp Set generalizes the HyperCrisp Set, which in turn generalizes the Crisp 
Set, thus completing the proof. Oo 


Theorem 3.198. The SuperHyperRough Set generalizes the SuperHyperCrisp Set. 


Proof. Let X be a finite non-empty universe. A SuperHyperCrisp Set C over X is defined as a mapping: 


C: P(X) — P({0, 1}) 


A SuperHyperRough Set (F, /) is defined over X using the attribute domain J = P(J,) xX P(J2) X--- xX P(In) 
and a mapping: 

F:J P(X), 
such that for each attribute value combination A = (Aj, A2,..., An) € J, F(A) is associated with a rough set 
(F(A), F(A)), where: 


F(A) = {x € X| R(x) C F(A)}, F(A) = {x € X | R(x) 9 F(A) # 9}. 


For any A € J, if R(x) = {x} for all x € X, the lower and upper approximations satisfy: 
F(A) =F(A), F(A) = F(A). 


In this case, the SuperHyperRough Set reduces to a SuperHyperCrisp Set where each subset A maps to a crisp 
membership degree (0 or 1). 


The SuperHyperRough Set allows for R(x) to represent equivalence classes, enabling uncertainty in set mem- 
bership. This is not possible in a SuperHyperCrisp Set, which only maps subsets to binary membership values. 


A SuperHyperCrisp Set can be viewed as a special case of a SuperHyperRough Set where all attribute domains 
J; are binary ({0, 1}) and the equivalence relation R is trivial (identity mapping). 


Thus, the SuperHyperRough Set framework extends the SuperHyperCrisp Set by introducing equivalence re- 
lations and rough approximations, allowing for the modeling of uncertainty and granularity in set member- 
ship. oO 


Corollary 3.199. The HyperRough Set generalizes the HyperCrisp Set. 


Proof. The proof can be established in a manner similar to that of the SuperHyperRough Set, but with a sim- 
plified approach. oO 
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Theorem 3.200. The SuperHyperSoft Set generalizes the SuperHyperCrisp Set. 


Proof. Let U be a universe of discourse. A SuperHyperCrisp Set C over U is a mapping: 
C : P(U) > P({0, 1}), 


where P(U) represents the family of all non-empty subsets of U and P({0, 1}) denotes the family of all non- 
empty subsets of {0,1}. In this setup, each subset A € P(U) is mapped to {0}, {1}, or {0, 1}, ensuring that 
each subset either fully belongs to or does not belong to C. 


Now consider a SuperHyperSoft Set (F,P(A,1) X P(A2) X--- x P(An)), where: 
F :P(A\) XP(A2) X--- xX P(An) — P(U). 
Here, F assigns each n-tuple (51, S2,...,5,) of attribute value subsets to a subset of U. 


To show that the SuperHyperSoft Set generalizes the SuperHyperCrisp Set, consider a specific case of the 
SuperHyperSoft Set where the mappings F and P(A;) are restricted as follows: 


¢ For each i, P(A;) = {@, {a;}}, where a; represents a single attribute value. 


¢ The mapping F is defined such that F(S;,52,...,5,) € {0,U}, corresponding to whether the tuple 
($1, S2,...,S,) belongs to the SuperHyperSoft Set. 


Under these restrictions, the SuperHyperSoft Set reduces to a structure equivalent to a SuperHyperCrisp Set. 
Specifically, each subset A € P(U) is mapped to {0}, {1}, or {0, 1}, as in the SuperHyperCrisp Set definition. 


Therefore, the SuperHyperSoft Set generalizes the SuperHyperCrisp Set by allowing more flexible mappings 
F and attribute power sets P(A;), which enable a broader range of input-output relationships. oO 


Corollary 3.201. The HyperSoft Set generalizes the HyperCrisp Set. 


Proof. The proof can be established in a manner similar to that of the SuperHyperSoft Set, but with a simplified 
approach. oO 


Theorem 3.202. A SuperHyperCrisp Set C : P(X) — P({0, 1}) inherently includes structures isomorphic to 
levels of the n-th PowerSet P;(X), for certain subsets of X and mappings C. 


Proof. We consider each cases. 


1. Base Case: n = 0: 


* In the n-th PowerSet definition, P(X) := X. 


+ For the SuperHyperCrisp Set, the domain P(X) includes all non-empty subsets of X, which natu- 
rally contains X itself as an element. 


° Thus, P(X) € P(X). 
2. First-Level PowerSet: n = 1: 
* The first-level PowerSet is P| (X) = P(X), the power set of X. 


* The domain of the SuperHyperCrisp Set, P(X), is defined as the set of all non-empty subsets of 
X, which aligns with P(X) \ {O}. 


* The mapping C assigns membership values C(A) € {0,1} to each A € P(X) \ {0}. 
* Hence, Pf (X) \ {0} C P(X). 


3. Recursive Case: n > 2: 
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By definition, the n-th PowerSet P;,(X) is recursively defined as P;(X) =P(P7_,(X)). 


For n = 2, P;(X) = P(P(X)), representing the set of all subsets of the power set of X. Similarly, 
higher levels involve recursive applications of P. 


The domain P(X) inherently supports recursive structures, as P(X) is defined over subsets of 
subsets, aligning with P(P(X)) and higher-order sets. 


The mapping C extends to these subsets by defining membership degrees C(A) C {0, 1}, preserving 
the recursive nature. 


4. Isomorphic Structures: 


* The recursive structure of P(X) ensures that for any n, the elements of P(X) can be mapped to 
elements in P(X), maintaining set-theoretic relationships and hierarchical nesting. 


5. Exclusion of Empty Sets: 


* The n-th PowerSet excludes @ at every level. This is consistent with P(X), where only non-empty 
subsets are considered. 


The SuperHyperCrisp Set C inherently possesses structural properties consistent with the n-th PowerSet P(X) 
due to its recursive definition over subsets of X and the alignment of its domain P(X) with P(X). The 
mappings C(A) ensure that membership relationships are maintained, further establishing the correspondence. 

Oo 


As discussed above, if we explicitly define the n-SuperHyperCrisp Set, it would be as follows. 


Definition 3.203 (n-SuperHyperCrisp Set). Let X be a non-empty set, and n > 0 be an integer. An n- 
SuperHyperCrisp Set Cy, over X is a mapping: 


Cn: P(X) > P({0, 1}), 


where Px (X) denotes the family of all non-empty elements of the n-th PowerSet P7 (X), and P ({0, 1}) denotes 
the family of all non-empty subsets of {0, 1}. 
For each element A € £*(X), C,(A) C {0, 1}, representing the membership degree(s) of A. 


Theorem 3.204. An n-SuperHyperCrisp Set Cy : P*(X) > P({0, 1}) aligns with the n-th PowerSet P(X) 
and generalizes the SuperHyperCrisp Set to include higher-order structures. 


Proof. We will demonstrate that the domain of C,, is the set of all non-empty elements of P(X), which inher- 
ently includes the structures of the n-th PowerSet. 


1. Base Case: n = 0. 
° Po(X) =X. 
* The mapping Cy : X — P({0, 1}). 


* This reduces to the definition of a HyperCrisp Set, where each element x € X is mapped to Co(x) € 


{0, 1}. 
2. First-Level PowerSet: n = 1. 
° PI(X) =P(X). 
* The mapping C, : P(X) > P({0, 1}), where P(X) = P(X) \ {0}. 
¢ This corresponds to the SuperHyperCrisp Set as previously defined. 


3. Recursive Case: n > 2. 
Pe) aP P(X). 
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* The mapping C,, : P*(X) > P({0, 1}). 
* Each non-empty element A ¢ P*(X) is assigned a subset C,,(A) € {0, 1}, capturing higher-order 
relationships. 


¢ This extends the SuperHyperCrisp Set to higher-order structures corresponding to the n-th Power- 
Set. 


Thus, the n-SuperHyperCrisp Set aligns with the n-th PowerSet P7(X) for all n > 0, generalizing the Super- 
HyperCrisp Set to include hierarchical and recursive structures. oO 


Definition 3.205 (SuperHyperFuzzy Set). Let X be a non-empty set. A mapping f : P(X) — P([0, 1]) 
is called a SuperHyperFuzzy Set over X, where P(X) denotes the family of all non-empty subsets of X, and 
P([0, 1]) denotes the family of all non-empty subsets of the interval [0, 1]. 


In this structure: 


* Each element A € P(X) is a non-empty subset of X. 


* The mapping ff assigns to each A € P(X) a non-empty subset f(A) C [0, 1], representing the degrees 
of membership associated with the subset A. 


Example 3.206. A SuperHyperFuzzy Set B over X is defined by a mapping fig : P(X) — P([0, 1]), where 
f (X) denotes the family of all non-empty subsets of X. 


The non-empty subsets of X are: 


P(X) = {fx}, {x2}, {x3}, (x1, x2}, (x1, x3}, (02, x3}, {x1 x2, 03}. 


We define fig as: 


fig ({x1}) = {0.1, 0.2, 0.3}, 

fig({x2}) = {0.4, 0.5, 0.6}, 

fig({x3}) = {0.6, 0.7, 0.8}, 
fig({x1, x2}) = {0.3, 0.5}, 
Aig({x1,x3}) = {0.4, 0.6}, 
fig({x2, x3}) = (0.5, 0.7}, 
fig ({x1,x2,x3}) = {0.6, 0.8}. 


This means: 


* Each non-empty subset of X is assigned a set of membership degrees in B. 
* For singleton subsets, the membership degrees correspond to those in the hyperfuzzy set A. 


¢ For subsets with more elements, the membership degrees represent the collective membership of the 
group. 
Theorem 3.207. A SuperHyperFuzzy Set is a generalization of a SuperHyperCrisp Set. 


Proof. Let X be a non-empty set, and let eG : P(X) — P({0,1}) be a SuperHyperCrisp Set over X, where 
each subset A € P(X) is assigned a subset C(A) € {0, 1} as its membership degrees. Specifically, C(A) = {0} 
if A ¢ C and C(A) = {1} if AEC. 


Now, consider a SuperHyperFuzzy Set fi : P(X) — P([0,1]), where each subset A € P(X) is assigned a 
non-empty subset /i(A) © [0, 1], allowing partial membership values. 


To show that a SuperHyperCrisp Set is a special case of a SuperHyperFuzzy Set, we define fi(A) = C(A), 
where C(A) € {0,1} © [0, 1]. Here: 
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° If C(A) = {1}, then f(A) = {1}, indicating full membership in the SuperHyperFuzzy Set. 
* If C(A) = {0}, then f(A) = {0}, indicating non-membership. 
Thus, every SuperHyperCrisp Set can be represented as a SuperHyperFuzzy Set where membership values are 


restricted to the discrete set {0,1}, proving that the SuperHyperFuzzy Set generalizes the SuperHyperCrisp 
Set. Oo 


Theorem 3.208. The SuperHyperFuzzy Set generalizes both the HyperFuzzy Set and the traditional Fuzzy Set. 
Specifically: 


1. Every Fuzzy Set can be represented as a SuperHyperFuzzy Set. 


2. Every HyperFuzzy Set can be represented as a SuperHyperFuzzy Set. 


Proof. A Fuzzy Set is a mapping uw : X — [0,1] that assigns to each element x € X a membership degree 
u(x) € [0, 1]. 


To represent a Fuzzy Set as a SuperHyperFuzzy Set fi : P(X) > P([0, 1]), we define: 
f(A) = {u(a) |a € A} 
for all A € P(X). 


This means: 


¢ For singleton subsets {x}, we have fi({x}) = {u(x)}. 


* For larger subsets A € X, fi(A) collects the membership degrees of all elements in A. 


Thus, the Fuzzy Set is embedded into the SuperHyperFuzzy Set by considering the membership degrees over 
subsets of X. 


A HyperFuzzy Set is a mapping f : X — P([0, 1]) that assigns to each element x € X a non-empty subset 
fi(x) © [0, 1]. 


We construct a SuperHyperFuzzy Set ji’ : P(X) — P([0, 1]) by defining: 


H(A) = |) ata) 


acA 


for all A € P(X). 
This implies: 


¢ For singleton subsets {x}, f’({x}) = f(x). 


* For subsets A C X, fi’(A) is the union of the membership degree sets of all elements in A. 


Therefore, the HyperFuzzy Set is a special case of the SuperHyperFuzzy Set when restricted to singleton subsets 
of X. 


Since both Fuzzy Sets and HyperFuzzy Sets can be represented within the framework of SuperHyperFuzzy 
Sets, it follows that the SuperHyperFuzzy Set generalizes these concepts. oO 


As discussed above, if we explicitly define the n-SuperHyperFuzzy Set, it would be as follows. 
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Definition 3.209 (n-SuperHyperFuzzy Set). Let X be a non-empty set, and n > 0 be an integer. An n- 
SuperHyperFuzzy Set is a mapping: 
fin : P(X) > P([O, 1]), 


where: 


+ P*(X) denotes the family of all non-empty elements of the n-th PowerSet P*(X), defined recursively as: 
Pi XjpexX, Pi HS=PO, PX SPP) OX); torn S 2, 
with P*(X) = P*(X) \ {O}. 


* P([0, 1]) denotes the family of all non-empty subsets of the interval [0, 1]. 


Structure: 


1. Each element A € £*(X) is a non-empty subset within the n-th PowerSet hierarchy of X. 


2. The mapping 7, assigns to each A € P*(X) anon-empty subset fi,,(A) ¢ [0, 1], representing the degrees 
of membership associated with the subset A. 


Properties: 


« Ifn=0, P>(X) = X, and the structure reduces to a standard fuzzy set: 
fio: X — [0, 1]. 
¢ Forn=1, ai (X) = P(X), and the structure represents a SuperHyperFuzzy Set: 
fi : P(X) > P((0, 1). 
¢ For n > 2, the structure recursively extends to higher-order fuzzy relationships: 
fin : P(X) — P([0, 1). 
The n-SuperHyperFuzzy Set generalizes the concept of fuzzy sets to hierarchical and recursive levels of mem- 


bership, allowing for higher-order relationships and fuzzy degrees associated with subsets of subsets, and so 
on, up to the n-th PowerSet hierarchy of X. 


Definition 3.210 (SuperHyperVague Set). Let X be a non-empty set. A mapping A : P(X) > P([0, 1]”) is 
called a SuperHyperVague Set over X, where: 
* P(X) denotes the family of all non-empty subsets of X. 


* P([0, 1]7) denotes the family of all non-empty subsets of the unit square [0, 1]?. 


For each A € P(X), A(A) C [0, 1]?, and for each pair (t, f) € A(A), it satisfies: 
O<t+f<l, 


where f represents the degree of truth membership and f represents the degree of falsity membership for the 
subset A. 


Definition 3.211 (SuperHyperNeutrosophic Set). Let X be a non-empty set. A mapping A : P(X) > 
P([0, 1]3) is called a SuperHyperNeutrosophic Set over X, where: 
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* P(X) denotes the family of all non-empty subsets of X. 


* P([0, 1]°) denotes the family of all non-empty subsets of the unit cube [0, 1]?. 


For each A € P(X), A(A) C [0, 1]?, and for each triplet (7, /, F) € A(A), it satisfies: 
O<TtH+I+F <3, 


where TJ represents the degree of truth membership, / represents the degree of indeterminacy, and F represents 
the degree of falsity membership for the subset A. 


Definition 3.212 (SuperHyperPlithogenic Set). Let X be a non-empty set, and let V = {v,,v2,...,v,} bea set 
of attributes, each with a set of possible values P,,. A SuperHyperPlithogenic Set SHPS over X is defined as: 


SHPS = (P,V, {Py,}.1. {pdf }_1, pCF), 


where: 


¢ PC X isa subset of the universe. 
¢ For each attribute v;, Py, is the set of possible values. 


* For each attribute v;, pdf; : P x Py, > P([0,1]°) is the Hyper Degree of Appurtenance Function 
(HDAF), assigning to each element x € P and attribute value a; € Py, a non-empty subset of [0, 1]°. 


° pCF : (UZ, Py,) x (Uy Pv;) 2 [0, 1]‘ is the Degree of Contradiction Function (DCF). 


* s and ¢ are positive integers representing the dimensions of the membership degrees and contradiction 
degrees, respectively. 


Theorem 3.213. Every SuperHyperVague Set can be transformed into a HyperVague Set and a SuperHyper- 
Fuzzy Set. 


Proof. Let A: P(X) — P([0, 1]) be a SuperHyperVague Set over X. 
Consider the restriction of A to singleton subsets of X: 
A|x : X > P([0,1]*),  Alx(x) = A({x}). 


This mapping assigns to each element x € X a non-empty subset A|x(x) C [0,1]?, satisfying 0 < t+ f <1 
for each (t, f) € Alx(x). Therefore, Aly is a HyperVague Set over X. 


Define a mapping fi : P(X) — P([0, 1]) by: 


f(A) = {t| (t, f) € ACA), f € [0, 1]}- 


For each A € P(X), fi(A) C [0, 1] represents the degrees of truth membership extracted from A(A). Thus, fi 
is a SuperHyperFuzzy Set over X. oO 


Theorem 3.214. Every SuperHyperNeutrosophic Set can be transformed into a SuperHyperVague Set and a 
HyperNeutrosophic Set. 


Proof. Let A: P(X) — P([0, 1]?) be a SuperHyperNeutrosophic Set over X. 


Define a mapping B : P(X) — P([0, 1]”) by projecting the neutrosophic membership degrees onto the truth 
and falsity components: 
B(A) = {(7,F) | (7,1, F) € A(A), 1 [0, 1]}. 


For each A € P(X), B(A) C [0,1]*, and 0 < T+ F < 2(since0 < T+/+F <3). 
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Adjust the normalization by defining: 


eae 2 T F . 
Bia) =|( aoe eg] [ore Ba) P+ > ob 


Now, for each (t, f) € B’(A),O< t+ f=. 
Thus, B’ is a SuperHyperVague Set over X. 
Consider the restriction of A to singleton subsets of X: 
Alx : X > P([0,11P),  Alx(x) = A({x}). 
This mapping assigns to each x € X anon-empty subset Alx(x) € [0,1], satisfying 0 < T+1+F <3. 


Therefore, Alyx is a HyperNeutrosophic Set over X. oO 


Theorem 3.215. Every SuperHyperPlithogenic Set can be transformed into a HyperPlithogenic Set and the 
following SuperHyper Sets: 


¢ SuperHyperFuzzy Set with s = 1 andt = 1. 
¢ SuperHyperVague Set with s = 2 andt = 1. 


¢ SuperHyperNeutrosophic Set with s = 3 and t = 1. 


Proof. Let SHPS = (P,V,{Py,}"_,, {pdf; iy» PCF) be a SuperHyperPlithogenic Set over X, with s and t 


i=1? 
representing the dimensions of the membership degrees and contradiction degrees, respectively. 


Transformation to HyperPlithogenic Set: 
Consider the restriction of SH PS to singleton subsets of P: 
HPS = (P,V, {Py}. {pdfi}y. PCF), 
where pdf; : P x P,, — [0,1]* is defined by: 
pdfi(x, ai) = pdf j({x}, ai). 


Since pdf; assigns a subset of [0, 1]* to each element, we can select representative values or aggregate them 
to obtain pdf. 


Therefore, HPS is a HyperPlithogenic Set over X. 


Transformation to SuperHyperFuzzy Set (s = 1,t = 1): 


If s = 1 and t¢ = 1, the membership degrees are single-dimensional, and the contradiction degrees are also 
single-dimensional. 


Define fi : P(X) — P([0, 1]) by: 
mMAY=(JU LU ratic.ai). 
xe€A i=l ajePy, 
This mapping assigns to each subset A € X anon-empty subset of [0, 1], forming a SuperHyperFuzzy Set. 


Transformation to SuperHyperVague Set (s = 2,t = 1): 


If s = 2, the membership degrees are two-dimensional, corresponding to the truth and falsity components. 
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Define A : P(X) — P([0, 1]?) by: 
AAa= UU U patite.ai), 
xé€A i=l aie Py, 
where pdf ;(x,a;) € [0, 1]?. 


This forms a SuperHyperVague Set over X. 


Transformation to SuperHyperNeutrosophic Set (s = 3,t = 1): 
If s = 3, the membership degrees have three components, representing truth, indeterminacy, and falsity. 


Define A : P(X) — P([0, 1]) similarly: 


ACA N I) paneew, 


x€A i=l ae Py, 
with pdf ;(x,a;) € [0, 1]°. 


This mapping constitutes a SuperHyperNeutrosophic Set over X. oO 


As discussed above, if we explicitly define the n-SuperHyperVague Set n-SuperHyperNeutrosophic Set, and 
SuperHyperPlithogenic set, it would be as follows. 


Definition 3.216 (n-SuperHyperVague Set). Let X be a non-empty set, and n > O be an integer. An n- 
SuperHyperVague Set is a mapping: 
Vn: P(X) > P([0, 1]7), 


where: 


+ P*(X) denotes the family of all non-empty elements of the n-th PowerSet P*(X), defined recursively as: 
P(X) =X, P(X) =P(X), P(X) =P(Pi_,|(X)), forn 2 2, 
with P*(X) = P*(X) \ {O}. 


* P([0, 1]*) denotes the family of all non-empty subsets of the unit square [0, 1]*. 


Structure: 


1. Each element A ¢ P*(X) is a non-empty subset within the n-th PowerSet hierarchy of X. 


2. The mapping V,, assigns to each A € P*(X) a non-empty subset V;,(A) € [0, 1]*, representing pairs 
(t, f), where: 
O<rt+f <1, 


t represents the degree of truth membership, and f represents the degree of falsity membership for the 
subset A. 
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Properties: 


°e Ifn=0, P*(X) = X, and the structure reduces to a standard vague set: 
YW:xX- [0, 1). 
¢ Forn=1, -. (X) = P(X), and the structure represents a SuperHyperVague Set: 
V, : P(X) > P((0, 1°). 
¢ For n > 2, the structure recursively extends to higher-order vague relationships: 
Vin: Pa(X) > P([0, 1°). 
The n-SuperHyper Vague Set generalizes the concept of vague sets to hierarchical and recursive levels, allowing 
for higher-order relationships and vague degrees associated with subsets of subsets, and so on, up to the n-th 


PowerSet hierarchy of X. The use of pairs (t, f) ensures the balance between truth and falsity membership for 
each subset at every level. 


Definition 3.217 (n-SuperHyperNeutrosophic Set). Let X be a non-empty set, and n > 0 be an integer. An 
n-SuperHyperNeutrosophic Set is a mapping: 


Nn: P(X) > P([0, 11°), 


where: 


* P*(X) denotes the family of all non-empty elements of the n-th PowerSet P*(X), defined recursively as: 
Pie) ak PIOOSPOOy. FOS? (Peay Stern 22, 
with P*(X) = P*(X) \ {0}. 


* P([0, 1]°) denotes the family of all non-empty subsets of the unit cube [0, 1]?. 


Structure: 


1. Each element A € Px(X ) is anon-empty subset within the n-th PowerSet hierarchy of X. 


2. The mapping N,, assigns to each A € P*(X) a non-empty subset N,,(A) ¢ [0, 1]°, representing triplets 
(T, I, F), where T, I, and F satisfy: 


T,J,Fe[0,1], O<7T+/+F <3. 


T represents the degree of truth membership, J represents the degree of indeterminacy, and F represents 
the degree of falsity membership for the subset A. 


Properties: 


°e Ifn=0, Px ) = X, and the structure reduces to a standard neutrosophic set: 
No: X—> [0, 1)? 
° Forn=1, a (X) = P(X), and the structure represents a SuperHyperNeutrosophic Set: 
N, : P(X) > P([0, 1°). 
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¢ For n > 2, the structure recursively extends to higher-order neutrosophic relationships: 
Nn : P(X) > P([0, 1]°). 
The n-SuperHyperNeutrosophic Set generalizes the concept of neutrosophic sets to hierarchical and recursive 


levels, allowing for higher-order relationships and degrees associated with subsets of subsets, and so on, up to 
the n-th PowerSet hierarchy of X. 


Definition 3.218 (n-SuperHyperPlithogenic Set). Let X be a non-empty set, and n > 0 be an integer. Let 
V = {v1,v2,...,Vm} be a set of attributes, each with a set of possible values P,,. 


An n-SuperHyperPlithogenic Set SHPS,, over X is defined as: 
SHPS, =P) VAP ye (Pal en es PCE a) 


where: 


¢ P C X isa subset of the universe. 
* For each attribute v;, P,, is the set of possible values. 


* For each attribute v;, Pdf in : P*(P)xP,, > P([0, 1]*) is the n-th order Hyper Degree of Appurtenance 


Function (HDAF), assigning to each element A € ®*(P) and attribute value a; € P,, anon-empty subset 
of [0, 1]°. 


© pCFy : (Ui, Pv;) X (UE, Pv;) — [0, 1]! is the Degree of Contradiction Function (DCF). 
* s and ¢ are positive integers representing the dimensions of the membership degrees and contradiction 


degrees, respectively. 


The n-SuperHyperPlithogenic Set generalizes plithogenic sets to higher-order structures, incorporating multiple 
attributes and their possible values, along with higher-order degrees of membership and contradiction over the 
n-th PowerSet hierarchy of X. 


Theorem 3.219. An n-SuperHyperPlithogenic Set generalizes the n-SuperHyperFuzzy Set, n-SuperHyperVague 
Set, and n-SuperHyperNeutrosophic Set. 


Proof. Let SHPSy = (P, V, {Py;}72); {pdf in i y>PCFn) be an n-SuperHyperPlithogenic Set over X, with s 
and ¢ representing the dimensions of the membership degrees and contradiction degrees, respectively. 


We will show that: 


1. When s = | andt = 1, SHPS,, reduces to an n-SuperHyperFuzzy Set. 
2. When s = 2 and t = 1, SHPS,, reduces to an n-SuperHyperVague Set. 
3. When s = 3 andt = 1, SHPS,, reduces to an n-SuperHyperNeutrosophic Set. 


Case 1: s = 1, ¢ = 1 (Reduction to n-SuperHyperFuzzy Set) In this case, the membership degrees are 
single-dimensional, and the contradiction degrees are also single-dimensional. 


Define a mapping fi, : P*(P) — P([0, 1]) by: 


AlA= J UJ padfin(Aai, 
i=] aie Py, 
for each A € P*(P). 
Since pdf ;,(A, a;) € [0, 1], their union is a subset of [0, 1]. 
Thus, fi, is an n-SuperHyperFuzzy Set over P. 
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Case 2: s = 2,¢ = 1 (Reduction to n-SuperHyperVague Set) Here, the membership degrees are two- 
dimensional, corresponding to the truth and falsity components. 


Define a mapping V,, : P*(P) — P([0, 1]) by: 
V,(A) = LJ LJ pdf ;,,(A, ai), 
i=l ajePy, 


for each A € P*(P). 


Since pdf ;.,(A, ai) © [0,1]*, V, is an n-SuperHyperVague Set over P. 


Case 3: s = 3, t = 1 (Reduction to n-SuperHyperNeutrosophic Set) In this case, the membership degrees 
are three-dimensional, representing truth, indeterminacy, and falsity. 


Define a mapping WN, : P*(P) > P([0, 1]%) by: 


Nn(A) = pdf; ,(A, ai), 


ajePy, 


Cs 


L 


ll 
a 


for each A € P*(P). 

Since pdf ;.,(A, aj) © [0, 1]*, Nn is an n-SuperHyperNeutrosophic Set over P. 

In each case, by choosing appropriate dimensions s and ¢ for the membership and contradiction degrees, the 
n-SuperHyperPlithogenic Set SHPS,, reduces to the corresponding n-SuperHyperFuzzy, n-SuperHyper Vague, 
or n-SuperHyperNeutrosophic Set. 


Therefore, the n-SuperHyperPlithogenic Set generalizes these sets. oO 


For reference, the relationships between the SuperhyperUncertain set are illustrated in Figure[10] 


plithogenic sets een Superhyperplithog 
Bes enic sets 
= a | 
Neutrosophic sets HyperNeutrosophic SuperhyperNeutro 
sets sophic sets 
a | 
Vague sets HyperVague sets pele ales 


a oe | 
Fuzzy sets HyperFuzzy sets slo i aa 
a fl 
Crisp sets HyperCrisp sets ai aca 


Figure 10: Some the SuperhyperUncertain sets Hierarchy. The set class at the origin of an arrow contains the 
set class at the destination of the arrow. 
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3.3.7 Hypersoft offgraph/overgraph/undergraph 


The definitions of Neutrosophic Hypersoft offgraph, overgraph, and undergraph are provided below. These 
extend the concepts of Soft offgraph, overgraph, and undergraph. In the future, we aim to examine the math- 
ematical validity of these definitions and explore whether more practical and applicable formulations can be 
devised. 


Definition 3.220. Let G = (V, E) be a simple graph where V is the set of vertices and E is the set of edges. 
Let {7;}_, be n distinct attributes, each with corresponding domains J; (non-empty finite sets), and let J = 
J, xX Jn X+++ XK In. 


Define a mapping F' : J — P(V) such that for each attribute combination a = (a1, a2,...,dn) € J, F(a) CV. 


For each vertex v € F(a) and each attribute combination a € J, assign neutrosophic membership degrees: 


TO,ae[¥%,Q], Y<0, Q>1, 
Tv,a)e[(%,Q], Y<0, Q>1, 
Fo,aye[¥,Q], <0, Q>1, 
T(v, a) +1(v, a) + F(v, a) < 3Q. 


Similarly, for each edge e = (u,v) € E with u,v € F(a), assign neutrosophic membership degrees T(e, a), 
I(e, a), F(e, a) satisfying: 
T(e,a) € |, 


[YQ 
I(e,a) € [Y, Q], 
F(e,a) € [¥, Q], 
T(e,a) +1(e,a)+F(e,a) < 3Q. 


The structure Gyso = (G, F,T,/, F) is called a Neutrosophic Hypersoft OffGraph. 


Definition 3.221. Using the same setup as above, but with the following membership degree conditions for 
vertices and edges: 
T(v,a),T(e, a) € |, Q> 1, 


[0,Q 
I(v, a), T(e,a) € [0,Q], Q>1, 

F(v,a), F(e,a) € [0,Q], Q>1, 
T(v, a) + 1(v, a) + F(v, a) < 3Q. 


The structure Gysover = (G, F,T, I, F) is called a Neutrosophic Hypersoft OverGraph. 


Definition 3.222. Again, using the same setup, but with the following membership degree conditions: 


T(v,a),T(e,a)€ [V1], <0, 
I(v, a), T(e,a) € [¥, 1], <9, 
F(v,a),F(e,a)€[¥,1], <0, 

T(v, a) +1(v,a)+F(v,a) < 3. 


The structure Gysunder = (G, F,T, JI, F) is called a Neutrosophic Hypersoft UnderGraph. 
Theorem 3.223. Every Neutrosophic Hypersoft OffGraph can be transformed into a Neutrosophic Soft Off- 
Graph. 


Proof. Let Guso = (G, F,T, I, F) be a Neutrosophic Hypersoft OffGraph, where: 


* G=(V, E) is the classical graph with vertices V and edges E, 
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¢ F : J > P(V) maps attribute combinations J to subsets of V, 
¢ T(v,a),1(v, a), F(v, a) represent neutrosophic membership degrees for vertices in context a € J, 


* T(e,a),1(e, a), F(e, a) represent neutrosophic membership degrees for edges in context a € J. 


To transform Gyso into a Neutrosophic Soft OffGraph Gyso = (G*, J’, K’, A), follow these steps: 
1. Define A = J, the set of attribute combinations. 
2. For each a € A: 
J’(a) =F(a), K’'(a) = {e € E | endpoints of e € F(a)}. 
3. For each vertex v € V, aggregate membership degrees over contexts a € A where v € F(a): 


T(v) = sup T(v,a), J(v) = sup I(v,a), F(v)= inf F(v,a), 


acA,, acA,, 
where A, = {a € A| ve F(a)}. 
4. Similarly, for each edge e € E, aggregate membership degrees over contexts a € A where e € K’(a): 


T(e) = sup T(e,a), I(e)= sup I(e,a), F(e)= inf F(e,a), 


aéAe acAe 
where A, = {a € A | endpoints of e € F(a)}. 
By definition of the supremum and infimum operations, the aggregated degrees satisfy: 

T(v) +1(v) + F(v) < 3Q,) —T(e) + Ie) + Fle) < 3Q, 
and T(v), I(v), F(v), T(e), [(e), F(e) € [W, Q]. Hence, Gngo is a Neutrosophic Soft OffGraph. oO 
Theorem 3.224. Every Neutrosophic Hypersoft OverGraph can be transformed into a Neutrosophic Soft Over- 
Graph. 
Proof. Let Gysover = (G, FT, I, F) be aNeutrosophic Hypersoft OverGraph. Transform Gysover into GNsover = 
(G*, J’, K’, A) as follows: 


1. Define A = J. 


2. For each a € A: 
J’(a)=F(a), K’'(a) = {e € E | endpoints of e € F(a)}. 


3. Aggregate membership degrees for vertices and edges as in the proof for OffGraphs. 


Since the aggregated degrees satisfy: 
T(v) +1(v) + Fv) <$ 3Q,) Te) + 1(e) + Fle) < 3Q, 
with T(v),T(e) € [0, Q], 1(v), F(v), [(e), F(e) € [0, 1], GNsover is a Neutrosophic Soft OverGraph. Oo 


Theorem 3.225. Every Neutrosophic Hypersoft UnderGraph can be transformed into a Neutrosophic Soft 
UnderGraph. 
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Proof. Let Gysunder = (G,F,T,I,F) be a Neutrosophic Hypersoft UnderGraph. Transform Gysunder into 
Gnsunder = (G*, J’, K’, A) as follows: 


1. Define A = J. 


2. For eacha € A: 
J’(a)=F(a), K’'(a) = {e € E | endpoints of e € F(a)}. 


3. Aggregate membership degrees for vertices and edges using: 


T(v) = sup T(v,a), J(v) = sup I(v,a), F(v)= mn F(v,a). 


acA, acAy 


Since: 
T(v) +1(v) + F(v) < 3, Tv), T(y), Fy) € [1], 


Gnsunder Satisfies the conditions for a Neutrosophic Soft UnderGraph. oO 


Theorem 3.226. Every Neutrosophic Hypersoft OffGraph, OverGraph, and UnderGraph is a generalization 
of the Hypersoft Graph. 


Proof. Let G = (V, E) be a simple connected graph, where V is the set of vertices and E is the set of edges. 
Define the Hypersoft Graph Gys = (F,J) with a mapping F : J — P(V) such that F(a) € V induces a 
connected subgraph of G for each a € J. 


The Neutrosophic Hypersoft OffGraph Guso = (G, F,T,/, F) extends the concept of the Hypersoft Graph by 
assigning neutrosophic membership degrees T, J, F to vertices and edges. Specifically: 


T(v, a), 1(v, a), F(v,a) € [(¥,Q], <0, Q>1, 
T(v, a) +1(v, a) + F(v, a) < 3Q, 


where T(v, a), 1(v, a), F(v, a) provide a richer representation of uncertainty, indeterminacy, and falsity com- 
pared to the binary inclusion in F(a) C V of the Hypersoft Graph. 


For any Gyso, if ¥ = 0 and Q = 1, the neutrosophic degrees T(v, a), I(v, a), F(v, a) reduce to binary values, 
recovering the structure of a Hypersoft Graph. Thus, Gyso generalizes Gys. 


The Neutrosophic Hypersoft OverGraph Gysover = (G,F,7,/, F) further extends the Hypersoft Graph by 
allowing T(v, a), I(v, a), F(v, a) to take values in [0,Q] with Q > 1. This allows degrees to exceed the 
classical upper bound of 1: 


T(v, a), 1(v, a), F(v, a) € [0,Q],  T(v,a)+1(v, a) + Fv, a) < 3Q. 


If Q = 1, the neutrosophic membership degrees revert to the standard interval [0, 1], recovering the Hypersoft 
Graph structure. Therefore, Gysover 1s also a generalization of Gys. 


The Neutrosophic Hypersoft UnderGraph Gysunder = (G,F,T,1, F) introduces the possibility of negative 
membership degrees (¥ < 0) for T, J, F: 


T(v, a), 1(v,a), F(v,a) € [¥, 1], <9, 
T(v,a) +1(v,a) + F(v, a) < 3. 


For ¥ = 0, the degrees revert to the standard range [0,1], matching the Hypersoft Graph structure. Hence, 
Gusunder 1S a generalization of Gys. 


All three structures—Neutrosophic Hypersoft OffGraph, OverGraph, and UnderGraph—extend the Hypersoft 
Graph by incorporating neutrosophic degrees T,/, F over extended ranges [‘¥, Q] with additional flexibility 
in representing uncertainty, indeterminacy, and falsity. By appropriate selection of ‘¥ and Q, each structure 
reduces to the Hypersoft Graph, confirming the generalization. oO 
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3.3.8  Hyperbinary fuzzy set 


The definition of a Hyperbinary fuzzy set is provided below. While the concept of Hyperbinary differs some- 
what from other hyperconcepts [170 485], this definition aims to clarify its unique structure. For reference, 
we also define the concepts of Hyperbinary fuzzy and Hyperbinary neutrosophic sets using this foundational 
idea. 


Definition 3.227. Let X be a non-empty set. A hyperbinary set H on X is a multiset characterized by a 
multiplicity function wy : X — {0,1,2}, where for each element x € X, (x) denotes the number of times 
x appears in H, with py(x) < 2. 


Formally, the hyperbinary set H is represented as: 


H = {(x, un (x)) | x eX, Hy (x) € 10,12) }. 


Theorem 3.228. Every binary set is a special case of a hyperbinary set. 


Proof. A binary set B on X is defined by a membership function zz : X — {0,1}, where wg(x) = lifxisa 
member of B, and sz43(x) = 0 otherwise. 


Since the set {0, 1} is a subset of {0, 1,2}, we can consider the multiplicity function of the binary set B as a 
special case of the hyperbinary set’s multiplicity function wy, where “wy (x) = wp() for all x € X. 


Therefore, every binary set B is a hyperbinary set H with multiplicities restricted to {0, 1}. Oo 


Definition 3.229. Let X be a non-empty set. A hyperbinary fuzzy set H on X is defined by a membership 
function zy : X — [0,2], where for each element x € X, 47 (x) represents the degree of membership of x in 
H, and wy (x) € [0,2]. 


The hyperbinary fuzzy set H is formally expressed as: 


H = {(x,un(x) |x © X, w(x) € [0,2]}. 


Theorem 3.230. Every hyperbinary fuzzy set generalizes both the binary fuzzy set and the hyperbinary set. 


Proof. 1. Binary Fuzzy Set as a Special Case: 


When p(x) € [0, 1] for all x € X, the hyperbinary fuzzy set H reduces to a binary fuzzy set B with member- 
ship function u_(x) = “A (4). 


2. Hyperbinary Set as a Special Case: 


When p(x) € {0, 1,2} for all x € X, the hyperbinary fuzzy set H becomes a hyperbinary set M with multi- 
plicity function uy (x) = uA (4). 


Therefore, the hyperbinary fuzzy set encompasses both binary fuzzy sets and hyperbinary sets as special cases. 
Oo 


Definition 3.231 (Hyperbinary Neutrosophic Set (HBNS)). Let (X,Y) be a non-empty fixed space, where X 
and Y are distinct sets. A Hyperbinary Neutrosophic Set (HBNS) H in (X, Y) is represented as an ordered pair: 


H = ((Aiy, 12, H13) , (21, H22, H3)) , 


where each H;; € X or ¥ is defined by a multiplicity function wy,, : Hi; — {0,1,2}, which assigns each 
element a multiplicity of 0, 1, or 2. This multiplicity function allows each element to appear up to twice in each 
subset H;;. 


Thus, the hyperbinary neutrosophic set H can be formally written as: 


H = {(x, my, (%), Ma (X), Mans (X)) 5 (y, Met (Y)s Hin (Y), Mts (y)) |x EX, y © Y, we, (x), Me, (y) € {0, 1, 2}}. 


Each subset H;; represents values associated with the degrees of truth, indeterminacy, and falsity, respectively, 
within the context of sets X and Y. 
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Theorem 3.232. Any Hyperbinary Neutrosophic Set (HBNS) can be transformed into a Binary Neutrosophic 
Set (BNCS) by restricting the multiplicity function fy, to {0, 1} for each subset H,;j;. 


Proof. Let H = ((Ay1, 412, A413) , (21, 422, H23)) be a Hyperbinary Neutrosophic Set with a multiplicity 
function wy,, : Hiz > {0, 1,2}. 


By restricting ,, to take values in {0, 1} only, we effectively limit each element to appear at most once in each 
subset H;;. Therefore, each H;; becomes a subset in which elements can either be present or absent, without 
multiplicity higher than 1. 


This transformation reduces H to a structure that corresponds to the definition of a Binary Neutrosophic Set 
C = ((Ci1, C12, C13) , (C21, C22, C23)), where each C;; € X or Y contains elements with no multiplicity (i.e., 
Hoi : Cij = {0, 1}). 


Hence, the HBNS H reduces to a BNCS C under this constraint, completing the proof. oO 


Theorem 3.233. A Hyperbinary Neutrosophic Set (HBNS) generalizes a Hyperbinary Fuzzy Set (HBFS). 


Proof. To prove that a Hyperbinary Neutrosophic Set (HBNS) generalizes a Hyperbinary Fuzzy Set (HBFS), 
consider the following. 


For any HBNS 4, let the indeterminacy and falsity membership degrees satisfy: 
TIq(x) =0, Far(x) =0 forallxe X. 
In this case, the HBNS reduces to: 
H = {(x, Ty (x), 0,0) | x € X, Ty(x) € [0,2]}. 
This can be equivalently written as: 
F = {(x,Tu(x)) |x € X, Ta(x) € [0,2]}, 
which is exactly the definition of an HBFS. 


An HBNS introduces two additional membership degrees, J;;(x) (indeterminacy) and F(x) (falsity), which 
are not present in an HBFS. These components provide more detailed information about the membership state 
of each element x in H, allowing for richer representations. When Jy (x) # 0 or Fx (x) # 0, the HBNS cannot 
be reduced to an HBFS. 


Therefore, the HBNS generalizes the HBFS by encompassing it as a special case where indeterminacy and 
falsity components are zero, while also extending it to include these additional components. oO 


Theorem 3.234. A Hyperbinary Neutrosophic Set (HBNS) can be transformed into a Neutrosophic Set (NS) 
by constraining its multiplicity function. 


Proof. To transform an Hyperbinary Neutrosophic Set (HBNS) 4 into an Neutrosophic Set (NS) N, we nor- 
malize the membership degrees of H as follows: 


Ty (x) 
a 


I(x) =H Ry (x) = HO 


, WeeXx. 
2 


Ty (x) = 


Since Ty (x), I(x), F(x) € [0,2], dividing by 2 ensures that: 


Ty (x), In (x), Fr (x) € [0, 1]. 


For any x € X, the sum of the normalized values satisfies: 


Tr (x) ‘ T(x) 4 Fru(x) — Tu(x) + In (x) + Fa (x) 
2 pS a 2 


Ty (x) + In (x) + Fr (x) = 
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Since Ty (x) + Iq (x) + F(x) < 6in an HBNS, it follows that: 
Tn (x) + Tn (x) + Fn (x) <3. 
This satisfies the constraints of a Neutrosophic Set. 
The mapping: 
(TH (x), Tin (x), Fr (x)) > (Tn (2), In (x), Fin (x)) 
is well-defined and preserves the structure of the set. Each element in H is uniquely transformed into an element 


in N. 


Hence, the Hyperbinary Neutrosophic Set H can be transformed into a Neutrosophic Set N by the normalization 
procedure. This transformation is reversible if the scaling factor 2 is known. oO 


3.3.9 Ranked Hypersoft Set 


The definition of the Ranked Hypersoft Set, which extends the concept of the Ranked Soft Set, is provided 
below. It is hoped that further research will continue to explore the mathematical structure and applications of 
these concepts. 


Definition 3.235 (Ranked Hypersoft Set). A Ranked Hypersoft Set (H, J, E) over a universe X is defined by 
three components: a finite set of attributes E = {T,,7),...,T7,}, disjoint sets Ji, J2,...,J, associated with 
each attribute, and a mapping H that assigns to each tuple of attribute values a ranked partition over X. 


Formally, let J = J; x Jz X +--+ X Jy, be the set of all possible combinations of attribute values. Then (H, J, E) 
is defined as: 

H:J—->R(X), 
where each j = (j1, J2,.--,Jn) € J is associated with a ranked partition H(j) = (Vo, Vi, ..., Vx) of X accord- 


ing to the parameters in E. 


In this structure: 


1. Vo, Vi,...,Ve E X are disjoint subsets of X, with Vo representing elements that do not satisfy the attribute 
combination j, and Vi,..., Vx representing increasingly higher levels of satisfaction or relevance. 


2. The union of all subsets covers X: Vp UV; U---UVz = X. 


The Ranked Hypersoft Set thus captures the hierarchical levels of satisfaction or relevance across multiple 
attributes, allowing for a structured, multi-parameter assessment of the elements in X. 


Theorem 3.236. A Ranked Hypersoft Set generalizes both Ranked Soft Sets and Hypersoft Sets. 


Proof. To show that the Ranked Hypersoft Set generalizes Ranked Soft Sets, consider the case where n = 1, 
so that there is only one attribute in E. In this case, J = J; corresponds to the set of possible values for this 
attribute, and the mapping H : J — R(X) associates each attribute value with a ranked partition of X. This is 
consistent with the definition of a Ranked Soft Set, where each parameter (single attribute) maps to a ranked 
partition over X. 


To show that the Ranked Hypersoft Set generalizes Hypersoft Sets, observe that if the ranked partition (Vo, Vi,... 


is restricted to k = 1, meaning no ranking is applied, the ranked partition reduces to a simple partition of X as in 
the Hypersoft Set model. Thus, by allowing ranked partitions, the Ranked Hypersoft Set extends the Hypersoft 
Set concept to incorporate ranked levels of satisfaction for each attribute combination. 


Therefore, the Ranked Hypersoft Set encompasses both the ranked hierarchy of satisfaction in Ranked Soft Sets 
and the multi-attribute combinations in Hypersoft Sets, achieving a generalization of both concepts. oO 
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3.3.10 TreeHyperSoft Set 


We define the TreeHyperSoft Set as follows. 


Definition 3.237. Let U be a non-empty universe of discourse. Let Tree(A) be a hierarchical attribute tree, 
where each node represents an attribute a; or an attribute value. Each attribute a; at any level in the tree has an 
associated set of attribute values J;, and may have sub-attributes forming the tree structure. 


We define J as the set of all possible combinations of attribute values along the paths from the root to the leaves 
in the tree, representing the different combinations of attribute values across various levels. 


A TreeHyperSoft Set is a pair (F', J), where F is a mapping defined by: 
F:J—7P(U), 


where #(U) denotes the power set of U, and J is the set of all possible attribute value combinations along the 
paths in Tree(A). 


For each combination x € J, F(x) € U represents the subset of U corresponding to that particular combination 
of attribute values. 


Theorem 3.238. The TreeHyperSoft Set generalizes both the Hypersoft Set and the TreeSoft Set. Specifically: 


1. When the attribute tree Tree(A) has only one level (i.e., no sub-attributes), the TreeHyperSoft Set reduces 
to the Hypersoft Set. 


2. When each attribute in Tree(A) has only one attribute value (i.e., attributes are not associated with 
multiple values), the TreeHyperSoft Set reduces to the TreeSoft Set. 
Proof. We prove each part separately. 
Part 1: Reduction to Hypersoft Set 


Assume that the attribute tree Tree(A) has only one level. That is, Tree(A) = {a1,a2,...,@n}, where each 
attribute a; has associated attribute values J;. 


In this case, the set J of all possible combinations of attribute values is simply the Cartesian product: 
J=HI, xX J2X%-++X Ip. 
Therefore, the mapping F becomes: 
Fid,XJoX-++XJIn 2 PV), 
which is precisely the definition of a Hypersoft Set as defined in [861]. 
Thus, when the attribute tree has only one level, the TreeHyperSoft Set reduces to the Hypersoft Set. 
Part 2: Reduction to TreeSoft Set 


Assume that each attribute in Tree(A) has only one attribute value, i.e., for all attributes a;, J; = {v;}, where 
v; is a single value. 


In this case, the set J consists of all possible combinations of these single attribute values along the tree structure. 
Since each attribute has only one value, the combinations are determined solely by the structure of the tree. 


The mapping F becomes: 

F : P(Tree(A)) — P(U), 
where P(Tree(A)) is the power set of the nodes in the tree (excluding attribute values since they are singular 
and fixed). 


This matches the definition of a TreeSoft Set as defined in [880], where the mapping is from subsets of the tree’s 
nodes to subsets of U. 


Therefore, when each attribute has only one attribute value, the TreeHyperSoft Set reduces to the TreeSoft 
Set. Oo 
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3.3.11 Hyperweighted Graphs and Superhyperweighted Graphs 


We define a Hyperweighted Graph as follows.To define a Hyperweighted Graph, we first introduce the concept 
of a Hyperweighted Set.A Hyperweighted Set is a set S where each element s € S is associated with a set of 
weights, rather than a single weight. Formally, we define: 


Definition 3.239. Let S be a non-empty set. A Hyperweighted Set is a pair (S,W), where W: S > P(R) isa 
function that assigns to each element s € S a non-empty set of real-valued weights W(s) C R. 


In this context, each element s € S carries multiple weights, capturing various attributes or measurements 
associated with that element. 


Definition 3.240. A Hyperweighted Graph G = (V, E, W) consists of: 


¢ A set of vertices V. 
° A set of edges E CV XV. 


¢ A hyperweight function W : E — P(R), which assigns to each edge e € E anon-empty set of real-valued 
weights W(e) CR. 


Example 3.241. Consider a hyperweighted graph G = (V, E, W) defined as follows: 


¢ Vertices: 
V = {v1, v2, v3}. 
° Edges: 
E = {e1, eo}, 
where: 


e1 = (11, V2), 


€2 = (V2, v3). 
¢ Hyperweight Function W: 


Wei) = {5,7}, 
W(e>) = (3,4, 6}. 


In this example: 


¢ Edge e; connects vertices v; and v2 and has multiple weights W(e;) = {5,7}. 


¢ Edge e2 connects vertices v2 and v3 and has multiple weights W(e2) = {3, 4, 6}. 


These multiple weights could represent different metrics such as: 


¢ For e;: 


— 5: Distance in kilometers. 


— 7: Time in minutes. 
¢ For é2: 


— 3: Cost in dollars. 


— 4: Risk level on a scale from | to 5. 
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— 6: Traffic congestion level. 


Theorem 3.242. A Weighted Graph is a special case of a Hyperweighted Graph where each edge has exactly 
one weight. 


Proof. Let G’ = (V’, E’, w’) be a standard Weighted Graph, where: 


¢ V’ is the set of vertices. 
° E’ CV’ xV' is the set of edges. 


ew’: E’ > Ris the weight function assigning a single real-valued weight to each edge. 
We construct a Hyperweighted Graph G = (V, E, W) as follows: 


°V=V'. 
° E=E'. 
° W: E > P(R) is defined by W(e) = {w’(e)} for all e € E. 


In this construction, each edge e € E is associated with a singleton set W(e) = {w’(e)}, containing exactly 
one weight. 


Therefore, the standard Weighted Graph G’ can be viewed as a Hyperweighted Graph G where the hyperweight 
function W assigns a singleton set of weights to each edge. This shows that the Hyperweighted Graph is a 
generalization of the Weighted Graph, accommodating multiple weights per edge. oO 


Definition 3.243 (Superhyperweighted Graph). A Superhyperweighted Graph G = (V, E,W) consists of: 


¢ A set of vertices V. 
¢ A set of edges ECV XV. 


¢ A superhyperweight function W : E — £ (P(R) \ {O}) \ {0}, which assigns to each edge e € Ea 
non-empty set of hyperweights, where each hyperweight is a non-empty set of real numbers. 


Theorem 3.244. Every Hyperweighted Graph is a special case of a Superhyperweighted Graph. Specifically, 
if all superhyperweights in a Superhyperweighted Graph are singleton sets containing singleton hyperweights, 
then it reduces to a Hyperweighted Graph. 


Proof. Let Gy = (V, E, W) be a Hyperweighted Graph, where W : E — P(R) \ {O}. 


We can construct a Superhyperweighted Graph Gs = (V, E, W) corresponding to Gy by defining: 
W(e)={We)}, VeekE. 


Here, each superhyperweight W (e) is a singleton set containing the hyperweight W(e), which is itself a non- 
empty set of real numbers. 


Conversely, if in a Superhyperweighted Graph Gs = (V, E,W), all superhyperweights W(e) are singleton 
sets containing singleton hyperweights, that is: 


We) ={W(e)}, with W(e) € P(R) \ {O}, 
then we can define a hyperweight function: 
W:E—-P(R) \ {0}, W(e) = the unique element of W(e), 
thereby obtaining a Hyperweighted Graph Gy = (V, E, W). 


Therefore, Superhyperweighted Graphs generalize Hyperweighted Graphs by allowing multiple hyperweights 
(which are sets of weights) for each edge, whereas Hyperweighted Graphs are the special case where superhy- 
perweights are singleton sets containing a single hyperweight. oO 
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Theorem 3.245. The set defined by the superhyperweight function in a Superhyperweighted Graph generalizes 
the SuperHyperCrisp Set. 


Proof. To prove or disprove the generalization, we analyze the definitions of the SuperHyperCrisp Set and the 
superhyperweight function in a Superhyperweighted Graph. 


A SuperHyperCrisp Set C over a universe X is defined as: 
C: P(X) — P({0, 1}). 


In a Superhyperweighted Graph G = (V, E, W), the superhyperweight function W assigns to each edge e € E 
anon-empty subset of P(R) \ {0}. Formally: 


W:E>P(P(R) \ {OP \ {0}. 
This mapping associates higher-order hierarchical weights (sets of subsets of real numbers) with edges. 


The SuperHyperCrisp Set maps subsets of X to subsets of {0,1}, which is equivalent to assigning binary 
membership values. The superhyperweight function ‘W maps edges to higher-order structures, specifically 
sets of subsets of real numbers. 


If we restrict W such that all weights are binary (i.e., each weight is a subset of {0, 1}), then W behaves like 
a SuperHyperCrisp Set, mapping elements to subsets of binary values. Conversely, the SuperHyperCrisp Set 
does not have the capacity to represent hierarchical weights involving subsets of real numbers as defined in W. 
Thus, W is strictly more general. 


The superhyperweight function in a Superhyperweighted Graph generalizes the SuperHyperCrisp Set by al- 
lowing the representation of hierarchical structures involving subsets of real numbers, which extends beyond 
binary membership. Oo 


Corollary 3.246. The set defined by the hyperweight function in a hyperweighted Graph generalizes the Hy- 
perCrisp Set. 


Proof. The proof can be established in a manner similar to that of the SuperHyperWeighted Graph, but with a 
simplified approach. oO 


3.3.12 Hyperlabeling graph and superhyperlabeling graph 


A labeling graph is a graph where each vertex and edge is assigned a label from defined sets, often following 
specific rules [389 . Several related concepts include Graceful Labeling [664], Edge-Graceful Label- 
ing |250) , Harmonious Labeling [331! , and Lucky Labeling |235| . The following describes an 


extended graph concept based on the labeling graph. 


Definition 3.247 (Hyperlabeling Graph). Let G = (V, E) be aclassical graph where V is the set of vertices and 
E CV x Vis the set of edges. A hyperlabeling graph, denoted as Gy = (V,c, 44), consists of the following 
components: 


1. Vertex Hyperlabeling: 
o:V— P(Ly) \ {9}, 


where Ly is the set of possible labels for vertices, and P(Ly) \ {0} denotes the set of all non-empty 
subsets of Ly. The function o assigns a non-empty set of labels 7(v) € Ly to each vertex v € V. 


2. Edge Hyperlabeling: 
HM: E> P(LE) \ {0}, 


where Lg is the set of possible labels for edges, and P (Lz) \ {0} denotes the set of all non-empty subsets 
of Ly. The function yu assigns a non-empty set of labels u(e) C Le to each edge e € E. 
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3. Labeling Rules: The hyperlabeling functions o and ju may satisfy specific rules or constraints depending 
on the context of the hyperlabeling graph. These rules can include, but are not limited to: 


* Consistency Rules: Relationships between vertex hyperlabels and edge hyperlabels. For example, 
for an edge e = (u,v), the edge hyperlabel (e) may depend on the vertex hyperlabels o(u) and 
ao(y). 

* Constraints on Hyperlabels: Conditions on the hyperlabels, such as cardinality constraints, inter- 
section properties, or other logical conditions relevant to the application. 


Theorem 3.248. Every labeling graph is a special case of a hyperlabeling graph. Specifically, if all hyperlabels 
in a hyperlabeling graph are singleton sets, then it reduces to a standard labeling graph. 


Proof. Let Gr = (V,o’, pn’) be a labeling graph, where: 


« a’: V — Ly is the vertex labeling function. 


¢ wu’: E > Lg is the edge labeling function. 


We can construct a hyperlabeling graph Gy = (V,o, yt) corresponding to G;, by defining: 
a(v) ={o'(v)}, Wel, 
ule) ={u'(e)}, Vee. 


Here, each hyperlabel is a singleton set containing the label from the original labeling graph. Since all hyper- 
labels are singleton sets, Gy effectively replicates the labeling scheme of G_. 


Conversely, if in a hyperlabeling graph Gy = (V,c, 4), all hyperlabels o(v) and p(e) are singleton sets, then 
we can define functions: 


o’:V—Ly, oa’(v) = the unique element of o(v), 


Ww: E->Leg,  p'(e) =the unique element of y(e), 
thereby obtaining a labeling graph Gz = (V,a’, w’). 


Therefore, hyperlabeling graphs generalize labeling graphs by allowing multiple labels (hyperlabels) for vertices 
and edges, and labeling graphs are the special case where hyperlabels are singleton sets. oO 


Example 3.249. Consider a graph G = (V, E) where: 


© V= {v1 v2, v3}. 


° E = {e1, e2}, with e; = (v1, v2) and e2 = (v2, v3). 
Let the sets of possible labels be: 


¢ Ly = {red, blue, green}. 
¢ Lr = {solid, dashed}. 


Define the vertex hyperlabeling function a and edge hyperlabeling function y as: 
o-(v1) = {red, blue}, 
o(v2) = {blue}, 
o-(v3) = {green, blue}, 
L(e1) = {solid, dashed}, 
L(e2) = {dashed}. 


This hyperlabeling graph assigns multiple labels to vertices and edges, offering more flexibility than a standard 
labeling graph. 
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We have defined the Superhyperlabeling Graph as a generalization of the hyperlabeling graph. In a hyperlabel- 
ing graph, each vertex and edge is assigned a non-empty set of labels (hyperlabels). 


Definition 3.250 (Superhyperlabeling Graph). Let G = (V, E) be aclassical graph where V is the set of vertices 
and E C V x Vis the set of edges. A Superhyperlabeling Graph, denoted as Gs = (V, x, M), consists of the 
following components: 


1. Vertex Superhyperlabeling: 
x: VP (P(Ly) \ {O}) \ {0}, 


where Ly is the set of possible labels for vertices, and P (P(Ly) \ {O}) \ {@} denotes the set of all 
non-empty subsets of the power set of Ly excluding the empty set. The function % assigns to each vertex 
v € V anon-empty set of hyperlabels, where each hyperlabel is a non-empty subset of Ly. 


2. Edge Superhyperlabeling: 
M:E—P(P(LE) \ {9}) \ {0}, 


where Lg is the set of possible labels for edges, and P (P(Le) \ {@}) \ {0} denotes the set of all non- 
empty subsets of the power set of Lz excluding the empty set. The function M assigns to each edge 
e € E anon-empty set of hyperlabels. 


3. Labeling Rules: The superhyperlabeling functions X and M may satisfy specific rules or constraints 
depending on the context of the Superhyperlabeling Graph. These rules can include, but are not limited 
to: 


* Consistency Rules: Relationships between vertex superhyperlabels and edge superhyperlabels. For 
example, for an edge e = (u,v), the edge superhyperlabel M(e) may depend on the vertex super- 
hyperlabels £(u) and X(v). 


* Constraints on Superhyperlabels: Conditions on the superhyperlabels, such as cardinality con- 
straints, intersection properties, or other logical conditions relevant to the application. 


Theorem 3.251. Every hyperlabeling graph is a special case of a Superhyperlabeling Graph. Specifically, if 
all superhyperlabels in a Superhyperlabeling Graph are singleton sets containing singleton hyperlabels, then 
it reduces to a hyperlabeling graph. 


Proof. Let Gy = (V,o, 2) be a hyperlabeling graph, where: 


*a0:V—PF(Ly) \ {O} is the vertex hyperlabeling function. 
* uw: E > P(Lez) \ {0} is the edge hyperlabeling function. 


We can construct a Superhyperlabeling Graph Gs = (V, x, M) corresponding to Gy by defining: 


X(v) = {a(v)},. We, 
M(e)={ule)}, Vee k. 


Here, each superhyperlabel &(v) is a singleton set containing the hyperlabel o(v), which is itself a non-empty 
subset of Ly. Similarly for M(e) and p(e). 


Conversely, if in a Superhyperlabeling Graph Gs = (V, X, M), all superhyperlabels X(v) and M(e) are single- 
ton sets containing singleton hyperlabels, that is: 


X(v) = {o(v)}, with o(v) € P(Ly) \ {9}, 
M(e) = {u(e)}, with u(e) € P(Le) \ {0}, 
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then we can define hyperlabeling functions: 


a:V—>P(Ly) \ {0}, o(v) = the unique element of X(v), 
uw: E> P (Le) \ {0}, pe) = the unique element of M(e), 


thereby obtaining a hyperlabeling graph Gy = (V,c, 1). 


Therefore, Superhyperlabeling Graphs generalize hyperlabeling graphs by allowing multiple hyperlabels (which 
are sets of labels) for vertices and edges, whereas hyperlabeling graphs are the special case where superhyper- 
labels are singleton sets containing a single hyperlabel. oO 


Definition 3.252 (Isomorphic). Two mathematical structures A and B are said to be isomorphic, denoted as 
A = B, if there exists a bijective mapping f : A — B such that: 


1. f is a one-to-one correspondence between the elements of A and B. 


2. f preserves the structure of A in B, meaning that for all elements x, y in A, the relationships or operations 
between x and y in A are reflected in the corresponding elements f(x) and f(y) in B. 


If such a mapping f exists, the structures A and B are considered structurally identical. 


Theorem 3.253. The structures of Vertex Superhyperlabeling and Edge Superhyperlabeling in a Superhyper- 
labeling Graph Gs = (V,%, M) are isomorphic to the structure of a SuperHyperCrisp Set. 


Proof. To establish the isomorphism, we compare the formal definitions of Vertex Superhyperlabeling, Edge 
Superhyperlabeling, and SuperHyperCrisp Set. 


A SuperHyperCrisp Set C over a universe X is defined as: 


C : P(X) > P({0, 1}). 


The Vertex Superhyperlabeling function & in a Superhyperlabeling Graph is defined as: 
x: VP (P(Ly) \ {O}) \ {9}. 


Here: 


¢ V is the set of vertices. 
¢ Ly is the set of possible labels for vertices. 


* P (P(Ly) \ {0}) \ {0} is the family of all non-empty subsets of the power set of Ly, excluding the empty 
set. 


The function & assigns each vertex v € V a non-empty subset of the power set of Ly, enabling hierarchical and 
recursive labeling structures. 


Similarly, the Edge Superhyperlabeling function M is defined as: 
M:E—P (P(LE) \ {9}) \ {0}, 


where Lg is the set of possible labels for edges. The function M assigns to each edge e € E anon-empty subset 
of the power set of Lr. 
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The Vertex Superhyperlabeling function & maps vertices v € V to non-empty subsets of P(Ly), analogous to 
how a SuperHyperCrisp Set maps subsets of X to binary memberships {0, 1}. Similarly, the Edge Superhyper- 
labeling function M maps edges e € E to hierarchical structures of labels, akin to the mappings in a Super- 
HyperCrisp Set. Both X and M satisfy the structural requirements of a SuperHyperCrisp Set by representing 
elements (vertices or edges) using higher-order mappings, where the output values (hyperlabels) generalize 
binary membership to hierarchical subsets. 


The mapping structures in Vertex Superhyperlabeling = and Edge Superhyperlabeling M mirror the structure 
of a SuperHyperCrisp Set, with the added generalization of handling higher-order hierarchical relationships. 
Hence, Vertex Superhyperlabeling and Edge Superhyperlabeling are isomorphic to the structure of a SuperHy- 
perCrisp Set. oO 


Furthermore, since labeling is closely related to coloring in graph theory, concepts such as hypercoloring and 
superhypercoloring can also be defined, similar to hyperlabeling and superhyperlabeling. 


Question 3.254. What is the relationship between hyperlabeling and multilabeling, and between hypercoloring 


and multi-coloring [119|131]/623||690|[702)? 


4 Discussion: Procedure of Graphization, Hyperization, and Uncertainization 


In this section, we present an example of the Procedure of Graphization, Hyperization, and Uncertainization to 
facilitate future research efforts. It should be noted that this is merely an illustrative example. The meanings 
of “hyper” and ’superhyper” can vary significantly across different mathematical fields, and the steps provided 
here represent only one approach, without verified accuracy. Other perspectives beyond these procedures un- 
doubtedly exist, and thus, this example is intended solely as a reference. 


Note 1 (Example Procedure of Graphization). Transforming set concepts into graph concepts involves mapping 
the properties and elements of a set-based structure into the components and attributes of a graph. This allows 
the rich theoretical framework of sets to be utilized within graph theory, enabling new insights and applications. 


Below is a step-by-step procedure to transform a set concept into a graph concept: 


1. Identify the Set Concept and Its Elements 


¢ Definition: Start by clearly defining the set concept, including its elements, operations, and properties. 


¢ Elements: Determine what the elements of the set represent (e.g., membership degrees in fuzzy sets). 


2. Define Corresponding Graph Components 


¢ Vertices and Edges: Decide how the elements of the set will correspond to the vertices and edges of the 
graph. 


¢ Attributes: Determine how the properties or operations in the set concept translate to graph attributes 
such as weights, labels, or edge relations. 


3. Establish Mapping Between Set and Graph 


¢ Vertices Mapping: Map the elements of the set to the vertices of the graph. 
¢ Edges Mapping: Define edges based on relationships or interactions between set elements. 


¢ Weights and Labels: Assign weights or labels to vertices or edges to represent set properties (e.g., mem- 
bership degrees). 
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4. Define Graph Operations and Properties 


¢ Adjacency and Connectivity: Establish how adjacency in the graph reflects relationships in the set. 


¢ Graph Properties: Extend set operations (e.g., union, intersection) to graph operations (e.g., edge union, 
vertex intersection). 


5. Ensure Consistency and Validity 


* Consistency: Verify that the graph structure accurately reflects the original set concept. 
* Validity: Ensure that all graph definitions comply with graph theory standards. 


Example 4.1 (Fuzzy Set to Fuzzy Graph). Fuzzy Set Definition: A fuzzy set A in a universe U is defined by a 
membership function 43 : U — [0,1]. 


Fuzzy Graph Definition: A fuzzy graph G = (V, E) consists of a set of vertices V and a fuzzy edge set E, where 
the edge membership function ws : V x V — [0,1] assigns a degree of adjacency between vertex pairs. 


Transformation Procedure: 


¢ Vertices: Let the elements of the universe U correspond to the vertices V. 
¢ Edges: Define edges between vertices based on a relation that reflects the fuzzy set’s context. 


¢ Edge Weights: Assign edge weights using a function derived from the fuzzy set’s membership function 
or other relevant criteria. 


Example 4.2 (Neutrosophic Set to Neutrosophic Graph). Neutrosophic Set Definition: A neutrosophic set A in 
a universe U is characterized by a truth-membership function 74, an indeterminacy-membership function J, 
and a falsity-membership function F'4, mapping U to the interval [0, 1]. 


Neutrosophic Graph Definition: A neutrosophic graph G = (V, E,T, I, F) includes functions assigning degrees 
of truth, indeterminacy, and falsity to vertices and/or edges. 


Transformation Procedure: 


¢ Vertices: Map elements of U to vertices V. 
¢ Edges: Define edges based on relationships in the neutrosophic context. 


¢ Vertex and Edge Attributes: Assign T, I, and F values to vertices and edges based on the neutrosophic 
set’s membership functions. 


Note 2 (Example Procedure of Hyperization and Superhyperization). Let us consider a mathematical concept 
characterized by a set S and a function f that assigns attributes, labels, weights, or other properties to elements 
of S. The superhyperextension of this concept involves the following steps: 


1. Identify the Original Structure: 


Begin with a mathematical structure defined by a set S and a mapping: 
f:S-T, 


where T is a set representing attributes, labels, weights, etc. 
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2. First-Level Hyperextension: 
Extend the mapping f to a function f’ : S > P(T) \ {0}, where P(T) denotes the power set of T: 


f': SPT) \ {0}, such that f’(s) = {ti,t,...} CT. 
This creates a hyperstructure, where each element s € S is associated with a non-empty set of attributes 
from T. 
3. Second-Level Superhyperextension: 
Further extend the mapping to a function f” : S — P(P(T) \ {O}) \ {O}: 


£2 SP (PCT) \ {0})\ {0}, such that f’'(s) = {{t11, tio, ..- }. {ta1,22,-.-},---}- 
This results in a superhyperstructure, where each element s € S is associated with a non-empty set of 
hyperattributes (sets of attributes). 
4. Define Extension Rules: 


Specify any necessary rules or constraints for the superhyperstructure to maintain consistency and mean- 
ingful interpretation. These may include: 


¢ Hierarchical Relationships: Define how the multiple levels of attributes relate to each other. 


* Consistency Conditions: Ensure that the superhyperstructure reduces to the hyperstructure or orig- 
inal structure under certain conditions. 


* Operations and Interactions: Extend operations, relations, or functions defined on S and T to 
accommodate the superhyperstructure. 
5. Generalize Existing Theorems and Properties: 
Examine how existing theorems, properties, or algorithms applicable to the original structure can be 


generalized or adapted to the superhyperstructure. 


Note 3 (Example Procedure of Uncertainization). The following provides a concise procedure for extending 
a mathematical concept to its fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic forms. Note that fuzzy 
is a generalization of classical concepts, intuitionistic fuzzy is a further generalization of fuzzy, neutrosophic 
generalizes intuitionistic fuzzy, and plithogenic further generalizes neutrosophic. 


1. Identify Core Concept Define the original concept (e.g., set, function, graph) along with its properties and 
foundational structure. 


2. Analyze Elements for Uncertainty Determine which elements in the original concept are suitable for 
incorporating degrees of uncertainty, such as membership, indeterminacy, or multi-valued attributes. 


3. Fuzzy Extension Introduce partial membership by defining a membership function 
Ha: U > [0,1], 


where U is the universe of discourse. Adjust the definitions and operations to reflect partial membership values, 
thereby converting the original concept into its fuzzy counterpart. 


4. Intuitionistic Fuzzy Extension Define both membership and non-membership degrees with functions 


Has U— [0,1], 

va: U-— [0,1], 
where, for each x € U, 

0 < wa(x) + v(x) < I. 
The hesitation degree is given by 
ma(x) = 1 — pa(x) - va(x). 

In this way, the concept is extended to an intuitionistic fuzzy form by incorporating both membership and non- 
membership degrees. 
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5. Neutrosophic Extension Generalize further by allowing the degrees of truth, indeterminacy, and falsity 
to be independent, potentially ranging beyond the interval [0,1]. This step transforms the concept into a 
neutrosophic form. 


6. Plithogenic Extension Extend the concept to a plithogenic form by incorporating attributes with possibly 
contradictory values, enabling multi-valued characteristics and capturing complex, real-world phenomena. 


7. Validation Verify that each extension aligns with the original concept’s theoretical framework, ensuring 
internal consistency and applicability to the uncertainty domains introduced. 


5 Future Tasks of this research 


This section outlines the future prospects of this research. 


5.1 Extensions Using Related Set and Graph Concepts 


This paper introduces several set concepts, and We foresee further advancements by extending these concepts 
using related set and graph theories. Examples include Superhypersoft Sets [350/666 , Hesitant Fuzzy Sets 
|942| , Spherical Fuzzy Sets (94]600]601), Neutrosophic SuperHypersoft Sets [|878| , IndetermSoft 
Sets [382] 880||882}, IndetermHyperSoft Sets [880]|882}, TreeSoft Sets [13||77||270 
[687}/719}/727}|824) 887], soft rough sets [959], Meta Set 9041910], Intersectional Soft 
Sets [781] , and Plithogenic Sets (864|/895}. 


We hope that these extensions will enrich the theoretical framework established in this paper|!| 


Additionally, We are interested in exploring new types of sets. An example is provided below. 


5.1.1 Multihypersoft Graphs 


Future research may investigate the definition and graph representation of Multihypersoft Graphs and Multi- 
superhypersoft Graphs, as extensions of Multisoft Graphs. Although still in the conceptual phase, the initial 
definition of Multihypersoft Graphs is provided below. 


Definition 5.1. Let G* = (V, E) be a simple graph where V is the set of vertices and E is the set of edges. Let 
T,,72,...,T, be n distinct attributes, each with corresponding attribute values E;, and define E = E, x E2 x 
--+ xX E,. Consider a subset A C P(E), where P(E) is the power set of E. 


A MultiHypersoft Graph G = (G*, F, K, A) over the graph G* = (V, E) consists of the following components: 


1. G* = (V, E) is the underlying simple graph. 
2. Aisa set of attribute combinations where A C P(E). 
3. F: A— PV) is a mapping from attribute combinations in A to subsets of vertices in V. 


4. K: A — P(E) is a mapping from attribute combinations in A to subsets of edges in E. 


For each a € A, the pair (F(a), K(a)) forms a subgraph of G*, denoted by H(a). The MultiHypersoft Graph 
G can thus be represented as: 
G =(F,K,A) = {H(a) | a€ A}. 
'Ttis noteworthy that the Supersoft set concept generalizes the soft set, and the Superhypersoft set extends the Supersoft set, much like the 


relationship between supergraphs and superhypergraphs in graph theory |867)868]. Additionally, we aim to define the IndetermSuperSoft 
set as well.Future work will explore the mathematical properties and practical applications of these advanced set structures. 
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Theorem 5.2. Let G = (G*, F, K, A) be a MultiHypersoft Graph. If the attribute set A is restricted to a single 
attribute space, where each attribute has a unique value, then G can be transformed into a Hypersoft Graph. 


Proof. A Hypersoft Graph is defined based on a specific single attribute or attribute space, without considering 
attribute multiplicity. In a Hypersoft Graph, each vertex and edge is uniquely associated with an attribute, 
focusing on the attribute itself rather than combinations of attributes. 


If A is restricted to a single attribute space with unique values for each attribute (i.e., each element a in A has a 
unique value for each attribute), the structure of a MultiHypersoft Graph aligns with that of a Hypersoft Graph. 
This is because the set of attributes A becomes a unique set over the attribute space, making each F(a) and 
K(a) correspond to a unique combination, thereby satisfying the definition of a Hypersoft Graph. 


Thus, under the specified conditions, any MultiHypersoft Graph G can be redefined as a Hypersoft Graph. 0 


Theorem 5.3. A MultiHypersoft Graph generalizes a Multisoft Graph. 


Proof. By definition, a MultiHypersoft Graph allows attributes 7), 7, ..., 7, to be associated with correspond- 
ing value domains E), E2,..., Ey, and the set E = E, x Ey x--- xX E, defines the space of all possible combi- 
nations of these attributes. The attribute combinations A C P(E) in the MultiHypersoft Graph are thus more 
general than the single-attribute mappings in a Multisoft Graph. 


To demonstrate that a Multisoft Graph is a special case of a MultiHypersoft Graph, consider the following 
restriction: 1. Let m = 1, so there is only a single attribute T with a corresponding value domain E = E. 2. 
Let A C P(E), where each element of A corresponds to a single attribute value a in the domain E}. 


Under this restriction: 
F:A>P(V), K:A>P(E), 


and the pair (F(a), K(a)) for each a € A forms a subgraph of G*, identical to the structure of a Multisoft 
Graph. 


Conversely, a MultiHypersoft Graph allows attributes 7), 7>,..., 7, with multiple distinct value domains, cre- 
ating a Cartesian product space E = E, X Ey x--- xX E,,. The attribute combinations in A C P(E) represent a 
more complex and higher-dimensional attribute space, which cannot always be reduced to the single-attribute 
structure of a Multisoft Graph. 


The MultiHypersoft Graph generalizes the Multisoft Graph by introducing a multi-attribute structure where 
attributes can take values from multiple domains, forming complex combinations. A Multisoft Graph is thus a 
special case of a MultiHypersoft Graph under the restriction to a single attribute space. oO 


5.1.2 Neutrosophic Axial Graph and Partner Multineutrosophic Graph 


The definitions of a Neutrosophic Axial Graph and a Partner Multineutrosophic Graph are provided below, 
though they remain at the conceptual stage. Further exploration and analysis of these definitions are planned 
for the future. 


Definition 5.4 (Neutrosophic Axial Graph). Let X be a universe, and let Jt2{A denote a Neutrosophic Axial 
Set as previously defined. 


A Neutrosophic Axial Graph is a graph G = (V, E) where: 


1. Vertex Association: Each vertex v € V is associated with a Neutrosophic Axial Set 3¢2(A,,, defined as: 
NAA, = {(Ay, Avi, Ay) | Ay a) Avi =0,i= 1, 2}, 


where Ay, Ay1, Ayo © X. 
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2. Edge Association: Each edge e = (u, v) € E is associated with a Neutrosophic Axial Set %WA¢, defined 
as: 


NAA, = {(Ae, Ael, Ae2) | AeN Ae =9, i= 1, 2}, 
where A,, Ag}, Aer C X. 


3. Consistency Conditions: The Neutrosophic Axial Sets of the vertices and edges satisfy specified consis- 
tency conditions. For example: 


e Adjacency Condition: An edge e = (u,v) exists between vertices u and v if and only if there is a 
relation between their associated Neutrosophic Axial Sets, such as: 


Ae =AyUAy, Aer =AuiUAvi, Aer = Au2 UV Ave. 
* Intersection Condition: For each edge e = (u, v), the associated sets satisfy: 
AyNAy=9, AyiNAy=9, Ay2N Ay2 = 9. 


Definition 5.5 (Partner Multineutrosophic Graph). Let G = (V, E) be a graph, where: 


¢ V is a non-empty set of vertices. 


¢ E CV xV is the set of edges. 


Let n € N be a positive integer, andr, s,t ¢ N such thatr+s5+t=n. 


A Partner Multineutrosophic Graph Gp = (V, E, fv. fe) is defined as follows: 


1. Vertex Association: 
¢ Each vertex v € V is associated with a Multineutrosophic Set: 
My(v) =(Ti(v),.-.5Tr(v)s A),....4s)3 Fi)... Fev)» 


where: 


— T;(v) € [0,1] fori =1,...,r are the truth-membership degrees of v. 
- I;(v) € [0, 1] for 7 = 1,...,» are the indeterminacy-membership degrees of v. 
— Fy(v) € [0,1] fork =1,...,t are the falsity-membership degrees of v. 


¢ The partner set of vertex v is defined as: 


Mn (v) = (v, fu, ()) » 


where fi, : V — [0, 1] is given by: 


fag) = 7{ DFO) + DCO) + Fo) | 
l= J= —3 


2. Edge Association: 
¢ Each edge e € E is associated with a Multineutrosophic Set: 
My (e) = (Ti(e),..-Tr(e)s Ni(e),....1s(e); File),...,Fr(e)), 


where: 


— T;(e) € [0,1] fori =1,...,r are the truth-membership degrees of e. 
— I;(e) € [0,1] for 7 = 1,...,s are the indeterminacy-membership degrees of e. 
— Fy(e) € [0,1] fork = 1,...,t are the falsity-membership degrees of e. 
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¢ The partner set of edge e is defined as: 


Mn (e) = (e, fu, (e)) » 


where fy, : E — [0, 1] is given by: 


1 r Ss t 
fut, (€) = = QyTKe) + He) + J Fel) . 


3. Membership Functions: 


¢ The function fy : V — [0,1] assigns to each vertex v € V the aggregated membership degree 
fu, (V). 
¢ The function fe : E — [0,1] assigns to each edge e € E the aggregated membership degree 


fu, (). 


Therefore, the Partner Multineutrosophic Graph G, incorporates multineutrosophic information by associating 
each vertex and edge with a partner set, resulting in a weighted graph where weights are derived from the 
aggregated neutrosophic membership degrees. 


Question 5.6. Can the Partner Multineutrosophic Graph or the Neutrosophic Axial Graph generalize any ex- 
isting graph concepts? What potential applications could be considered for these graphs? 


5.2 Derived form or variant of the Nonstandard Real Set 


I look forward to future research on derived concepts of the Nonstandard Real Set. This paper provides one 
such example. 


5.2.1 Nonstandard Rational Set 


In this paper, we primarily focused on real numbers; however, numerous other types of numbers are well- 
known, including complex numbers, rational numbers, integers, and natural numbers. I personally hope that 
future research will explore derived concepts of the Nonstandard Real Set using these various number sets. 
Although some are still in the conceptual stage, several definitions are provided below. 


Definition 5.7. (cf. |310) ) The following are the mathematical definitions of the complex 
numbers, rational numbers, integers, and natural numbers: 
1. Complex Numbers (C): The set of complex numbers C is defined as 
C={at+bi|a,b€R,i=vV-I}, 
where a and b are real numbers, and j is the imaginary unit satisfying i? = —-1. 


2. Rational Numbers (Q): The set of rational numbers Q is defined as 


a= {2 ipaezaeol, 


where p and g are integers, and g is nonzero. Rational numbers are precisely those numbers that can be 
expressed as a fraction of two integers. 


3. Integers (Z): The set of integers Z is defined as 
Z={...,—-3,-2,-1,0,1,2,3,...}. 
This includes all whole numbers, both positive and negative, as well as zero. 
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4. Natural Numbers (N): The set of natural numbers N is typically defined as 
N = {1,2,3,4,...}, 
representing the set of all positive integers. In some contexts, N may also include 0, i.e., N = {0, 1, 2,3,...}. 


Definition 5.8. The Nonstandard Rational Set, denoted as Q*, is an extension of the standard set of rational 
numbers Q within the framework of nonstandard analysis. This set includes infinitesimal and infinitely large 
rational elements that do not exist within the standard rational numbers. We define it as follows: 


= QUQ*UQ, 
where: 


¢ Qrepresents the set of standard rational numbers. 


* Q™ denotes the set of positive infinitesimal rationals. An element « € Q*™ is such that 0 < € < s for 
any positive integer n. 


* Q* denotes the set of negative infinitesimal rationals, where —e (for € € Q**) represents values closer 
to zero from the negative side. 


Additionally, Q* encompasses rational numbers of infinitely large magnitude, which we denote by oo%. These 
elements are greater in absolute value than any standard rational number and are used to model quantities that 
go beyond the standard finite framework. 


Within Q*, we observe that the set includes both infinitesimal and infinite quantities, allowing for more detailed 
distinctions among rational numbers. This extended set maintains the basic arithmetic operations (addition, 
subtraction, multiplication, and division, where applicable) of Q and adheres to the ordering relations in a 
manner that extends the standard rational number properties. For example: 


1 
O0<e<— foranye € Q“ andallneN, 
n 


q<%g forany gq €Q. 
Theorem 5.9. The Nonstandard Rational Set Q* is a subset of the Nonstandard Real Set R*. 


Proof. To show that Q* C R*, we need to demonstrate that every element of Q* is also an element of R*. By 
definition, we have: 


e = QUQ*™UQ™, 


where: 


¢ QCR, as every standard rational number is also a standard real number. 


* Q™ consists of positive infinitesimal rational values, which are real numbers closer to zero than any 
positive standard real number, hence Q** Cc R™. 


* Q™ consists of negative infinitesimal rational values, which are real numbers closer to zero from the 
negative side than any negative standard real number, hence Q-* Cc R™. 


Thus, Qc R, Q™ c R™, and Q* c R™. Therefore, every component of Q* is contained within R*, implying 
that Q* Cc R* as required. 


Additionally, any infinitely large rational number in Q*, denoted 05, is also a real number that exceeds the 


magnitude of any standard real number, so 2G C oop. 


Hence, we conclude that Q* c R*. Oo 
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Definition 5.10. The Nonstandard Complex Set, denoted as C*, is an extension of the standard set of complex 
numbers C within the nonstandard analysis framework. This set includes infinitesimal and infinitely large 
complex elements, which are beyond the scope of the standard complex numbers. We define it as: 


CVHCUC Ww Cr; 
where: 


* Crepresents the standard complex numbers. 


* C™ denotes the set of positive infinitesimal complex values. For an element € € C**, both the real and 
imaginary components satisfy 0 < |e| < 4 for any positive integer n. 


* C-* denotes the set of negative infinitesimal complex values, where —e for e € C*™* represents values 
infinitesimally close to zero in both the real and imaginary parts. 


The nonstandard complex set C* also encompasses infinitely large complex numbers with magnitudes exceeding 
any standard complex number’s modulus. 


Theorem 5.11. The Nonstandard Real Set R* is a subset of the Nonstandard Complex Set C*. 


Proof. To show that R* c C*, we need to demonstrate that every element of R* is also an element of C*. By 
definition, we have: 


Cc =Cuc*uc™, 


where: 


¢ Crepresents the set of standard complex numbers, which includes all real numbers as complex numbers 
with an imaginary part of zero. Thus, R c C. 


* C™ represents the set of positive infinitesimal complex values, and R** c C*™ because any positive 
infinitesimal real number can be viewed as a complex number with zero imaginary part. 


* C™* represents the set of negative infinitesimal complex values, and R-* Cc C™ since any negative 
infinitesimal real number can similarly be seen as a complex number with zero imaginary part. 


Furthermore, R* also includes infinitely large real values, all of which are complex numbers within C*, with 
zero imaginary part and modulus greater than any finite complex number. 


Thus, all components of R* (standard reals, positive and negative infinitesimals, and infinitely large reals) are 
included within C*. Therefore, we conclude that R* c C*. oO 


Definition 5.12. The Nonstandard Integer Set, denoted as Z*, is an extension of the set of standard integers Z, 
incorporating both infinitesimal and infinitely large integer-like values. It is defined as follows: 


Z=ZUZ"* UZ, 
where: 


¢ Z denotes the set of standard integers. 


¢ Z** includes positive infinitesimal values that behave like integers but are closer to zero than any positive 
integer 4 forallneN. 
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¢ Z * includes negative infinitesimal values behaving like integers, satisfying —i <e<OforallneN. 


This set also includes infinitely large values that are integer-like but exceed the magnitude of any standard 
integer. 


Theorem 5.13. The Nonstandard Integer Set Z* is a subset of the Nonstandard Rational Set Q*. 


Proof. To show that Z* c Q*, we need to demonstrate that every element of Z* is also an element of Q*. By 
definition, we have: 


Q =QUQ*UQ™, 


where: 


¢ Q represents the set of standard rational numbers, which includes all integers since Z Cc Q. 


* Q* and Q™ represent the sets of positive and negative infinitesimal rational values, respectively. Since 
any infinitesimal integer-like value (positive or negative) behaves as an infinitesimal rational number, we 
have Z** c Q™ and Z* c Q™. 


¢ Z* also includes infinitely large integer-like values, all of which can be expressed as rational numbers by 
setting the denominator to 1, and therefore they belong to Q*. 


Thus, each part of Z* (standard integers, infinitesimal integers, and infinitely large integers) is included within 
the corresponding components of Q*. Therefore, we conclude that Z* c Q*. Oo 


Definition 5.14. The Nonstandard Natural Set, denoted as N*, extends the standard set of natural numbers N 
by incorporating infinitesimal and infinitely large values. It is defined as: 


N* =NUN* UN™, 
where: 


¢ N represents the set of standard natural numbers. 
¢ N* includes positive infinitesimal values, defined such that 0 < € < 1 for any positive integer n. 


¢ N~* typically does not contain elements as negative values are not included in the traditional natural 
number set. 


Additionally, N* includes infinitely large natural numbers that are greater than any standard natural number, 
used to model nonstandard finite yet unbounded values within N*. 


Theorem 5.15. The Nonstandard Natural Set N* is a subset of the Nonstandard Integer Set Z*. 


Proof. To prove N* c Z*, we need to verify that each element in N* is also an element of Z*. By definition: 


N* =NUN*“* UN™, 


where: 


¢ N c Z, meaning all standard natural numbers are also standard integers. 


¢ N* c Z™, as any positive infinitesimal natural number is also a positive infinitesimal integer. 
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¢ N~“* is typically empty because natural numbers do not include negative values. Thus, there is no conflict 
with the structure of Z*, which can contain negative infinitesimals within Z~*. 


Additionally, any infinitely large natural number in N* is also an infinitely large integer in Z* since it is integer- 
like and unbounded. Therefore, all components of N* are contained within the corresponding components of 
Z. 


Consequently, we conclude that N* c Z*. Oo 


From the above discussion, we establish the following results. Moving forward, we aim to delve deeper into 
their mathematical structures and anticipate further research on the integration of these sets with concepts such 
as fuzzy sets and neutrosophic sets. 


Theorem 5.16. In the framework of nonstandard analysis, the Nonstandard Natural Set N*, the Nonstandard 
Integer Set Z*, the Nonstandard Rational Set Q*, and the Nonstandard Real Set R* are all subsets of the Non- 
standard Complex Set C*. Specifically, we have: 


NcZAOcQUcRcC. 


For reference, the relationships between Nonstandard sets and Standard sets are illustrated in Figure[IT] 


standard-set Nonstandard-set 


Nonstandard 
Complex Sets Complex Set 


Real Sets Nonstandard Real 
Set 


Rational Sets Nonstandard 
Rational Set 

Integer Sets Nonstandard 
Integer Set 

Natural Sets Nonstandard 
Natural Set 


Figure 11: Some Standard sets and Nonstandard sets Hierarchy. The set class at the origin of an arrow contains 
the set class at the destination of the arrow. 


Building on the concepts discussed above, there is significant potential to extend nonstandard sets by incor- 


porating structures such as Fuzzy Numbers [207 1038], Neutrosophic Num- 
bers [206 920], ZE-numbers [301 *} and Z-numbers [88 997). 
While further validation is needed, I hypothesize that these extensions may align with or resemble the concept 
of a bipolar (infinite) set. To illustrate this, I present an example of a Nonstandard Z-number Set below. 


I am hopeful that these concepts, along with the development of set-based frameworks and their graph repre- 
sentations, will continue to be explored and receive rigorous mathematical analysis in future studies. 


? As an extension of Z-numbers, ZE-numbers could potentially be expanded through graph representations or applied within existing 


set theories (301474]937). 
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Definition 5.17. [1020] A Z-number is an ordered pair of fuzzy numbers, represented as Z = (A, R). This 
unique construct allows for the representation of uncertain information by capturing both a value’s restriction 
and its reliability. 


¢ A: The first component, A, is a fuzzy number representing a restriction on the possible values of a real- 
valued uncertain variable X. This component reflects the range of possible values that X may assume 
under the conditions specified. 


e R: The second component, R, is a fuzzy number that measures the reliability, confidence, or sureness of 
the restriction represented by A. Unlike probability, which measures the likelihood of a specific event, R 
measures the certainty or confidence level associated with the values represented by A. 


In other words, a Z-number (A, R) describes a scenario where A provides a fuzzy restriction on the values that 
X might take, while R represents the confidence in that restriction. For example, in risk analysis, a Z-number 


Z = (‘‘very low’’, ‘‘very likely’’) might represent that the severity of a risk is restricted to a ’very low” value 
with a confidence level of ’’very likely.” 


Definition 5.18. A Nonstandard Z-number Set, denoted as Z*, is an extension of the standard Z-number set 
framework within nonstandard analysis. This set includes not only standard Z-numbers but also their infinites- 
imal and infinitely large extensions. Formally, we define the Nonstandard Z-number Set Z* as follows: 


Za22U7Z" UZ * Uee,; 
where: 


¢ Z represents the set of standard Z-numbers, each of which is an ordered pair of fuzzy numbers, Z = 
(A, R). 


¢ Z** denotes the set of positive infinitesimal Z-numbers, where each Z-number (A*, R*) € Z** has com- 
ponents A* and R®* that are positive infinitesimal fuzzy numbers. Here, A* represents an infinitesimal 
restriction on the values of an uncertain variable X, while R* provides an infinitesimal degree of relia- 
bility associated with this restriction. 


¢ Z~* represents the set of negative infinitesimal Z-numbers, where each Z-number (A*, R*) € Z~* has 
components A* and R®* as negative infinitesimal fuzzy numbers, respectively representing an infinitesimal 
restriction and an infinitesimal level of confidence. 


* co% denotes the set of infinitely large Z-numbers. Here, each Z-number (A*, R*) € co% includes compo- 
nents A* and R®* that are infinitely large fuzzy numbers, modeling situations where both the restriction A 
and the reliability R are of an unbounded nature. 


Thus, the Nonstandard Z-number Set Z* allows for a comprehensive modeling of uncertain information by ex- 
tending the range of Z-numbers to include infinitesimal and infinitely large restrictions and reliabilities, broad- 
ening the traditional framework. 


Each element of Z* can be expressed as an ordered pair (A*, R*), where: 


e A* is a fuzzy number that may represent standard, infinitesimal, or infinitely large restrictions on the 
possible values of an uncertain variable X. 


¢ R* is a fuzzy number representing the reliability, which can also be standard, infinitesimal, or infinitely 
large, associated with the values described by A’. 


Question 5.19. Asa proposed framework for new set concepts in the context of Nonstandard Sets, the following 
structure is suggested. The question remains: are these concepts mathematically valid and applicable across 
various types of sets? 


The Nonstandard Set Construction Framework aims to establish a rigorous structure for defining and organizing 
nonstandard extensions of traditional sets. This framework includes the following key components: 
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1. Standard Set: A set S (e.g., the set of real numbers R, integers Z, or rational numbers Q) that serves as 
the classical foundation from which nonstandard extensions are derived. 


2. Infinitesimal Extensions: 


* The set of positive infinitesimal elements S** associated with S, consisting of elements « € S™ 
3 = et . . 1 
where, for any positive integer n, 0 < € < =. 
¢ Similarly, the set of negative infinitesimal elements S~* includes elements 6 € S~* such that -t < 
6 <0. 


3. Infinite Extensions: 


* 


* The set of infinitely large elements co, associated with S, defined as elements greater in magnitude 
than any standard element in S. Formally, for any x € S, there exists y € cof such that |y| > |x]. 


4. Nonstandard Set Definition: 
¢ The Nonstandard Set S* associated with a standard set S is defined as: 
S=SUS" US U oa, 
where: 


— S represents the standard elements in the original set S, 
— S*t* and S~* extend S to include infinitesimal values, and 


* 


— cog includes infinitely large elements in the extended set. 
5. Ordering and Arithmetic Consistency: 


¢ The framework preserves the original set’s ordering and arithmetic operations (addition, subtrac- 
tion, multiplication, and division, as applicable), extending these operations to handle infinitesimal 
and infinitely large values within S*. 


Question 5.20. Is it possible to define a nonstandard set using algebraic numbers(cf. [287[588]922}), imaginary 
numbers [450||699}, Eisenstein integers, or Gaussian integers(cf. [428])? Additionally, what would be the 
mathematical structure and relationships of such a set with other sets? If such a definition is feasible, is it also 
possible to represent it graphically? 


5.2.2 Augmented Nonstandard Real Set 


As a derived concept of infinitesimals, hyper-infinitesimals are well known, and definitions of the Nonstandard 
Real Set based on these are presented here (125]/336]. Since there are also multiple approaches to defining 
derivatives of infinite values, I note that future research will likely involve active exploration of similar defini- 
tions, mathematical structures, and applications based on these concepts. 


Definition 5.21. (cf. (243|/929]) The set of hyperreal numbers, denoted *R, is an extension of the real number 
set R. This set *R includes not only real numbers but also infinitesimal and infinite numbers, which are de- 
fined using equivalence classes of sequences of real numbers. For example, the sequences {1/n} and {1/n7} 
both converge to zero in R but have different convergence rates. In *R, these sequences belong to different 
equivalence classes, capturing the rate of convergence. 


Additionally, the hyperreal numbers allow for the existence of multiple distinct infinitesimal numbers (numbers 
that are smaller in absolute value than any positive real number but greater than zero), unlike R, which has only 
a single infinitesimal element, zero. 


Definition 5.22. A hyper-infinitesimal is a type of infinitesimal element within the hyperreal number system *R, 
which is defined to represent values closer to zero than any standard real positive number, but with properties 
that extend beyond the bounds of conventional infinitesimal behavior in nonstandard analysis. Formally, let 
x €* R denote a hyperreal number. Then x is termed a hyper-infinitesimal if for every real number r € R* 
(where R* denotes the positive real numbers), we have 


1 
0< |x|<- forallneN. 
n 
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To define hyper-infinitesimals with even more nuanced properties, we introduce classes of hyper-infinitesimals 
that capture distinct orders of magnitude, each of which is smaller than any preceding infinitesimal class in the 
nonstandard framework. Specifically: 


1. First-order Hyper-Infinitesimals: Defined as above, these are the smallest quantities in the hyperreal system 
that remain greater than zero but smaller than any real number. 


2. Higher-order Hyper-Infinitesimals: For an n-th order hyper-infinitesimal x, it holds that 


1 
|x| < re for any k EN. 
These elements represent hyper-infinitesimals that decrease in magnitude with each increase in order, achieving 
values infinitesimally close to zero at a rate faster than that of the previous order. 


Definition 5.23. The Augmented Nonstandard Real Set R** incorporates hyper-infinitesimals and hyper-infinities, 
designed to represent values even smaller than typical infinitesimals or larger than typical infinite values in the 
nonstandard real framework. We define it as: 


R** = R U Rt U Rt, 


where: 


¢ R*** represents hyper-infinitesimal values closer to zero than any value in R**, 
¢ R-** represents hyper-infinitesimal values closer to zero from the negative side, and 
¢ Infinite values in R** can extend to hyper-infinite magnitudes, denoted co*. 


Question 5.24. The concept of a super-infinitesimal | 128/913] is known as a related extension of infinitesimals. 
Is it possible to define an expanded framework or a set that combines the concepts of super-infinitesimals and 
hyper-infinitesimals? 


Question 5.25. Is it possible to define an Augmented Nonstandard Set for hypernatural numbers [984] and 
hypercomplex numbers [444 in a similar manner? Additionally, what are the mathematical characteristics 
of such sets? 


Question 5.26. Is it possible to define sets using dual numbers [332] or surreal numbers 790]? 
Additionally, what are the mathematical characteristics of such sets? 


5.3 Filters and matroids on an Offset, Overset, and Underset 


In this paper, we introduce the concepts of neutrosophic Offset, Overset, and Underset sets, and we anticipate 
that future studies will develop filters and matroids based on these sets. This will enable a more comprehensive 
exploration of their relationships and underlying mathematical structures. These concepts are of considerable 
mathematical interest, and we hope they will reveal distinctive characteristics within the framework of neutro- 
sophic Offset, Overset, and Underset sets. 


In set theory, a filter is a collection of sets closed under intersection that includes all supersets of its elements 
(87][153]362)381). A maximal filter, ae as an ultrafilter, is a fundamental concept with applications across 


various mathematical disciplines [ 153) Sot ia 420/|489| 815} bad and even in a choice theory [672]. 
Related a include weak area a , ideal [155})345\/357], bramble [146 (146]|147|/196}/442|/540 540], and 
quasi filter (192|[367]. 


A matroid is a a structure that generalizes the concept of linear independence from vector spaces 
to broader sets [709|{982]. Due to their robust mathematical properties, matroids play a a se in 


discrete optimization and find applications in fields such as a theory and ea science 
s By 35 


7 768) = a Related concepts include ee [58}/218][360)/456) bree 150 eet 
TH419 617\(704]|821], Neutrosophic matroids [361][369], greedoids [143}|590]|591], regular matroids 
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| 130}) 162 , ultra matroid [343], linear matroid [[209| , hypermatroids [482], and quasi matroids [321 
34.41/57 1\|572). 


Research has also focused on Tangles [281| , which are closely related to Ultrafilters. Studies 


on these concepts often involve Tree Sets [/278) and Abstract Separation Systems , ep- 
resenting a high level of generalization. There is an anticipation of further exploration into extending these 


structures using fuzzy sets, Neutrosophic Sets, Plithogenic Sets, and hyper or superhyper concepts. 


We also hope to see advancements in extending these ideas to hypersets and superhypersets. For instance, 
the definitions of a hyperfilter and a superhyperfilter are presented below. These definitions build upon the 
concepts of hypersets and superhypersets. Moving forward, we aim to investigate their potential applications 
and underlying mathematical structures. Note that it is inferred that the superhyperset and superhyperultrafilter 
are not entirely new concepts but can be generalized from existing ones. 


Definition 5.27 (Filter). Let X be a universal set. A filter on a set X is anon-empty family of subsets F C P(X) 
such that: 


1 XeF andOEeF. 
2. fA,BeEF,then AN Be Ff. 
3. fAeF andACBCX,thenBe Ff. 


Definition 5.28 (Ultrafilter). (cf. [420]) Let X be a universal set. An ultrafilter U on X is a filter F that 
satisfies: 


1. Forevery A C X, either Ae UorX\AEU. 


Definition 5.29 (Hyperfilter). Let U be a universal set, and P(U) its power set. A subset HF C P(U) is called 
a hyperfilter if: 


1. HF #9, 
2. For every X,Y € HF, there exists Z ¢ HF such that ZC X NY, 
3. Forevery X € HF and Y € P(U), if X CY, then Y € HF. 


Definition 5.30 (Hyperultrafilter). Let U be a universal set, and HF C P(U) ahyperfilter. A subset HUF C 
P (U) is called a hyperultrafilter if: 


1. HUF isa hyperfilter, 

2. For every X ¢ P(U), either X ¢ HUF or U \ X € HUF. 
Definition 5.31 (Superhyperultrafilter). Let U be a universal set, and SHF ¢ P(P(U)) a superhyperfilter. A 
subset SHUF C P(P(U)) is called a superhyperultrafilter if: 

1. SHUF is a superhyperfilter, 


2. For every X € P(P(U)), either X € SHUF or P(U) \ X € SHUF. 


Theorem 5.32. A hyperultrafilter H on a hyperset H € P(X) can be transformed into an ultrafilter U on X. 


Proof. Let H be a hyperultrafilter on H C P(X). Define U = {A C X | {A} € H}. 


1. Non-emptiness: Since H € H, there exists A C X such that {A} € H, so A € HU. 


2. Closure under intersection: If A, B € U, then {A}, {B} € H. Thus, {AN B} eH, and AN Be. 
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3. Maximality: For every A C X, either {A} e Hor {X\A}e€H,soAeUorx\AeEHu. 


Thus, Y is an ultrafilter on X. oO 


Theorem 5.33. A superhyperultrafilter S on a superhyperset SH © P(P(X)) can be transformed into a 
hyperultrafilter H on H © P(X). 


Proof. Let S be a superhyperultrafilter. Define A = {A ¢ H | {A} € S}, where H = LUSH. The same 
reasoning as above applies to verify the properties of 1, making it a hyperultrafilter. oO 


5.4 Soft intersection graph and Plithogenic Intersection Over Graph 


An intersection graph represents relationships between sets where each vertex corresponds to a set, and edges 
exist between vertices if the sets intersect. In graph theory, the concept of an Intersection Graph is well- 


established |135) , with examples such as Interval Graphs [422] 
, Unit Disk Graphs [[51\/205|/220)/379 , Circular-are Graphs [185}/359], String Graphs 
|156) 782], Unit Ball Graphs [490], and Permutation Graphs [364||1007]. By applying Soft Sets, we 


aim to extend this concept to define Soft Intersection Graphs and Hypersoft Intersection Graphs, providing 
an overview of these extensions. Although still in the conceptual phase, definitions for these and related con- 
cepts are presented below. Readers seeking more details on Intersection Graphs may find relevant surveys or 


introductory notes helpful |373| : 


Definition 5.34 (Intersection Graph). [403] Let F = {S1,S2,...,S,} be a family of sets. The intersection 
graph G = (V,E) of F is defined as follows: 


¢ The vertex set V of G corresponds to the sets in ¥; that is, each vertex v; € V represents a set S; € F. 


¢ There is an edge (v;,v;) € E between two vertices v; and v; if and only if the corresponding sets S$; and 
S; have a non-empty intersection, i.e., $; S; # 0. 


Formally, we define: 
V= {y; | Si € F} 


and 
E = {(vi,v;) | SiS; €F,i# j, and $;0 S$; # O}. 


Thus, the intersection graph G represents the pairwise intersections within the family of sets ¥. 


Example 5.35. Let F = {S), $2, 53,54} be a family of sets, where: 


Sy} = {a, b,c}, So = {b, d}, S3 = {c, d,e}, S4 = {f}. 


The intersection graph G = (V, E) is constructed as follows: 


¢ The vertex set is V = {v1, v2, v3, v4}, where v; corresponds to Sj. 
* An edge exists between v; and v; if and only if S$; 1S; # 0. 


From the intersections: 
Si, AS2={b}, Si N83 ={c}, $2983 = {d}, 


and $1 N S4 = S2N S4 = 83M Sq = O, the edge set is: 


E = {(v1, v2), (v1, v3), (v2, v3). 


Thus, the intersection graph is: 
V={v1,v2,v3,v4}, E = {(v1, v2), (V1, v3), (v2, v3) }- 
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Definition 5.36 (Soft Intersection Graph). Let U be a universal set, E be a set of parameters, and let F : E > 
P(U) be a soft set over U, where P(U) denotes the power set of U. 


The Soft Intersection Graph G = (V, E’) is defined as follows: 


¢ The vertex set V is the set of parameters E. 


¢ There is an edge between two vertices e;,e; € V if and only if the corresponding soft set values intersect, 
that is: 
(e;,e;)€E’ ifandonlyif F(e;) Nn F(e;) #9. 


Theorem 5.37. Every Soft Graph can be represented as a Soft Intersection Graph. 


Proof. Let G = (G*, F, K, A) be a Soft Graph, where: 


* G* =(V,E) isa simple graph. 
e Ais a non-empty set of parameters. 
¢ (F,A) isa soft set over V, with F : A > P(V). 


¢ (K, A) is a soft set over E, with K: A— P(E). 


We aim to construct a Soft Intersection Graph G’ = (V’, E’) that represents G. 


Construction of the Soft Intersection Graph: 


1. Define the Vertex Set: Let V’ = A, i.e., each parameter in A becomes a vertex in G’. 
2. Define the Family of Sets: For each parameter a € A, define the set 
Sq = F(a) U K(a), 
where F(a) C V and K(a) C E. 
3. Define the Edge Set: Two vertices a, b € V’ are connected by an edge in G’ if and only if 
SaN Sp #9. 


That is, 
E’ = {(a,b) | a,b € A,a # b,Sa Sp # OF. 


Verification: 


¢ The intersection Sg N Sp is non-empty if and only if F(a) N F(b) # 0 or K(a) NK(b) # O. This means 
that parameters a and b share common vertices or edges in G. 


¢ Therefore, the edge (a, b) in G’ represents the fact that the subgraphs H(a) and H(b) in the Soft Graph 
G are connected via shared elements. 


The Soft Intersection Graph G’ effectively captures the relationships in the Soft Graph G by representing the 
intersections of the soft sets associated with each parameter. Hence, every Soft Graph can be represented as a 
Soft Intersection Graph. Oo 


Theorem 5.38. The Soft Intersection Graph generalizes the Intersection Graph. 
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Proof. To show that the Soft Intersection Graph generalizes the Intersection Graph, we construct the soft set F 
such that: 
E = {e,e2,...,en}; 


and define: 
F(e;) =S; for eachi. 


Under this construction, the Soft Intersection Graph G’ has the same vertices and edges as the Intersection 
Graph G. Specifically: 
¢ The vertex set V’ = E = {e1, €2,...,@n} corresponds to V = {v1, v2,..., Vn}. 
¢ For any pair (e;,e;) € E’, we have F(e;) N F(e;) = S; AS; # 0, which matches the edge condition for 
G. 


Thus, G’ is isomorphic to G under this specific construction of the soft set F. More generally, the Soft Inter- 
section Graph allows for mappings where the soft set F can associate parameters with subsets of a universal 
set U, providing a broader framework that subsumes the Intersection Graph as a special case. 


Therefore, the Soft Intersection Graph generalizes the Intersection Graph. oO 


Definition 5.39 (Hypersoft Intersection Graph). Let X be a universal set, and let T = {T),7,...,T,} bea 
set of n distinct attributes, each with corresponding sets of attribute values E; fori = 1,2,...,”. Define 
E=E,xXE.x:--X Ep. 


Let F : E > P(X) bea hypersoft set over X. 


The Hypersoft Intersection Graph G = (V, E’) is defined as follows: 


¢ The vertex set V is the set E of all possible combinations of attribute values. 


* There is an edge between two vertices e;,e; € V if and only if the corresponding hypersoft set values 
intersect: 
(e;,e;)€ E’ ifandonlyif F(e;)N F(e;) #9. 


Theorem 5.40. Every Hypersoft Graph can be represented as a Hypersoft Intersection Graph. 
Proof. Let G = (G*, F, J) be a Hypersoft Graph, where: 


* G* =(V,E) isa simple graph. 
e J=J,XJ2xX-+-+xX Jy is the set of all possible combinations of attribute values from n distinct attributes. 


° F: J > P(V) isa hypersoft set over V. 


Our goal is to construct a Hypersoft Intersection Graph G’ = (V’, E’) that represents G. 


Construction of the Hypersoft Intersection Graph: 


1. Define the Vertex Set: Let V’ = J, i.e., each attribute combination in J becomes a vertex in G’. 
2. Define the Family of Sets: For each attribute combination j € J, define 
S;=F(A) CV. 
3. Define the Edge Set: Two vertices j,k € V’ are connected by an edge in G’ if and only if 
S;OS, #90. 


That is, 
B’P={G kK) 17K EI #K,S; OS, +O}. 
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Verification: 


¢ The intersection S$; 1S; being non-empty implies that the attribute combinations j and k share common 
vertices in G. 


* Therefore, the edge (j,k) in G’ represents the shared vertices between the subgraphs induced by F(/) 
and F'(k) in the Hypersoft Graph G. 


The Hypersoft Intersection Graph G’ captures the same multi-attribute relationships as the Hypersoft Graph G 
by representing intersections among attribute combinations. Thus, every Hypersoft Graph can be represented 
as a Hypersoft Intersection Graph. oO 


Theorem 5.41. The Hypersoft Intersection Graph generalizes the Soft Intersection Graph. 


Proof. Let G = (V, E’) be a Hypersoft Intersection Graph constructed from a hypersoft set F : E — P(X), 
where E = FE, xX E2X---X En. 


Ifn = 1, then E = EF; reduces to a single attribute space, and the hypersoft set F becomes a soft set F : Ej > 
P(X). In this case: 


¢ The vertex set V = E; corresponds to the parameter set of the Soft Intersection Graph. 


¢ The edge condition (e;,e;) € E’ if and only if F(e;) 1 F(e;) # 0 remains identical to the edge condition 
of the Soft Intersection Graph. 


Thus, the Hypersoft Intersection Graph reduces to a Soft Intersection Graph when n = 1, showing that the 
former generalizes the latter. 


More generally, the Hypersoft Intersection Graph extends the Soft Intersection Graph by allowing multiple 
attributes 7|,7,...,7,, with their corresponding attribute value combinations forming a richer vertex set V = 
E| xX E,x--+xX E,. The edge condition remains consistent, ensuring that intersections of hypersoft set values 
define adjacency. 


Hence, the Hypersoft Intersection Graph generalizes the Soft Intersection Graph. oO 


Furthermore, I plan to examine Plithogenic Intersection Over Graphs, Plithogenic Intersection Off Graphs, and 
Plithogenic Intersection Under Graphs in the future. The following sections provide related definitions and 
relevant details. 


Definition 5.42 (Plithogenic Intersection Over Graph). Let U be a universal set, and let A = {A,, A2,..., An} 
be a set of attributes. For each attribute A;, define a plithogenic set P4, where each element x € U has a 
membership degree 4, (x) € [0, Q;] with Q; > 1. 


The Plithogenic Intersection Over Graph G = (V, E) is defined as: 


¢ The vertex set V consists of the attributes A. 


¢ An edge exists between two vertices A; and A; if and only if: 
(Ai;,Aj) € E ifandonlyif Ax € U such that wa;(x) > 0 and pra, (x) > 0. 


Theorem 5.43. The Plithogenic Intersection Over Graph generalizes the Intersection Graph. 
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Proof. Let G = (V,E) be a Plithogenic Intersection Over Graph constructed from a set of plithogenic sets 
Pa,,Pa,,..-,Pa,, where a, (x) € [0, Q;] with Q; > 1. 


Suppose that for all i, Q; = 1. In this case, each membership degree y4,(x) € [0, 1], and the plithogenic sets 
Pa,,Pa,,...,Pa,, teduce to crisp sets where: 


Si = {x €U | pa,(a) = 1}. 
The Plithogenic Intersection Over Graph G then satisfies: 

(Aj,A;) € E ifandonlyif Axe 8; S;. 
This is precisely the edge condition of an Intersection Graph. 


Thus, when Q; = 1 for all i, the Plithogenic Intersection Over Graph reduces to the classical Intersection 
Graph. More generally, the Plithogenic Intersection Over Graph extends the Intersection Graph by allowing 
membership degrees p14, (x) to take values in a larger interval [0, Q;] with Q; > 1. This extension introduces 
richer structural possibilities while preserving the basic intersection-based connectivity. 


Hence, the Plithogenic Intersection Over Graph generalizes the Intersection Graph. oO 


Theorem 5.44. Every Plithogenic Over Graph can be represented as a Plithogenic Intersection Over Graph. 
Proof. Let G = (PM, PN) be a Plithogenic Over Graph, where: 


* PM =(M,1, MI, adf,aC f) is the plithogenic vertex set. 

« PN =(N,m, Nm, bdf, bC f) is the plithogenic edge set. 

¢ The membership degrees in the Degree of Appurtenance Functions (DAF) adf and bdf can exceed | 
(i.e., Hadf,Ubdf © [0, Q] with Q > 1). 


Our goal is to construct a Plithogenic Intersection Over Graph G’ = (V’, E’) that represents G. 


Construction of the Plithogenic Intersection Over Graph: 


1. Define the Vertex Set: Let V’ = {A; | A; is an attribute in M1 U Nm}. 


2. Define the Family of Plithogenic Sets: For each attribute A;, define a plithogenic set P4, over the universe 
U = M UN where the membership degrees jz, (x) € [0, Q;], Q; > 1, for x € U. 


3. Define the Edge Set: Two vertices A;, A; € V’ are connected by an edge in G’ if and only if 
Ax € U such that wa;(x) > 0 and pra, (x) > 0. 


That is, their corresponding plithogenic sets intersect over elements with significant membership degrees. 


Verification: 


° The existence of such an x implies that attributes A; and A; are both significantly related to the element 
x in G with overvalued membership degrees. 


¢ Therefore, the edge (A;, A;) in G’ represents the over-intersection of attributes in the Plithogenic Over 
Graph G. 
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By constructing the Plithogenic Intersection Over Graph G’, we effectively capture the over-membership rela- 
tionships present in the Plithogenic Over Graph G. Hence, every Plithogenic Over Graph can be represented 
as a Plithogenic Intersection Over Graph. oO 


Definition 5.45 (Plithogenic Intersection Under Graph). Let U be a universal set, and A = {A1, A2,..., An} 
be a set of attributes. For each attribute A;, define a plithogenic set P4, where each element x € U has a 
membership degree f14, (x) € [Y;, 1] with ¥; < 0. 


The Plithogenic Intersection Under Graph G = (V, E) is defined as: 


¢ The vertex set V consists of the attributes A. 


¢ An edge exists between two vertices A; and A; if and only if: 
(Aj,A;) € E ifandonlyif Ax € U such that w4,(x) > VY; and wa, (x) > Pj. 


Theorem 5.46. The Plithogenic Intersection Under Graph generalizes the Intersection Graph. 


Proof. The proof follows similarly to the case of the Plithogenic Intersection Over Graph. oO 


Theorem 5.47. Every Plithogenic Under Graph can be represented as a Plithogenic Intersection Under Graph. 
Proof. Let G = (PM, PN) be a Plithogenic Under Graph, where: 


* PM =(M,l1, Ml, adf,aC f) is the plithogenic vertex set. 

¢ PN =(N,m, Nm, bdf, bC f) is the plithogenic edge set. 

¢ The membership degrees in the Degree of Appurtenance Functions (DAF) adf and bdf can be less than 
0 (i.e., Haat, bat € [‘Y, 1] with ¥ < 0). 


Our aim is to construct a Plithogenic Intersection Under Graph G’ = (V’, E’) that represents G. 


Construction of the Plithogenic Intersection Under Graph: 


1. Define the Vertex Set: Let V’ = {A; | A; is an attribute in MI U Nm}. 


2. Define the Family of Plithogenic Sets: For each attribute A;, define a plithogenic set P4, over the universe 
U = M UN where the membership degrees 14, (x) € [‘Y;, 1], Bi < 0, forx € U. 


3. Define the Edge Set: Two vertices A;, A; € V’ are connected by an edge in G’ if and only if 


Ax € U such that pa;(x) > Yi and pa, (x) > Yj. 


Verification: 
¢ The existence of such an x indicates that attributes A; and A; share elements with under-membership 
degrees, reflecting the underset nature of G. 
¢ The edge (A;, A;) in G’ captures this shared under-membership relationship. 
The Plithogenic Intersection Under Graph G’ mirrors the under-membership interactions in the Plithogenic 


Under Graph G. Thus, every Plithogenic Under Graph can be represented as a Plithogenic Intersection Under 
Graph. oO 
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Definition 5.48 (Plithogenic Intersection Off Graph). Let U be a universal set, and A = {A1, A2,..., An} bea 
set of attributes. For each attribute A;, define a plithogenic set P4, where each element x € U has a membership 
degree 14, (x) € [Y;, Q;] with ¥; < 0 and Q; > 1. 


The Plithogenic Intersection Off Graph G = (V, E) is defined as: 


¢ The vertex set V consists of the attributes A. 
¢ An edge exists between two vertices A; and A; if and only if: 
(A;,Aj) € E ifand only if Ax € U such that wa,(x) > P; and pa,(x) > ¥;. 


Theorem 5.49. The Plithogenic Intersection Off Graph generalizes the Intersection Graph. 


Proof. The proof follows similarly to the case of the Plithogenic Intersection Over Graph. oO 


Theorem 5.50. Every Plithogenic Off Graph can be represented as a Plithogenic Intersection Off Graph. 
Proof. Let G = (PM, PN) be a Plithogenic Off Graph, where: 


* PM =(M,1, Ml, adf,aC f) is the plithogenic vertex set. 

« PN =(N,m, Nm, bdf, bC f) is the plithogenic edge set. 

¢ The membership degrees in the Degree of Appurtenance Functions (DAF) adf and bdf can both exceed 
1 and be less than 0 (i.e., Uaas, Hbar € [Y, Q] with ¥ < 0, Q > 1). 


Our objective is to construct a Plithogenic Intersection Off Graph G’ = (V’, E’) representing G. 


Construction of the Plithogenic Intersection Off Graph: 


1. Define the Vertex Set: Let V’ = {A; | A; is an attribute in MI U Nm}. 


2. Define the Family of Plithogenic Sets: For each attribute A;, define a plithogenic set P4, over the universe 
U = M UN where the membership degrees 4, (x) € [Y;, Q:], Bi < 0, Q; > 1, for x € U. 


3. Define the Edge Set: Two vertices A;, A; € V’ are connected by an edge in G’ if and only if 


Ax € U such that pa, (x) > Y; and wa, (x) > Bj. 


Verification: 


¢ This condition allows for the intersection of attributes over elements with both over-membership and 
under-membership degrees. 


¢ The edge (A;, A;) in G’ reflects the complex membership interactions present in G. 


By constructing the Plithogenic Intersection Off Graph G’, we encapsulate the off-membership relationships 
of the Plithogenic Off Graph G. Therefore, every Plithogenic Off Graph can be represented as a Plithogenic 
Intersection Off Graph. oO 
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5.5 SuperHypercube and SuperHypersphere 


The definitions of the SuperHypercube and SuperHypersphere, which extend the concepts of the Hypercube 
and Hypersphere, are provided below. Please note that these definitions are currently at the conceptual stage. I 
intend to further investigate their validity and potential applications in the future. 


Definition 5.51 (SuperHypercube). Let n be a positive integer. A superhypercube C,, is defined as the set of 
all ordered n-tuples (X), X2,..., X,) where each X; is a non-empty subset of the interval [0, 1], that is: 


Ch = {(X1, X2,...,Xn) | XS [0,1], X #0, Vi=1,2,...,n}. 


Each element of C;,, represents a coordinate set, where instead of a single coordinate value, we have a set of 
possible values for each dimension. 


Definition 5.52 (SuperHypersphere). Let n be a positive integer, r > 0 be the radius, and c € R"*! be the 
center of the sphere. A superhypersphere Sy, is defined as the set of all non-empty subsets X C R”*! such that 
every point x € X satisfies the equation of the n-sphere: 


S, ={X CR"! |X #0, Vx eX, |lx-cll =r}. 


Here, each element X of S,, is a subset of the sphere’s surface, representing multiple possible positions on the 
sphere. 


Theorem 5.53. Every superhypercube C,, can be transformed into an n-dimensional hypercube C,, by selecting 
a single element from each coordinate set. 
Proof. Let C, be a superhypercube defined as: 
Ch = {(X1, X2,...,Xn) | X; © [0,1], X; #0, Vi}. 
To transform C,, into a standard hypercube C,, proceed as follows: 


For each i = 1,2,...,n, select an arbitrary element x; € X;. Since X; € [0,1] and X; # 0, such an element x; 
always exists and satisfies x; € [0, 1]. 


Construct the point x = (x1,%2,...,X,) € R”. By the construction, each coordinate x; € [0,1], so x belongs 
to the n-dimensional unit hypercube C,,, defined as: 


Cn = {(%1,X2,..-,Xn) | x1 € [0,1], Vi=1,2,...,n}. 


Thus, the superhypercube C;, can be mapped to the hypercube C,, by this selection process. oO 


Theorem 5.54. Every superhypersphere S, can be transformed into an n-dimensional hypersphere S" by 
taking the union of its subsets. 


Proof. Let S,, be a superhypersphere defined as: 
Sn ={X CR! |X #0, Vx X, |lx-cll =r}. 
Each X € S,, is a non-empty subset of the n-sphere $” with center c and radius r. 


S" = LJ Xx. 


XES), 


Define the union of all subsets X in S,: 


Since every X consists of points satisfying ||x —c]|| =, their union S” is the entire n-sphere of radius r centered 
at c. 


Therefore, the superhypersphere S,, can be transformed into the hypersphere S” by uniting all its constituent 
subsets. Oo 
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It is anticipated that shapes like those described above can be explored in greater depth using the frameworks 


of hypervector spaces [252! and superhypervector spaces [255]. These are concepts 


already established in various scholarly papers. 


Definition 5.55. Let V be a vector space over a field K, and P*(V) denote the set of all non-empty subsets of 
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V. A hyperspace over K is defined as the tuple (V,+, 0, K), where the operation ‘‘o’’ represents an external 
operation such that for any a,b € K and x,y € V, the following properties hold: 

ao(x+y)Caoxtaoy, 

(a+b)oxCaoxtbox, 


satisfying the right and left distributive laws. 


Definition 5.56. Let V be an n-dimensional hypervector space over a field K. A superhyperspace W of V is 
defined as any subhyperspace of dimension n — 1. Mathematically, for a given hyperspace V = (V,+,0°, K), a 
superhyperspace is expressed as: 

WcV, dim(W)=n-1. 


Every superhyperspace can be shown to be the kernel of a linear functional defined on the vector space V. 


Question 5.57. Can the concepts of fuzzy sets, neutrosophic sets, and plithogenic sets be applied to generalize 
hypercubes and superhypercubes? 


Question 5.58. Can the concepts of fuzzy sets, neutrosophic sets, and plithogenic sets be used to generalize 
hypervectors and superhypervectors? 


5.6 Fuzzy Hypernumber, Z-HyperNumber, and Neutrosophic Hypernumber 


We plan to explore Fuzzy Hypernumbers, Z-Numbers, and Neutrosophic Hypernumbers in the future. The 
definitions of Fuzzy Numbers, Z-Numbers, and Neutrosophic Numbers are provided below. 


Definition 5.59. A Fuzzy Number is a fuzzy subset A of the real line R 


characterized by a membership function yz : R — [0, 1], which satisfies the following conditions: 


1. Normality: There exists an x9 € R such that 4(xo) = 1. This ensures that the fuzzy number reaches a 
full degree of membership at some point, indicating the ’peak” or most typical value. 


2. Convexity: For any x;,x2 € Rand aA € [0,1], the membership function satisfies 


Ma(Ax, + (1 — A)x2) = min{uy (x1), U4 (x2) }. 


This convexity property implies that intermediate values have a membership degree that is at least as 
large as the minimum of the endpoints, giving the fuzzy number a single *hump” shape. 


3. Upper Semi-Continuity: The function yz is upper semi-continuous, meaning that for every x € R, the 
set {y € R| wz(y) > @} is open for each a € [0, 1]. 


4. Support Boundedness: The support of A, defined as supp(A) = {x € R | [4(x) > O}, is a bounded 
subset of R. This ensures that the fuzzy number does not extend indefinitely in either direction. 


A Z-number offers a way to capture both a value constraint and an associated reliability constraint through the 
use of fuzzy sets. Notably, Z-numbers are closely related to the concept of bandwidth in graph theory and 
network theory [66|{157|/211|/748]. Although the definition of a Z-number was previously provided in this 
paper, it is restated below for reference. 


Definition 5.60. [1020] A Z-number is an ordered pair of fuzzy numbers, represented as Z = (A, R). This 
unique construct allows for the representation of uncertain information by capturing both a value’s restriction 
and its reliability. 


e A: The first component, A, is a fuzzy number representing a restriction on the possible values of a real- 
valued uncertain variable X. This component reflects the range of possible values that X may assume 
under the conditions specified. 
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¢ R: The second component, R, is a fuzzy number that measures the reliability, confidence, or sureness of 
the restriction represented by A. Unlike probability, which measures the likelihood of a specific event, R 
measures the certainty or confidence level associated with the values represented by A. 


In other words, a Z-number (A, R) describes a scenario where A provides a fuzzy restriction on the values that 
X might take, while R represents the confidence in that restriction. For example, in risk analysis, a Z-number 
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Z = (‘‘very low’’, ‘‘very likely’’) might represent that the severity of a risk is restricted to a ’very low” value 
with a confidence level of ’’very likely.” 


Definition 5.61 (Single-Valued Neutrosophic Number). [166] Let x be an element in a universal set U. A 
Single-Valued Neutrosophic Number (SVNN) associated with x, denoted as x = (T(x), I(x), F(x)), is defined 
by three independent membership functions: 


T(x): U => [0,1], 
I(x): U => [0,1], 
F(x): U = [0,1], 


where: 


* T(x) denotes the degree of truth of the element x within the set, 
¢ I(x) denotes the degree of indeterminacy of x, 


¢ F(x) denotes the degree of falsity of x. 


These functions must satisfy the following constraint to ensure the consistency of the neutrosophic framework: 
0 < T(x) +J1(x) + F(x) <3. 


This condition allows for the independent expression of truth, indeterminacy, and falsity while maintaining a 
bounded structure. 


Theorem 5.62. A Single-Valued Neutrosophic Number (SVNN) generalizes a Fuzzy Number. 
Proof. A Fuzzy Number A is defined by a membership function yu 4:R- [0,1]. A Single-Valued Neutro- 
sophic Number (SVNN) x = (T(x), I(x), F(x)) is defined by: 
T(x), I(x), F(x) :R — [0,1], 
with 0 < T(x) +1 (x) + F(x) <3. 


By setting 7(x) = 0 and F(x) = 1 — T(x), the SVNN reduces to T(x) = w(x), matching the structure of a 
Fuzzy Number. Allowing /(x) # 0 and F(x) # 1—T(x) extends this framework, generalizing the concept. O 


Definition 5.63 (Fuzzy Hypernumber). Let F® denote the set of all sequences of fuzzy numbers, where each 
sequence @ = (G;)jcq consists of fuzzy numbers 4G;. 


Define an equivalence relation ~ on F“ as follows: 
For sequences & = (G;) and b = (b;) in F®, 
a@~b ifandonlyif lim d(a;,b;) =0, 


where d(G;, bj) is a suitable distance metric between fuzzy numbers, such as the Hausdorff distance or another 
appropriate measure. 
A Fuzzy Hypernumber is then defined as the equivalence class 
& = H(a;) = {b ¢ F® | b ~ a. 
The set of all such equivalence classes forms the space of Fuzzy Hypernumbers, denoted by F“/~. 
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Definition 5.64 (Z Hypernumber). Let Z® denote the set of all sequences of Z-numbers, where each sequence 
Z = (Zj)iew Consists of Z-numbers Z; = (A;, B;), with A; and B; being fuzzy numbers. 


Define an equivalence relation ~ on Z® as follows: 
For sequences Z = (Z;) and W = (W;) in Z®, 
Z~W_ if and only if jim D(Z;, Wi) = 0, 

where D(Z;, W;) is a suitable distance metric between Z-numbers, such as 

D(Z;, W;) = d(Aj, A;) + d(Bi, B;), 
with Z; = (A;, B;), Wi = (Aj, Bi), and d being a distance metric between fuzzy numbers. 
A Z Hypernumber is then defined as the equivalence class 

£=H(Z;)={WeEZ° |W ~ Z}. 
The set of all such equivalence classes forms the space of Z Hypernumbers, denoted by Z° /~. 


Definition 5.65 (Neutrosophic Hypernumber). Let N® denote the set of all sequences of single-valued neu- 
trosophic numbers, where each sequence n = (n;);¢, consists of neutrosophic numbers n; = (7;, Jj, F;). 


Define an equivalence relation ~ on N® as follows: 
For sequences n = (n;) and m = (m;) inN®, 
n~m ifandonlyif lim D(n;,m;) =0, 


where D(n;,m;) is a suitable distance metric between neutrosophic numbers, such as 


D(nj;,mj) = f(T - T))? + i — 1)? + (i -— FF), 
with n; = (7;, 1;, F;) and m; = (T/, I, F/). 
A Neutrosophic Hypernumber is then defined as the equivalence class 
n = H(n;) = {m € N® | m ~ n}. 
The set of all such equivalence classes forms the space of Neutrosophic Hypernumbers, denoted by N° /~. 


Theorem 5.66. A Fuzzy Hypernumber is a generalization of a Fuzzy Number. 


Proof. A Fuzzy Number is a specific case where the sequence dG; is constant, i.e., @; = a for all 7. For such 
constant sequences, the equivalence class H(G;) consists solely of identical sequences: 


H(a;) = {b € F® | d(&, b;) = 0 Vi}. 


Therefore, a Fuzzy Number 4 corresponds directly to the equivalence class H(d;), embedding the Fuzzy Num- 
ber within the space of Fuzzy Hypernumbers. Hence, Fuzzy Hypernumbers extend Fuzzy Numbers by allowing 
sequences of fuzzy numbers. oO 


Theorem 5.67. A Z Hypernumber is a generalization of a Z-Number. 


Proof. A Z-Number Z = (A, R) is a pair of fuzzy numbers represented by constant sequences Z; = (A, R) for 
all 7. In this case, the equivalence class H(Z;) contains only identical sequences: 


H(Z;) = {Ww € ZY | D(Z;, Wi) = 0 Vi}. 


Thus, each Z-Number Z = (A, R) maps to the equivalence class H(Z;), which is a subset of Z Hypernumbers. Z 
Hypernumbers extend Z-Numbers by including sequences of Z-Numbers with equivalent asymptotic behavior. 
Oo 
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Theorem 5.68. A Neutrosophic Hypernumber generalizes a Fuzzy Hypernumber. 


Proof. A Fuzzy Hypernumber is a special case where each neutrosophic number n; = (Tj, /;, F;) satisfies: 
Lapa), = Ral=pg@), 


for some jz, the membership function of a fuzzy number. Under this condition, the equivalence class H(n;) 
reduces to sequences of fuzzy numbers, embedded in the neutrosophic framework. Thus, Neutrosophic Hyper- 
numbers naturally encompass Fuzzy Hypernumbers as a subset, making them a generalization. oO 


Theorem 5.69. A Neutrosophic Hypernumber generalizes a Neutrosophic Number. 


Proof. A Neutrosophic Number n = (7, /, F') corresponds to a constant sequence n; = (T,/, F) for all i. The 
equivalence class H(n;) in this case is given by: 


H(n;) = {m € N® | D(n;, m;) = 0 Vi}. 


This class represents the single-valued Neutrosophic Number embedded in the hypernumber framework. Thus, 
Neutrosophic Hypernumbers extend Neutrosophic Numbers by allowing sequences with equivalent asymptotic 
behavior. Oo 


5.7 HyperFuzzy Number, HyperZ Number, HyperNeutrosophic Number 


Future research is anticipated to advance the mathematical structures of HyperFuzzy Numbers, HyperZ Num- 
bers, and HyperNeutrosophic Numbers. Although these concepts are still in the developmental stage, the defi- 
nitions and related theorems are provided below. 


Definition 5.70 (Hyperfuzzy Number). (cf. 1629 ) Let R denote the set of real numbers, and let P([0, 1]) 
denote the family of all non-empty subsets of the interval [0,1]. A mapping f@ : R > P({0,1]) is called a 
Hyperfuzzy Number if it satisfies the following conditions: 


1. Normality: There exists xo € R such that 1 € fi(x9). 


2. Convexity: For any x1,x2 € Randa € [0,1], we have 
A(Ax; + (1 — A)x2) 2 A) 9 A(x2). 
3. Upper Semi-Continuity: For every a € [0, 1], the set 
{x €R| 5B > a, BE fi(x)} 

is open in R. 

4. Support Boundedness: The support of ji, defined as 
supp(f) = {x € R| A(~) # 9}, 
is a bounded subset of R. 


Theorem 5.71. Every fuzzy number A can be represented as a Hyperfuzzy Number {i. 


Proof. Let A be a fuzzy number with membership function 4 :R-— [0,1]. Define the mapping fi : R > 
P([0, 1]) by 
A(x) = {ug (x)}. 


That is, for each x € R, fi(x) is the singleton set containing pj (x). 


We verify that {i satisfies the conditions of a Hyperfuzzy Number. 


186 


1. Normality: Since A is normal, there exists x9 € R such that [4(xo) = 1. Therefore, 1 € fi(xo). 
2. Convexity: For any x1,x2 € Randa € [0,1], we have 
Ha(Axi + (1 — A)x2) = min{u4 (x1), M4 (x2) }- 


Thus, 
A(Ax, + (1 - A)x2) = {ugar + (1 - A)x2)} DB {min{w (x1), M4 (x2) FF. 


Since fi(x1) = {u4(x1)} and fi(x2) = {4 (%2)}, their intersection is 


fi(x1) 0 fix2) = ‘oe if man) = Ha(%2)s 
> otherwise. 


In either case, the inclusion f(Ax; + (1 — A)x2) 2D A(x1) N A(x2) holds. 
3. Upper Semi-Continuity: For each a € [0, 1], consider the set 
{x ER| AB >a, PE fi(x)} = {x ER | wg(a) > a}. 


Since 4 is upper semi-continuous, the set {x € R | s(x) > a} is open. Therefore, fi satisfies upper 
semi-continuity. 


4. Support Boundedness: The support of {i is 
supp(H) = {x € R| A(x) # 0} = {x ER] wg) € [0, 1]}. 


Since fuzzy numbers have bounded support (i.e., (x) > 0 only on a bounded interval), the support of 
fis bounded. 


Therefore, fi is a Hyperfuzzy Number representing the fuzzy number A. oO 


Definition 5.72 (HyperZ Number). Let R denote the set of real numbers, and let P(F) denote the family of all 
non-empty subsets of the set of fuzzy numbers F. A mapping Z : R > P(F x F) is called a HyperZ Number if 
for each x € R, Z(x) is a set of ordered pairs (A, B), where A and B are fuzzy numbers representing the value 
constraint and the reliability constraint, respectively. 


Theorem 5.73. Every Z-number can be represented as a HyperZ Number. 


Proof. Let Z = (A, B) be a Z-number, where A and B are fuzzy numbers. Define Z : R > P(F x F) by 
Z(x) = {(A, B)}. 
That is, Z assigns the same pair of fuzzy numbers to each x € R. 


Since Z(x) is constant and satisfies the properties required for a HyperZ Number, Z represents the Z-number 
Z in the hyper framework. oO 


Definition 5.74 (HyperNeutrosophic Number). Let R denote the set of real numbers, and let P([0, 1]*) denote 
the family of all non-empty subsets of the unit cube [0,1]*. A mapping @ : R — P({0,1]°) is called a 
HyperNeutrosophic Number if it satisfies the following conditions: 


1. Normality: There exists x9 € R such that (1,7, F) € (xo), with J, F € [0,1], andO < 14+/+F <3. 
2. Convexity: For any x1,x2 € Randa € [0,1], we have 
A(Ax; + (1 — A)x2) 2 A) 9 A(x2). 
3. Upper Semi-Continuity: For every a € [0, 1], the set 
{x €R|A(7,/, F) € f(x), T > a} 
is open in R. 
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4. Support Boundedness: The support of ji, defined as 
supp(f) = {x € R| f(x) # 9}, 
is a bounded subset of R. 


Theorem 5.75. Every Neutrosophic Number can be represented as a HyperNeutrosophic Number. 


Proof. Let N be a Neutrosophic Number represented by the triplet (T,/, F), where T,/,F € [0,1] and0O < 
T+1+F < 3. Define the mapping fi : R — P({0, 1]*) by 


fi(x) = {(T, 1, F)}. 
That is, f@ assigns the same neutrosophic triplet to each x € R. 


We verify that {i satisfies the conditions of a HyperNeutrosophic Number. 


1. Normality: If T = 1, then (1,7, F) € f(x) for all x € R. 


2. Convexity: Since fi(x) is the same for all x, the intersection fi(x,) N fi(x2) = fi(x)). Thus, the inclusion 
holds trivially. 


3. Upper Semi-Continuity: For any a € [0, 1], the set 
{xER|T>a} 
is either R (if T > @) or empty (if T < @), which is open in R. 


4. Support Boundedness: Since fi(x) # @ for all x € R, the support is R. However, in practical applications, 
neutrosophic numbers are associated with a bounded domain, so we can consider a bounded support. 


Thus, fi is a HyperNeutrosophic Number representing the Neutrosophic Number JN. oO 


Theorem 5.76. Every Hyperfuzzy Number can be considered as a special case of a HyperNeutrosophic Num- 
ber. 


Proof. Given a Hyperfuzzy Number fi : R — P([0,1]), we can construct a HyperNeutrosophic Number 
¥: R — P([0, 1]3) by defining 


0(x) = {(7, 1, F) € [0,1]? | T € a(x), 1=0, F=1-T}. 


This mapping associates each membership degree in f(x) with a neutrosophic triplet where indeterminacy 
I = 0, and falsity F = 1 — T. The conditions of a HyperNeutrosophic Number are satisfied, and thus, the 
Hyperfuzzy Number can be viewed as a special case of a HyperNeutrosophic Number. oO 


5.8 Hypersoft HyperExpert Set 


In the future, we aim to conduct research on the Hypersoft HyperExpert Set, which extends existing definitions. 
Before introducing the Hypersoft HyperExpert Set, we recall the definition of the Hypersoft Expert Set, which 


is closely related 


Definition 5.77 (Hypersoft Expert Set (HSE-Set)). Let Q be a universe of discourse. Let G}, G2,..., Gn 
be n disjoint attribute value sets corresponding to distinct attributes g), g2,..., gn. Define the Cartesian product 
of these attribute value sets as: 

G =G, X G2X---X Gy. 


Let D be a set of experts (specialists or operators). 

Let C be a set of conclusions. For simplicity, we may consider C = {0 (disagree), 1 (agree) }. 
Define the setS CGxX DXC. 

A pair (‘Y, S) is called a Hypersoft Expert Set over Q, where: 
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e WY: § > P(Q) is a mapping from S to the power set of Q. 


This mapping associates each combination (g,d,c) € S, where g € G,d € D, andc € C, with a subset 
W(g,d,c) CQ. 


Theorem 5.78. A Hypersoft Expert Set is a generalized concept of a Soft Expert Set. 


Proof. This is evident. oO 


Theorem 5.79. A Hypersoft Expert Set is a generalized concept of a HyperSoft Set. 
Proof. This is evident. oO 


We now introduce the Hypersoft HyperExpert Set, which generalizes the Hypersoft Expert Set by allowing 
attributes and experts to take subsets of their respective domains, enhancing the model’s expressiveness. 


Definition 5.80 (Hypersoft HyperExpert Set). Let Q be a universe of discourse. Let G1,G2,...,G, ben 
disjoint attribute value sets corresponding to distinct attributes g1, g2,..., Zn. For each attribute g;, let P(G;) 
denote the power set of G; (excluding the empty set if desired). 


Define the set of attribute value subsets as: 


G =P(G)) X P(G2) X---x P(Gn). 


Let D,, D2,..., Dm be m disjoint sets of experts corresponding to different areas of specialization or roles. 
For each expert set D;, let P(D;) denote its power set. 


Define the set of expert group subsets as: 


D=P(D\) X P(D2) X---xX P(Dy»). 


Let C be a set of conclusions, such as C = {0 (disagree), 1 (agree) }. 


Define the set: 
SCGxDxC. 


A pair (‘Y, S) is called a Hypersoft HyperExpert Set over Q, where: 
e Y: S > P(Q) is a mapping from S to the power set of Q. 
This mapping associates each combination (G’, D’,c) € S, where: 


° G’ =(G),G),...,G,,) with GC G; for each i, 
* D’ =(D',D%4,...,Di,) with D’, C Dj; for each j, 


*ceEC, 
with a subset ‘¥(G’, D’,c) € Q. 


Theorem 5.81. Every Hypersoft Expert Set is a special case of a Hypersoft HyperExpert Set when the attribute 
value subsets G, © G; and expert subsets D‘ C Dj; are singleton sets. 
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Proof. In the Hypersoft Expert Set, we have: 
G=G,xXG2X---xXGy, 
and a single expert set D. 


In the Hypersoft HyperExpert Set, we consider the power sets of the attribute value sets and expert sets. Let us 
assume that m = 1 (only one expert set D; = D) for simplicity. 


When each attribute value subset G; C G; is a singleton {g;} and the expert subset D{, C D is a singleton {d}, 
the sets reduce to: 
G’ = ({gi}, {g2},---»{8nh) € P(G1) X--- x P(Ga), 


D' = ({d}) € P(D). 
Thus, the element (G’, D’,c) € S corresponds to (g,d,c) € G xX D X C in the Hypersoft Expert Set, where 
8 = (81,82.--+8n) €G. 
The mapping v in the Hypersoft HyperExpert Set becomes: 
¥(G", D’,c) = P(({g1},.--, {8n}), {d}.c) = P(g, d,c), 


which is identical to the mapping in the Hypersoft Expert Set. 


Therefore, when the attribute value subsets G; and expert subsets D’. are singleton sets, the Hypersoft Hyper- 
Expert Set reduces to the Hypersoft Expert Set, demonstrating that the Hypersoft HyperExpert Set generalizes 
the Hypersoft Expert Set. oO 


5.9 N-superHyper Sets 


N-SuperHyper Sets are a generalized concept of N-Hyper Sets and serve as a counterpart to SuperHyperFuzzy 
Sets. Further investigation into their mathematical structure and practical applications is planned. Numerous 
studies have also been conducted on N-functions. 


Definition 5.82. [552] An N-Hyper Set over X is a mapping: 
uw: X — P([-1,0]), 
where each element x € X is associated with a non-empty subset u(x) € [-1, 0]. 


Definition 5.83 (N-Superhyper Set). Let X be anon-empty set. Denote by P(X) the collection of all non-empty 
subsets of X, and let P([—1, 0]) be the collection of all non-empty subsets of the interval [—1, 0]. 


An N-Superhyper Set over X is a mapping: 
fi: P(X) > P([-1,0]). 


In this structure: 


* Each element A € P(X) is a non-empty subset of X. 


* The mapping ff assigns to each A € P(X) anon-empty subset fi(A) C [—1, 0], representing the degrees 
of negative membership associated with the subset A. 


Theorem 5.84. Every N-Hyper Set is a special case of an N-Superhyper Set. Specifically, if we restrict the 
domain of an N-Superhyper Set fi to singleton subsets of X, we obtain an N-Hyper Set. 
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Proof. Let pu a, P({-l, 0]) be an N-Hyper Set over X. We can construct an N-Superhyper Set fi : 
P(X) — P([-1, 0]) by defining: 


fi(A) = J u(x), forall A € P(X). 
xeA 


In particular, for singleton subsets {x} € P(X), we have: 


AC{x}) = w(x). 


Thus, the original N-Hyper Set pu is recovered by restricting fi to singleton subsets of X. 


Conversely, given an N-Superhyper Set 7 : P(X) — #([-1,0]), we can define an N-Hyper Set  : X > 
Pf ([-1, 0]) by: 
u(x) = AC({x}),  forallx € X. 


Therefore, the N-Hyper Set is a special case of the N-Superhyper Set when considering singleton subsets of 
Xx. Oo 


Theorem 5.85. An N-Superhyper Set can be transformed into a SuperHyperFuzzy Set by reversing the sign of 
the membership degrees (i.e., changing negative values to positive values). 


Proof. Let fi : P(X) — P([-1,0]) be an N-Superhyper Set over X. We define a mapping fi’ : P(X) > 
P([0, 1]) by: ; 
f(A) = {-a|aeé f(A)}, forall Ae P(X). 


Since f(A) € [-1, 0], it follows that —a € [0, 1] for all a € f(A). Therefore, f@’(A) € [0, 1]. 


The mapping jf’ is then a SuperHyperFuzzy Set over X, as it assigns to each non-empty subset A C X a 
non-empty subset fi’(A) € [0, 1]. 


This transformation effectively reverses the sign of the membership degrees, converting negative degrees in 
[—1,0] to positive degrees in [0, 1]. oO 


Example 5.86. Let X = {x,,x2}. Define an N-Hyper Set  : X > P([-1,0]) by: 


H(x1) = {-0.5, -0.2}, 
H(x2) = {-0.8}. 


We can construct the corresponding N-Superhyper Set fi : P(X) > P({-1,0]) by: 


A({x1}) = w(x1) = (0.5, -0.2}, 
A({x2}) = w(x2) = {-0.8}, 
A({x1,x2}) = H(x1) U H(x2) = {-0.8, -0.5, 02} 


Now, we transform fi into a SuperHyperFuzzy Set jz’ by reversing the sign: 


fi’ ({1}) = {0.5, 0.2}, 
i ({x2}) = {0.8}, 
i’ ({x1,x2}) = {0.8, 0.5, 0.2}. 


Thus, i’ is a SuperHyperFuzzy Set over X. 

Corollary 5.87. An N-hyper Set can be transformed into a HyperFuzzy Set by reversing the sign of the mem- 
bership degrees (i.e., changing negative values to positive values). 

Proof. This is evident. oO 
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Furthermore, as frequently discussed in this paper, we also intend to examine the following using the concept 
of Overset. 


Definition 5.88 (N-Hyper Overset). Let X be a universe of discourse. An N-Hyper Overset Aover in X is defined 
as: 


Aover = {(x, u(x)) | xe X, p(x) c [-1, Q]}, 


where Q > | is the Overlimit. 


Theorem 5.89. An N-Hyper Overset becomes an N-Hyper Set when the Overlimit Q is replaced by 0. 


Proof. Let Aover be an N-Hyper Overset defined over X with the membership function: 
u:X > P([-1,Q)]), 
where Q > 1 and for all x € X, u(x) © [-1, Q]. 


If we replace Q with 0, the membership function becomes: 
uw: X > P([-1,0)), 


which restricts each subset yz(x) to [—1,0]. This coincides with the definition of an N-Hyper Set, as defined 
by: 
pw: X > P([-1,0]). 


Thus, when Q = 0, the structure of Ayer reduces to that of an N-Hyper Set, as required. oO 


5.10 HyperNested Set 


A nested set is a collection of subsets organized hierarchically, where each subset is either contained within 
or disjoint from another. Hypernested sets and superhypernested sets are proposed as defined above. It is 
anticipated that the validity and applications of these mathematical definitions will be further explored in the 
future. 


Definition 5.90 (Nested Set). Let B be a non-empty set, and let C be a collection of subsets of B. The collection 
C is called a nested set collection if it satisfies the following properties: 


1. B €C (the whole set B is included in the collection). 
2. ForallH,K ¢€C,if HK #90, theneitherH C Kor K CH. 


Definition 5.91 (Hypernested Set). Let B be a non-empty set, and let C be a collection of subsets of B. The 
collection C is called a Hypernested Set Collection if it satisfies the following properties: 


1. B €C (the whole set B is included in the collection). 
2. For every subset H € C, there exists a collection Dy € P(A) (the power set of H), such that: 


(a) H € Dy, and 
(b) For all Ki, Ko € Dy, if K, 0 K2 # Q, then either K, C Kz or Kz C Ky. 


The collection C is called a Hypernested Set if, for every H € C, Dy satisfies the above conditions. 


Definition 5.92 (Superhypernested Set). Let B be a non-empty set, and let C be a collection of subsets of B. 
The collection C is called a Superhypernested Set if it satisfies the following properties: 


1. B € C (the entire set B is included in the collection). 
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2. For every subset H € C, there exists a family of collections Dy = ip), Dy shacks Oo” \, where each 
pe ) is a collection of subsets of H, and: 


(a) He DW) for all k € {1,2,...,m}, 
(b) For every Dp, if Kj, Ko € pe and K, 0 K> # Q, then either K, C K> or K, C Kj, 


(c) The families Dy are hierarchically nested within each other, such that for any k;, kz € {1,2,...,m} 
with k, < ko, we have: 
Kc K 
Ke Diy) Kepv 


The collection C is called a Superhypernested Set Collection if, for every H € C, the family Dy satisfies the 
above properties. 


Theorem 5.93. A nested set is a special case of a hypernested set. 
Proof. To show that a nested set is a special case of a hypernested set, consider the following: 


¢ In a nested set, for every H € C, there is no additional family Oy. Instead, each subset H directly 
satisfies the nested condition H C K or K C H forall K €C. 


* Setting Dy = {{H}} for each H € C, we observe that the hypernested condition reduces to the nested 
condition. 


Thus, a nested set is a special case of a hypernested set where Dy = {{H}} for all H € C. Oo 


Theorem 5.94. A hypernested set is a special case of a superhypernested set. 
Proof. To show that a hypernested set is a special case of a superhypernested set: 


¢ In a hypernested set, the hierarchy is trivial; each family Dy consists of a single level pa) , and there 


are no higher levels oe fork > 1. 


* Setting D Ks ) =O forall k > 1, the hierarchical condition of a superhypernested set is satisfied trivially. 


Thus, a hypernested set is a special case of a superhypernested set where the hierarchy is restricted to a single 
level. Oo 


Corollary 5.95. A nested set is a special case of a superhypernested set. 


Proof. By combining the results of the above two theorems, a nested set can be seen as a hypernested set 
with no additional nested families Dz, and a hypernested set is a superhypernested set with a trivial hierarchy. 
Therefore, a nested set is a special case of a superhypernested set. oO 
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5.11 ProperSubset-Valued Neutrosophic Set 


The ProperSubset-Valued Neutrosophic Set is defined below by applying the concept of Proper Subset to the 
Subset-Valued Neutrosophic Set. It is hoped that further exploration of its mathematical structure and potential 
applications will be pursued as needed. 


Definition 5.96 (Proper Subset). Let A and B be two sets. The set A is called a proper subset of the set B, 
denoted by A Cc B, if and only if: 
ACB and AFB. 


Definition 5.97 ((Revisit) Subset-Valued Neutrosophic Set). [|888]] Let X be a given set. A Subset-Valued 
Neutrosophic Set (SVNS) A on X is defined by three membership functions: 


Ta: X 7 P([0,1]), Ia: X —7P([0,1]), Fa: X — P([O, 1)), 


where P([0, 1]) denotes the power set of the interval [0,1]. For each x € X, T4(x), [4(x), Fa(x) are subsets 
of [0, 1] representing the degrees of truth, indeterminacy, and falsity, respectively. These values satisfy the 
following condition: 


0 < inf(T4(x)) + inf(/4(x)) +inf(F4(x)) < sup(T4(x)) + sup(/4(x)) + sup(F4(x)) < 3, 


where inf and sup represent the infimum and supremum, respectively. The values T,4(x), [4(x), Fa(x) provide 
a subset-based representation of uncertainty. 


Definition 5.98 (ProperSubset-Valued Neutrosophic Set). Let X be a given set. A ProperSubset-Valued Neu- 
trosophic Set (PSVNS) A on X is defined by three membership functions: 


Ta: X > P([0,1]), Ia: X ~P([0,1]), Fa: X > P([O,1]), 


where P([0, 1]) denotes the power set of the interval [0,1]. For each x € X, Ta(x), [4(x), Fa(x) are proper 
subsets of [0, 1], satisfying: 


Ta(x) C [0,1], a(x) [0,1], Fax) ¢ [0,1], 
and 
Ta(x) # [0,1], Za(x) # [0,1], Fa(x) 4 [0, 1]. 
Additionally, the degrees of truth, indeterminacy, and falsity satisfy the condition: 
0 < inf(T4(x)) + inf(/4(x)) +inf(F4(x)) < sup(T4(x)) + sup(/4(x)) + sup(F4(x)) < 3, 
where inf and sup represent the infimum and supremum of the respective subsets. 


This definition ensures that the membership degrees of truth, indeterminacy, and falsity are represented as 
proper subsets of [0, 1], capturing uncertainty in a more granular form. 


Theorem 5.99. A ProperSubset-Valued Neutrosophic Set (PSVNS) is a subset of the Subset-Valued Neutro- 
sophic Set (SVNS). 


Proof. Let X be a given set. A Subset-Valued Neutrosophic Set A is defined by three membership functions. 


A ProperSubset-Valued Neutrosophic Set B is defined similarly but with an additional restriction: the subsets 
Tp(x), [g(x), Fg(x) must be proper subsets of [0, 1]. That is: 


Tp(x) C [0,1], Ta(x) # [0,1], 
Tp(x) C [0,1], Za(x) # [0,1], 
Fp(x) C [0,1], Fax) # [0,1]. 
Clearly, every proper subset of [0, 1] is also a subset of [0,1]. Therefore, for all x € X: 
Tp(x) © Ta(x), Ip(x) SIa(x), F(x) © Fa(a). 
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Additionally, the membership functions of a ProperSubset-Valued Neutrosophic Set satisfy the same infimum 
and supremum condition: 


0 < inf(Tg(x)) + inf(/g(x)) + inf(F’g(x)) < sup(Tg(x)) + supp (x)) + sup(Fg(x)) < 3. 


Thus, B, as a ProperSubset-Valued Neutrosophic Set, fulfills all the conditions of a Subset-Valued Neutrosophic 
Set, with the added constraint that the subsets Tg (x), Ip (x), Fg(x) are proper. Therefore, every ProperSubset- 
Valued Neutrosophic Set is also a Subset-Valued Neutrosophic Set. 


Hence, the set of all ProperSubset-Valued Neutrosophic Sets is a subset of the set of all Subset-Valued Neutro- 
sophic Sets, completing the proof. oO 


Additionally, therelated concept of a ProperSubset-Valued Fuzzy Set can also be defined as follows. 


Definition 5.100 ((Revisit) Subset-Valued Fuzzy Set). Let X be a given set. A Subset-Valued Fuzzy Set (SVFS) 
A on X is defined by a membership function: 


Ha: X > P([0,1)), 


where P([0, 1]) denotes the power set of the interval [0,1]. For each x € X, s(x) is a subset of [0, 1] that 
represents the degrees of membership of x to the set A. 


The degrees of membership satisfy the following condition for all x € X: 


0 < inf(ua(x)) < sup(ua(x)) < 1, 


where inf and sup denote the infimum and supremum of the subset j14(x), respectively. 


This definition provides a flexible framework for modeling uncertainty, where an element x € X can have 
multiple degrees of membership represented by a subset of [0, 1]. 


Definition 5.101 (ProperSubset-Valued Fuzzy Set). Let X be a given set. A ProperSubset-Valued Fuzzy Set 
(PSVFS) A on X is defined by a membership function: 


Ha: X > P([0,1]), 


where P([0, 1]) denotes the power set of the interval [0, 1]. For each x € X, w(x) is a proper subset of [0, 1], 
satisfying: 
Ha(x) C [0,1], a(x) # [0,1]. 


The degrees of membership satisfy the following condition for all x € X: 


0 < inf(wa(x)) < sup(wa(x)) < 1, 


where inf and sup denote the infimum and supremum of the proper subset j14(x), respectively. 


This definition ensures that the membership of each element x € X is represented by a proper subset of [0, 1], 
allowing for a more granular representation of uncertainty while excluding the possibility of full coverage of 
the interval [0, 1] as a membership degree. 


Corollary 5.102. A ProperSubset-Valued Fuzzy Set is a subset of the Subset-Valued Fuzzy Set. 


Proof. This is evident. Oo 
Corollary 5.103. A ProperSubset-Valued Fuzzy Set can be generalized using the concept of a ProperSubset- 
Valued Neutrosophic Set. 

Proof. This is evident. oO 
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Additionally, other derived definitions, such as the Time-Dependent Subset-Valued Neutrosophic Set, where the 
membership functions depend on time, and the Weighted Subset-Valued Neutrosophic Set, which incorporates 
weights, are defined below. It is hoped that research on these types of sets will progress as needed in the future. 


Definition 5.104 (Time-Dependent Subset-Valued Neutrosophic Set). Let X be a given set and T a set rep- 
resenting time (e.g., R* for non-negative real numbers). A Time-Dependent Subset-Valued Neutrosophic Set 
(TD-SVNS) A on X is defined by three time-dependent membership functions: 


Ta: XXT—2>P({0,1]), In: XXT—P([0,1]), Fa: XxXT— P({0,1)), 


where ?([0, 1]) denotes the power set of the interval [0, 1]. Foreachx € X andt € T, T4(x, t), [a(x, 1), Fa(x,f) 
are subsets of [0, 1] representing the time-dependent degrees of truth, indeterminacy, and falsity, respectively. 


These membership values satisfy the following condition for all x € X andt € T: 
0 < inf(T,4(x,t)) + inf(14(x, £)) + inf(F4(x,1)) < sup(Ta(4, t)) + sup(/4(x, f)) + sup(F4(x, 1) < 3, 
where inf and sup represent the infimum and supremum of the subsets T'4(x, t), [4(x, ft), Fa(x, t). 


This definition allows the representation of uncertainty and variation of the membership degrees over time. 


Definition 5.105 (Weighted Subset-Valued Neutrosophic Set). Let X be a given set. A Weighted Subset-Valued 
Neutrosophic Set (W-SVNS) A on X is defined by three membership functions that assign both a subset of [0, 1] 
and a weight to each element: 


Ta: X > P([0,1]) x [O,wr], Ia: X > P([0,1]) x [O,wr], Fa: X — P([0,1]) x [0, we], 


where P ([0, 1]) denotes the power set of the interval [0,1], and wr, w7, wr > 0 are the maximum weights for 
truth, indeterminacy, and falsity, respectively. 


For each x € X, the membership values (T4(x), wr(x)), (Ja(x), w7(x)), and (F'4(x), wr (x)) satisfy: 
Ta(x) © [0,1], Ja(e) 10,1], Fax) ¢ [0,1], 
and 


0 < inf(T4(x)) + inf(L4(x)) + inf(F4(x)) < sup(Ta(x)) + sup(I4(x)) + sup(Fa(x)) < 3. 


The weights wr(x), wr(x), wr(x) provide a measure of the relative importance of the membership degrees for 
each element x € X. 


Theorem 5.106. The Time-Dependent Subset-Valued Neutrosophic Set (TDSVNS) and Weighted Subset-Valued 
Neutrosophic Set (WSVNS) generalize the Subset-Valued Neutrosophic Set (SVNS). 


Proof. To prove that TDSVNS and WSVNS generalize SVNS, we demonstrate that each is a proper extension 
of SVNS by introducing additional structural elements (time-dependency and weights) while retaining the 
fundamental properties of SVNS. 


Case 1: Time-Dependent Subset-Valued Neutrosophic Set (TDSVNS) By definition, a TDSVNS A is character- 
ized by time-dependent membership functions: 


Ta: XXT—OP([O,1]), I4:XxT—P([0O,1]), Fa: X xT P([0, 1]), 
where T represents the time domain. For a fixed time t € T, the membership functions reduce to: 
Ta(,t), TAC), Fa(-.t) : X > P([O, 1), 
which satisfy the SVNS conditions: 
0 < inf(T4(x, t)) + inf (a(x, t)) + inf(F4(x, t)) < sup(Ta(x, t)) + sup(/,(x, t)) + sup(Fa(x, 2)) < 3. 


Thus, for any fixed t € T, a TDSVNS reduces to an SVNS. Hence, a TDSVNS generalizes the SVNS by 
incorporating time-dependency. 
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Case 2: Weighted Subset-Valued Neutrosophic Set (WSVNS) By definition, a WSVNS A is characterized by 
weighted membership functions: 


Ta: X > P((0,1])xR, I4:X > P([0,1])xR, Fa: X ~ P([0,1]) xR, 


where the additional weight component represents the relative importance of the membership degrees. For 
x € X, let Ta(x) = (Sr(x), wr (x)), where S7(x) € [0,1] and wy(x) € R. The subset S7(x) satisfies: 


0 < inf(S7(x)) < sup(Sr(x)) < 1. 


Similarly, S;(x), Sr(x) © [0,1] satisfy the analogous conditions. When weights are ignored (i.e., wr(x) = 
w7(x) = wr(x) = | for all x € X), the WSVNS reduces to an SVNS. Thus, a WSVNS generalizes the SVNS 
by incorporating weights. 


Both TDSVNS and WSVNS retain the structural properties of SVNS and add additional features (time-dependency 


or weights). Therefore, they are proper generalizations of SVNS. Oo 


At the conceptual stage, the definition of a Probability-Subset-Valued Neutrosophic Set is presented below. 
Further research into the validity of this definition, its potential applications, and its mathematical structure is 
anticipated. 


Definition 5.107 (Probability-Subset-Valued Neutrosophic Set). Let X be a given set. A Probability-Subset- 
Valued Neutrosophic Set (PSVNS) A on X is defined by three probabilistic subset-valued membership functions: 


Ta: X ~P([0,1]J)xD, In: X SP([0,1])xD, Fa: X >~ P([0,1]) xD, 


where: 


* P({[0, 1]) denotes the power set of the interval [0, 1], representing possible degrees of truth, indetermi- 
nacy, and falsity. 


* D denotes the set of probability distributions over P([0, 1]), representing the likelihood of each subset 
value within the interval [0, 1]. 


For each x € X, the probabilistic subset membership functions 74 (x), Z4(x), F4(x) are given as: 
Ta(x) =(Sr,Pr), Ta(x) = (Sr, Pr), Fa(x) = (Sr, Pr), 


where: 
* S7,S7, SF © [0, 1] are subsets representing the possible degrees of truth, indeterminacy, and falsity. 


¢ Pr, P;, Pr are probability distributions defined over Sy, S;, Sr, respectively, such that Pr : Sr — [0,1], 
P;:S;— [0,1], Pr : Sr — [0, 1], and satisfy: 


[[ Prisyase f Piisyas+ fF Pets) dss 1. 


Additionally, the subsets S;, $7, Sr satisfy the following condition: 


0 < inf(S7) + inf(S7) + inf(Sr) < sup(S7) + sup(S7) + sup(Sp) < 3. 


This definition incorporates a probability distribution over the subsets of [0, 1], providing a nuanced represen- 
tation of the likelihood for each degree of truth, indeterminacy, and falsity. 
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5.12 Time-Dependent Neutrosophic Set and Weighted Neutrosophic Set 


In relation to the Time-Dependent Subset-Valued Neutrosophic Set and Weighted Subset-Valued Neutrosophic 
Set, we define the Time-Dependent Neutrosophic Set and Weighted Neutrosophic Set as follows. While similar 
concepts have been explored in several papers, the definitions presented here aim to provide a mathematical 
reinterpretation and refinement of these ideas. We hope that further investigations into these concepts will 
continue in the future. 


Definition 5.108 (Time-Dependent Neutrosophic Set). Let X be a universe of discourse and T represent a time 
domain. A Time-Dependent Neutrosophic Set (TDNS) A on X is defined by three time-dependent membership 
functions: 

Ta: XxXT—-> [0,1], I4:XxT—- [0,1], Fa: XxT-— [0,1], 


where T(x, t), [4(x, t), F(x, t) represent the truth-membership, indeterminacy-membership, and falsity-membership 
degrees of x € X at time ¢t € T, respectively. 


These membership functions satisfy the following condition for all x € X and t ¢€ T: 


0 < Ta(x,t) + 1,4(x,t) + Fa(x,t) < 3. 


This definition extends the classical Neutrosophic Set by incorporating a temporal component, allowing the 
membership degrees to vary over time. 


Definition 5.109 (Weighted Neutrosophic Set). Let X be a universe of discourse. A Weighted Neutrosophic 
Set (WNS) A on X is defined by three membership functions with associated weights: 


Ta:X 2 [0,1]XR, I4:X—>[0,1]KR, Fa: X— [0,1] xR, 


where T(x) = (tr(x), wr(x)), La(a) = (tx), wr(x)), Fa(x) = (tr (2), we (x)), with: 


© tr(x),tr(x),tr(x) € [0,1] are the truth, indeterminacy, and falsity membership degrees for x € X. 


* wr(x), w7(x), wr(x) € Rare the respective weights representing the relative importance of the mem- 
bership degrees. 
These membership degrees satisfy the condition for all x € X: 
0 < tr(x) +t7(x) + tr(x) <3. 


The inclusion of weights allows the Weighted Neutrosophic Set to capture the relative significance of truth, 
indeterminacy, and falsity membership degrees in the decision-making or evaluation process. 


Theorem 5.110. The Time-Dependent Neutrosophic Set and the Weighted Neutrosophic Set are generalizations 
of the Neutrosophic Set. 


Proof. Let X be a universe of discourse. 


A Neutrosophic Set A on X is defined by the membership functions: 
Ta, 1a, Fa: X — [0,1], 
where 7,4 (x), Z4(x), and F'4(x) represent the degrees of truth, indeterminacy, and falsity for x € X, respectively. 


In the Time-Dependent Neutrosophic Set, these membership functions are extended to depend on a temporal 
parameter ¢ € R: 


Ta(x,t):XxR—- [0,1], IA(x,):XxR- [0,1], Fa(x,t): XxR- [0,1]. 


198 


For any fixed t € R, T,(x,t), [4(x, 1), and F(x, t) reduce to the membership functions of a standard Neutro- 
sophic Set. Therefore, the Time-Dependent Neutrosophic Set is a generalization of the Neutrosophic Set. 


A Weighted Neutrosophic Set extends the Neutrosophic Set by associating weights wr, wz, wr € [0, 1] to the 
membership functions: 


Ta(x,wr): X > [0,1], Za(x,wr): X > [0,1], Fa(x,wr): X > [0,1]. 


For uniform weights wr = wy; = wr = 1, the Weighted Neutrosophic Set reduces to the standard Neutrosophic 
Set. Hence, the Weighted Neutrosophic Set generalizes the Neutrosophic Set. 


Since both the Time-Dependent Neutrosophic Set and the Weighted Neutrosophic Set include the Neutrosophic 
Set as a special case, they are generalizations of the Neutrosophic Set. oO 


5.13 Trice Neutrosophic Set 


At the conceptual stage, the definition of the Trice Neutrosophic Set is presented below. It is envisioned as an 
extension of the Trice Fuzzy Set (cf. [497}{503]). The validity and mathematical properties of this definition 
will be explored as needed in future studies. For details on the operations of the Trice structure, refer to the 
literature (49714503), which includes some references written in Japanese. 


Definition 5.111 (Trice Fuzzy Set). [497] Let X be a non-empty set, and let T = (Ly, *1, *2,*3) be a trice 
structure, where: 
° Ly = {(t1, tz) € [0,1] x [0,1] | 0 < t2 < t < 1} isa set of ordered pairs representing truth degrees, 
* 1,9, *3 are semilattice operations defined on L7, satisfying idempotence, commutativity, and associa- 
tivity. 
A trice fuzzy set A over X is defined as a function: 
Ma: X > Ly, 


where each element x € X is mapped to a pair a(x) = (t1 (x), t2(x)) € L;. Here: 


* t)(x) represents the degree of full truth of x, 
* t2(x) represents the degree of partial truth of x, 
¢ The relationship 0 < f(x) < t,(x) < 1 must hold for all x € X. 


Definition 5.112 (Trice Neutrosophic Set). Let X be a non-empty set, and let T = (Ly, *1, *2, *3) be a trice 
structure, where: 
¢ L,; = {(7,1, F) € [0, 1] x [0, 1] x [0,1] | 7+ 1+ F < 3}, 


* *1,*2,*3 are semilattice operations on L,, satisfying idempotence, commutativity, and associativity. 


A Trice Neutrosophic Set A over X is defined as a function: 
HA: xXx-> Ly, 


where each element x € X is mapped to an ordered triple (x) = (T(x), [(x), F(x)) € L;. Here: 


* T(x) represents the degree of truth of x, 
* I(x) represents the degree of indeterminacy of x, 


¢ F(x) represents the degree of falsity of x. 
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The following conditions must hold for all x € X: 
0 < T(x), 1(x), F(x) <1, T(x) +1(x) + F(x) S 3. 


The trice operations «1, *2, *3 extend the algebraic structure of neutrosophic sets, enabling enhanced modeling 
of truth, indeterminacy, and falsity in a trinary framework. 


Theorem 5.113. The Trice Neutrosophic Set generalizes the Trice Fuzzy Set. 


Proof. Let X be a non-empty set, and consider a Trice Fuzzy Set A over X defined as: 
Ha: X— Lr, 

where Lr = {(t1,t2) € [0,1] x [0,1] |O<t% <t < 1}. 

A Trice Neutrosophic Set B over X is defined as: 
up: X Ly, 

where Ly = {(T,/, F) € [0,1] x [0,1] x [0,1] | T+/+F < 3}. 


To demonstrate the generalization: Consider any Trice Fuzzy Set A. For eachx € X, let ua(x) = (t1(%), f2(x)) € 
Lr. Define a corresponding Trice Neutrosophic Set B by mapping x € X to: 


Ha(x) = (t1(x),0,1 - t1(x)) € Ly. 
This satisfies the conditions of a Trice Neutrosophic Set: 
T(x) +1(x) + F(x) =t) (x) +04+ (1 -4)(4)) = 183. 
Since every Trice Fuzzy Set can be embedded within the framework of a Trice Neutrosophic Set by assigning 
I(x) = 0 and F(x) = 1 — T(x), it follows that the Trice Neutrosophic Set generalizes the Trice Fuzzy Set. 


Hence, the Trice Neutrosophic Set is a proper generalization of the Trice Fuzzy Set. oO 


Theorem 5.114. The Trice Neutrosophic Set generalizes the Neutrosophic Set. 


Proof. Consider any Neutrosophic Set A. For each x € X, let wa(x) = (T(x), I(x), F(x)) € Ly. Define a 
corresponding Trice Neutrosophic Set B with the same mapping: 


M(x) = (T(x), L(x), F(x)) € Lew. 


Since Ly € Lyn, allelements of Ly are valid elements of Lyn. Specifically, for any (T(x), I(x), F(x)) € Ln, 
the condition T(x) + I(x) + F(x) < 1 automatically satisfies the broader condition T(x) + I(x) + F(x) < 3. 


Furthermore, the trice operations +1, *2,*3 defined on Lyn naturally extend the algebraic structure of Ly, 
enabling the inclusion of Neutrosophic Sets as a special case where T(x) + I(x) + F(x) < 1. 


Thus, every Neutrosophic Set is a specific instance of a Trice Neutrosophic Set, confirming that the latter 
generalizes the former. oO 
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5.14 Other Graph Class Extension (Revisited) 


As revisited in (341], the author is interested in exploring extensions of graph classes and investigating the 
mathematical structures within specific graph classes. Our aim is to identify suitable graph classes by integrat- 
ing these various perspectives. Although theoretical generalization is fundamental to mathematics, it does not 
always lead directly to practical applications. From an applied mathematics perspective, it is equally important 
to evaluate the practical relevance of such concepts. To support theoretical advancements, experimental ap- 
proaches and algorithmic explorations are essential. Research in this area often involves expanding or refining 
graph classes based on the following factors: 


* Classic Graph Properties: Regular [394 993], Irregular |393) , Complete 496], 
Perfect [1/144 , claw-free [216]216/217| , Tree, Path [134/566]1034], Forest [817], Planar [375], 
Linear [247 , OuterPlanar [538) , Median [117 545], Multigraph . 


Graph Using Operations: Intersection Graph [373], Product Graph [38) , Union Graph 
(85}[934}. 


Subgraph/Hypergraph Properties: Supergraph , Hypergraph [183} , Super- 
hypergraph 
Induced Subgraph [487/}609], Induced Supergraph 


Graph Directionality: Undirected, Directed, Mixed [793/794], Bidirected [269/404], Semi-directed [149 
813], Bunch [348 


Graph Partition: Bipartite [96|[299|3 14||483|/614], Tripartite [108|[160||439], n-partite [53}/468). 
Uncertain Properties: Fuzzy, Neutrosophic, Plithogenic, Rough 648) , Vague [25| 
Ca Soft [31] TET cece (aBt Tere , Weighted [285] 
, Picture Fuzzy [577 579|642) , Grey [461], Triangular Fuzzy 918], Z-Number [67| 
960) , Refined Plithogenic 368], q-Rung Orthopair Fuzzy , Quadripartitioned 
Neutrosophic [519\/752], Pentapartitioned Neutrosophic, Entropy [256], HyperFuzzy , Type-2 
Fuzzy [190) (655|{712], Hesitant [995], spherical [32], Bipolar 
, Tripolar [7624764] etc. 


Graph Dimensionality: 2-dimensional, 3-dimensional [215| [990], 4-dimensional [195] 1678], 
Multidimensional [|141} etc. 


Themes: Graph Classes Hierarchy [161], Mathematical Structure of Graph Classes [161], Graph Param- 


eters [372| , Algorithms [317], Computational Complexity [93|{720], Real-world Applica- 
tions, Combinatorics [|315| 826]. 


The above is merely one example, and the author believes there are numerous concepts and perspectives that 
remain unrecognized. It is sincerely hoped that further research in this field will continue to advance. 
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This book explores the advancement of uncertain combinatorics through 
innovative methods such as_ graphization, hyperization, and 
uncertainization, incorporating concepts from fuzzy, neutrosophic, soft, 
and rough set theory, among others. Combinatorics and set theory are 
fundamental mathematical disciplines that focus on _ counting, 
arrangement, and the study of collections under specified rules. While 
combinatorics excels at solving problems involving uncertainty, set theory 
has expanded to include advanced concepts like fuzzy and neutrosophic 
sets, which are capable of modeling complex real-world uncertainties by 
accounting for truth, indeterminacy, and falsehood. These developments 
intersect with graph theory, leading to novel forms of uncertain sets in 
"graphized" structures, such as hypergraphs and superhypergraphs. 
Innovations like Neutrosophic Oversets, Undersets, and Offsets, as well as 
the Nonstandard Real Set, build upon traditional graph concepts, pushing 
the boundaries of theoretical and practical advancements. This synthesis of 
combinatorics, set theory, and graph theory provides a strong foundation 
for addressing the complexities and uncertainties present in mathematical 
and real-world systems, paving the way for future research and application. 
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